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Introduction

The study of fractional differential equations has emerged
as a new branch of applied mathematics, which has been used
for construction and various fields of engineering and sciences.
We can find numerous applications in viscoelascity,
electrochemistry, control, porous media, electromagnetic, etc.
(see for instance [9, 13, 19]). In recent years, there has been a
significant development in fractional differential equations. One
can see the monographs of Kilbas et al. [16], Miller et al. [20],
Podlubny [23], Lakshmikantham et al. [18] and the papers [1-4,
7, 8, 12, 15, 17, 26-30], where numerous properties of their
solutions are studied and detailed bibliographies are given.

The starting point of this paper is the works in papers [5, 14,
21, 24]. Especially, the authors of [5] investigated the existence
results for semilinear fractional order integrodifferential

equations with nonlocal conditions in Banach Space X :
Dx(t) + Ax(t) = fft,x(tj,f; e(t,s,x(s))ds), te]:=[0T],

x(0) = g(x) +x,,
by using Banach contraction principle and Sadovskii's fixed
point theorem. And in [14], the authors studied the following
fractional order semilinear integrodifferential equations with

infinite delay in @-norm:
Dx(t) = Ax(t) + f (t.x,. [, a(t,s,x,)ds), t€]:=[0T],
x(t) = ¢(t) €B, t € (—o0,0],
by using the standard fixed point theorems and B is a phase
space axioms which is introduced by Hale and Kato [11].
Motivated by the above mentioned works [5, 24, 25], the

main purpose of this paper is to discuss the following fractional
semilinear integrodifferential systems with infinite delay:

Dox(t) = Ax(t) + f(t.x,, [ k(t,5,x,)ds), t€]:=[0,b](1.1)
x(£) = @(t) €B,, t € (—o0,0], (1.2)
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where b = 0, 0 << g <~ 1, A is infinitesimal generator of a
compact analytic semigroup of uniformly bounded linear
operators {T(t),t = 0} on a Banach space X, the derivative
D7 is understood here in the Caputo derivative sense and k, f
are functions specified later. The histories x.:(—02,0] — X,
defined by x.(6) ==x(t+8), & =0, belongs to some
abstract phase space B,,.

The rest of this paper is organized as follows. In section 2,

we give some preliminaries. In section 3, we study the existence
and uniqueness results of mild solutions for the problem

(1.1) — (1.2). At last, an example is given to demonstrate the
applicability of our results in section 4.
Preliminaries

At first, we present the abstract phase space B;,, which has
been used in [6]. Assume that h: (—20,0] = (0,+00) is a
continuous function with 1 = ffm h(t)dt < +oo. For any
a = 0, we define

B ={y:[—a,0] = X suchthat y(t) is bounded and measurable},
and equip the space B with the norm
I Y lj—g.y= sup [P(s)|, v eB.
sE[—a0]

-
Let us define

By, = {§:(—,0] = X suchthat foranyc> 0,9|_,, €EB

0
and [ h(s) | llj,q ds < +oo}.
If B, is endowed with the norm
0
I llz, = J__ h(s) I Y llps0p ds. VY € By,

then it is clear that (B, |I*llz, ) is a Banach space.
Now we consider the space
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By ={x:(-mw,b] = X suchthat x|, € C(J, X),x(t) = (t) € B, }.
Set IIll, be a seminorm in B;, defined by
I =1l ¢ llz, + sup{|x(s)|: s € [0,b]}, x € By,
To set the frame work for our main results, we will make

use of the following definitions, notations and preliminary facts
which are used throughout this paper.

Let X be a Banach space provided with norm [I-Il. Let
A:D(A) — X is the infinitesimal generator of an analytic
semigroup {T(t),t = 0} of uniformly bounded linear
operators on X, that is to say, there exists some constant
M =1 such that | T(t) I=M for every t €] Let
0 € p(A), then it is possible to define the fractional power
A% for 0 < @ = 1, as a closed linear operator on its domain
D(A%). Further more, the subspace D (A%) is dense in X and
the expression

| x .=l A%x ]I, x € D(A%)
defines a norm on D (A%). Hereafter, let X, be the Banach
space D(A%) endowed with the norm |l x |l,. For
0<f=a=1 X, —Xp and the imbedding is compact
whenever the resolvent operator of A is compact. Also for every
0 < @ = 1, there exists a positive constant M, such that

M
| AT (t) I1= t—: 0<t<h,

Let C(J,X,) be the Banach space of all continuous functions
from [ into X, with the norm

I 1= sup ||,
te]
Let us recall the following definitions [16, 23].

Definition 2.1.The fractional integral of order @ with the lower
limit zero for a function f is defined as

e _ 1 gt flg)
=)o ey ds

provided the right side is point-wise defined on [0.52), where
['(-)is the gamma function.

Definition 2.2.The Caputo derivative of order ¢ for a function
f:[0,00) = R can be written as

Def(t) = 0* (f(t) - Ziz 3*, f9@), t>0, n-1<a<n
Definition2.3 ([25]). A continuous function x: (—o,b] = X,
is said to be a mild solution of the system (1.1} — (1.2) if
x(t) = @(t) E B, on (—e,0]and the following integral
equation

x() = 5,(t)e(t) + l (t-35)"T, ‘—Cfrc) l k(s,tx.) a*lac te], (21)
is satisfied, where
5,(t) = fu $,(O)T(t76)d8,
T,() = q [} 65, (O)T(+6)ds,
£,(8)= Eg‘l
W, (6) =22, (-1 8 sin(nng), € (0,%0),
£, is a probability density function defined on (0,%2), that is
£,(8)=20, 8€(0,00) and [~ £ (6)d6=1.

t=0,a =0

W, (879 = 0,
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Lemma 2.1 ([25]). The above defined operators 5q and Tq
have the following properties:
(i).For any fixed £ = 0, 5, and T are linear and bounded
operators, i.e., forany x € X,

I S (E)x 1< M1l x I,

(ii).{S, ().t = 0} and
continuous.
(iii). For every t =0, 5_(t) and T, () are also compact
operators.
(iv). Forany x € X e, f € (0,1), we have

AT (t)x = AYFT (0)Afx, te],

- gMyTi2—a)  _ag
I AT, (1) I e e t™™d, 0<t <b.

I T, (D)% 1< 72 x .

{T,(t).t =0} are strongly

Remark 2.1 ([25]).
v € [0,1].
- — (™ g—qvis — r{1+v)
fu gv¢, (6)de fu g~"w (6)de Er—
By Definition 2.3, Lemma 2.1(1) and the above results.
For fixed t = Oand any x € X, we have
I S(Exlleg=Mlxll, NT,(Hxl,=

It is not difficult to verify that for

qlM
T'ig+1)

Il

Lemma 2.2([6]). Assume ¥ € By, then for t € ], x, € B, .
Moreover,

Hx(t)] =0 %, llz, =N @ llg, +1 sup (5],

S'E ,.t
where [ = f_m h(t)dt < +oo,
Lemma 2.3 ([10], Schauder's Fixed Point Theorem). If K is a

closed bounded and convex subset of a Banach space X and
F: K — K is completely continuous, then F" has a fixed point in
K.
Existence Results

In order to establish our result we assume the following

conditions for c¢ € {0,1):
HDk:D:={(t,s) EJ X :s <t} X B, = X is
continuous and there exists a constant Ly == O such that for all
(t,s) €D, x,y €EB,,

. t

Wl f, k(ts,x) —k(t s ¥)]dsl, =

(i) f; k(ts,x)dsly < Ly (1+1 x, Uz,).
(H2)f:] X B, X X, = X is continuous, and there exist
positive  constants  L,,L; such that for  each
(tx,v,)EJ =B, xX, i=12
|f{t,2’1,}’1) - f(f,xz,}’z)|ﬁ: < LZ(” Xy —%; ”3;._-'_ |}11 - FZ'E:)'
(H3)The function f:]xB, xX, =X,
(t,¢p,x) — f(t ¢, x) is continuous with respect to ¢ and

x for ae. t €] and is strongly measurable with
respect to t for any (¢, x) € B, X X_. Forpositive number
7= 0, there exists a function &, € C(J.R.) with
SUp,e; @, (t) < +cosuch that,

sup{|f. ¢, x)|:1 @ g, < 7. |x| = v} = @, (1) for a.e. tE]

Lj_ |x—w ”*3?‘_,
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and
Eup @, (t)

lim inf L=ﬁ=:m.

Our first existence result for the problem (1.1)-(1.2) is based on
the Banach fixed point theorem.
Theorem 3.1 Assume that the conditions (H1) -

Lemma 2. 2 are satisfied. Further, if ¢ € X and
ﬂ} L(1+L,)<1, (3.1)

then the system (1.1)-(1.2) has a unique mild solution on the
interval (—22, b].
Proof: In order to obtain the existence of mild solutions for the
system (1.1) - (1.2). Transform it into a fixed point problem.
We consider the operator ©: B;, — B; defined by

{6(t), te(-:,0],

i (P 2
VNS 060+ [ (=) T (- s)f(sx, [ Ksta)dr)ds, te ). (3.2)

(H2) and

For ¢ € B, we define gb by
®(t). t€ (—o,0],
£ =
P(0) = (5 O, te],
then ¢ € B, Let x(t) = y(t) + (t),—co < t < b, It
is easy to see that x satisfies (2.1) if and only if ¥ satisfies
¥y = Qand
t — e 3 -
y(t) =[5 =)', (= )f (5.9, + 6, [ k(s7,3,+ §,)dr)ds
Let By, ={v €EB,:¥, =0€ B, ). Foranyy € By,

I =1l ¥ Iz, + sup{ly(s)|:0 < s < b}

= sup{|y(s):0 =5 =< b},
thus  (B;,IN,) is a Banach  space.  Set
B, ={veEB :lvl,=r} for some * =0, then

B, < B; is uniformly bounded, and for ¥ € B, from Lemma
2.2, we have

Iy, + & Uz, <l v, s, +1 &, I,

< Lsup |y(s) |+l v llp, +1 SUP |¢(Sj|+|| ®o =,

sEE] zelt]
= l(r+ M|o(0) D+ @ llg, =1 (3.3)
Define the operator ®: B — B, by
_ {0, te(-m0]

W=l 2, e T 3.4
0| [ =9 - flsn+ 6, Msny +4)ads, te). &4
Then, the operator & has a fixed point is equivalent to & has a
fixed point, and so we turn to proving that & has a fixed point.
Now, we shall show that the operator & is a contraction map on

By Infact, for each v. ¥ € By, t € J, we have
[(®2¥)(t) = (27) ()]

MBpT
T Tig+l)

(L) Y, = T s,

Lo 13, =T o+ |} ks, m)dr = [} k(sz.7,)er] |

C.Ravichandran et al./ Elixir Appl. Math. 43 (2012) 6964-6969

Sy ‘(1+f—1) [i sup I¥(6) = FLaH3t I, +17o MEJ

se[0b
= [ L (1+ Lﬂ] sup |y() = ¥(s)la-
Taking supremum over &, we have
- - iMud —
1(®)(®) — ENOlla < [7rop L1+ L)1y = F .
From (3.1), we see that & is a contraction. Therefore, the
system (1.1) — (1.2)) has a unique mild solution on the
interval (—c2,b].
Now, we give another existence result for the system
(1.1) — (1.2) by means of Schauder's fixed point theorem.
Theorem 3.2 . Suppose that the assumptions (H1) - (H3) are

satisfied. Then the system (1.1) — (1.2) has atleast one mild
solution on /[, provided that

rlqﬂ}em +1)<1 (35)

Proof: Let ®:B; — B, be defined as (3.4). Now we will
prove that & has a fixed point by using Lemma 2.3. We proceed
in the following four steps.

Step 1. ®(B,) € B, for somer = 0.

We claim that there exists a positive integer 1, such that
&(B,) € B,. Ifit is not true, then for each positive number 7,
there exists a function ¥" () € B” but ©(v") &€ B,.. That is
[(@v7)(t)| = rforsomet € J.

However, on the other hand, we have from (H1)-(H3) and (3.3),
< By ()],

M - r iy 3 r iy
Srenh E= (507 + 8, [ k(s nyl +6))dr] ds
w:b'?
=t S (O o

where =L+ (1+L)r'and ' = I{r+ M |¢(0)))+N ¢ Iz, -
. )

By assumption (H3), it is easy to obtain lim,,_minfr: = [,
Dividing both sides of (3.6) by r, and taking  —* 2, we have

- Enpo, [t .
- . lim 1nf(—_;.r—)

T Tig*l) rooe r r

- Tl q+1:l'|gi(1 + Llj

That is
nqﬂ}ﬁi(l +L)=1
This contradicts (3.5). Hence for some positive number
$(B.)E B

Step 2. ®:B;' — B, is continuous.
Let {}?':”}(tj}: < B!, with ¥ = ¥ in By Then, there
exists a number = 0 such that |v"™ (£)| =  for all 7 and
ae. t ] soy™ E B_and v € B,. By Hypothesis (u3) we
have forae [t S] €D,

\s v, +9, I k(sty, +6, 'a* = flsy,+ 9, [ k(s 1y, +9,)dr)and
since h
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l' rs
¢ [

*GIEJ o ,.]U‘H‘@ :nIIJi

g

1

= 2(t—s5) e Vg -(s),
Where the function

2t-s) “L1(s) i integrable, smre’l (t-5)F Y fs)ds < '—Flpil (f) <

We have by the Dominated convergence theorem
I By™ — By Iz,
=T [t—s] Il (xj
-z

[:c' "—o ‘ kst 1 -o m}

,fic\ ¢ ’ M*' -15 \r

Mg
- ]._l'q-l-l::l (xj

""'°e ‘ kst 1 ~o m}

f{ﬂ Q’ptﬂ-j \dr |l ds

%l]asn—}:::

which proves that the operator @ is continuous.

Step 3. @ maps B, into an equicontinuous family.

let VEB, and 13,7 €J. Then if 0 <7 <, =b in
view of (H3) and (3.3), we have

IIE‘I'V] () — (@) ()lla

1
[Iv-c] A|r 5| |r—,l 1":‘?’-6;]

53,496, ’ ks )';oﬁ,]driw
h . I,

s -,[

'“ [l"-" 1Tk -SI {f-" 1|v-51] |¢1 -@ ’ Alcf Tfi}v"ld.i!
f

re

‘l .c

k(st.y,+6.)dr {-d.

rl-
s -st{snté,

¥, \ i

g
T.

< ID:‘E I [T‘l —sjﬂl“qu [:r'l — Sj - (Tz —sjﬁ‘qu (Tz _ 5) I e [s]ds

‘|'f ” (r,—s)*'T J(n—5)—
g 1
+f,,j I (1 — )T, (5 — 5) | @, (s)ds.
The right-hand side is independent of ¥ € E,. and tends to
zero as T, —713 =+ 0 with & sufficiently small, since the
compactness of T (t) for t = O implies the continuity in the

uniform operator topology. Thus, @ maps &, into an
equicontinuous family. The equicontinuities for the cases
1 <=1 = Oandry < 0 <1, are obvious.

Step 4. ® maps B, into a precompact set in X

Let 0 < t =< b be fixed. For £ € (0,t)and ¥ £; = 0, define
the operator 5 .. on B, by the formula

(‘I.c 5, )(tj_

Iy £ @OT(t20)p(1)d8 +q f; " [T 6(t — )75, (6)

(ry = 5)"7'T, (1, = 5) | @, (s)ds

()T ((t— sjqf?]f( j k(tt,v jdr) dsdf
=T(e%%) [ & (O)IT((£76) — T(=%1)) (1) d6

+T{e‘?£1}q| I B(t-s)? 'I'L"‘lT.“‘ 5)%8 r[s i "'V)i*l(idu
- T[E“Eﬂf 5 O7((t0) - T (ce,))9(8)d8

‘le‘“a)J l B(t -5 B)T((t-5)°6) -
T(e%,))f st | k(tT,y.)dr }asr.’é'
where ¥ € E,. Then from the compactness of

T(e%,)(%; = 0), we obtain that the set
V... = {(®.. ¥)(t):¥ € B,} is relatively compact in X
forall £ € (0,t) and £; = 0. Moreover, for each ¥ € B,., we

have that
Nl

|(@y(t) — (2..
=l f £ (O)T(t°0)g(H)dd + f (f-SJq'qu(f—SJf(s,}g: f k(r,r,.vr)dr)ds

rx

==Y

> (VT3
" ¢ (BTt
s \J .
.

)dG-q‘ ’ B(t-s)r((¢- 51931[51 [ k(t Ty, m.}msaSl2
NV gy ? ;

b=z »
(43

<l (9

)

rt
k(tr,y, )dr ) ds + ‘ (t-5)

-
a3

8, (BT )it .y, )

“Q

-z L

f o, @y (s, [ s )i s+ |

J B(t— )
- | |
) \ ] h

COf (5,70 [} k(t,7y,)dr) dds I,

<qI [} [ 8(t— )T, OT(8)f (5,3, f; k(t7,y,)dz) dods
+H [ 8- 97, OO (s, [ k(e 7)de ) dds

— [T -5, (BT O (s, ][ Kt ry,)dr) dods |,
{qujf B(t—5)" ', (O)T((t-5)*0)f ( fkrm)dr)deds

+H [0-5)y7, OO 5)°6)f (5,7, ] k(t7,3,)dr) dbs I,

Therefore,
|(By(8) - (3., ) (@O - 0as s e - 0%,

and there are relatively compact sets arbitrarily close to the set
V(t) = {(®y)(t): v € B,] hence the set V() is relatively
compact in X

Thus, by the Arzela-Ascoli theorem @ is a compact
operator and by Schauder's fixed point theorem there exists a
fixed point ¥(+) for @ on B,. Hence x(t) = v(t) + é(1t),
t € (—uo, b] is a fixed point of the operator & which is a mild
solution of the problem (1.1) — (1.2). The proof is now
completed.
An Example

Consider the following semilinear fractional functional
mtegrodlfferentlal equatlons of the form

Dz(tvj—— tvj+f a,(t,y,5s —t)Q(z(s v))ds

i LM 00Emy)dds ye[or] te[o] (@)

G ET((E-5))
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z(t,0)=z(t,m)=0, t=0,

z(ty) = ¢(t.y), t€(—=0] y €[0,x],
where Df is a Caputo fractional partial derivative of order
0<a<1and @ EB,. Let us take X = L*([0,7]) with

the norm | - [,z and define A: X — X by Aw = w' with the
doma

4.2)

D(A) = {w € X:w,w are absolutely continuous, w € X,w(0) = w(r) = 0},

Then
Aw=3Y>_. n* <w,w, >w,, we D(4),

—

where w, (5) = [=sinns, n =1,2,... is the orthogonal
‘N ™

set of eigen vectors of A. It is well known that A is the
infinitesimal generator of an analytic semigroup {T(t),t = 0}
in X and is given by
T(HOw=X"_, e " ‘<ww, >w, weX.
Foreveryw €EX, (—A)zw=2X>_, n<w,w, >w,
and | (—A) =z [|= 1. The operator (—A)z is given by
(—A]T_w= oo n<ww, =w,
on the space
D((—43E)={w()e XX, n<ww, >w, € X}
Since the analytic semigroup T'(t)is compact [22].
Let h(s)=e*,5<0 then 1= ["_ h(s)ds =
define

1
- and

16 1= [Z_ h(s) sup |6(6)]=ds.

e[=0]
Hence for (t, @) € [0,b] X B, where
¢(B)y = ¢(6,¥).(8.¥) € (—=,0] X [0,7].

Set
Gz(t) (v) = z(t,¥),
ft,¢,Bm)(v) = [__ ay(t.3,6)Q,(m(6)(y))db + B,d(¥)

where
B,m(y) = J; 2, k(s — 6)Q,(¢(6) (»))dbds.
Then, the system (4.1)—(4.3) is the abstract

formulation of the system (1.1} — (1.2). Further, we can
impose some suitable conditions on the above defined functions
to verify the assumptions on Theorem 3.2. We can conclude that

system (4.1) — (4.3) has at least one mild solution on /.
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