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Introduction  

The study of fractional differential equations has emerged 

as a new branch of applied mathematics, which has been used 

for construction and various fields of engineering and sciences. 

We can find numerous applications in viscoelascity, 

electrochemistry, control, porous media, electromagnetic, etc. 

(see for instance [9, 13, 19]). In recent years, there has been a 

significant development in fractional differential equations. One 

can see the monographs of Kilbas et al. [16], Miller et al. [20], 

Podlubny [23], Lakshmikantham et al. [18] and the papers [1-4, 

7, 8, 12, 15, 17, 26-30], where numerous properties of their 

solutions are studied and detailed bibliographies are given. 

The starting point of this paper is the works in papers [5, 14, 

21, 24]. Especially, the authors of [5] investigated the existence 

results for semilinear fractional order integrodifferential 

equations with nonlocal conditions in Banach Space :  

 

  

by using Banach contraction principle and Sadovskii's fixed 

point theorem. And in [14], the authors studied the following 

fractional order semilinear integrodifferential equations with 

infinite delay in -norm:  

 

  

by using the standard fixed point theorems and  is a phase 

space axioms which is introduced by Hale and Kato [11].  

Motivated by the above mentioned works [5, 24, 25], the 

main purpose of this paper is to discuss the following fractional 

semilinear integrodifferential systems with infinite delay: 

 (1.1) 

                               (1.2) 

where , ,  is infinitesimal generator of a 

compact analytic semigroup of uniformly bounded linear 

operators  on a Banach space , the derivative 

 is understood here in the Caputo derivative sense and ,  

are functions specified later. The histories , 

defined by , , belongs to some 

abstract phase space . 

The rest of this paper is organized as follows. In section 2, 

we give some preliminaries. In section 3, we study the existence 

and uniqueness results of mild solutions for the problem 

. At last, an example is given to demonstrate the 

applicability of our results in section 4.  

Preliminaries 

At first, we present the abstract phase space , which has 

been used in [6]. Assume that  is a 

continuous function with . For any 

 we define 

  

 and equip the space  with the norm 

 

 Let us define  

  

 

If  is endowed with the norm  

 

 then it is clear that  is a Banach space. 

 Now we consider the space  

Tele:   

E-mail addresses: ravibirthday@gmail.com, 

arjunphd07@yahoo.co.in 
         © 2012 Elixir All rights reserved 

Existence results for fractional semilinear integrodifferential systems with 

infinite delay in banach spaces 
C.Ravichandran and M.Mallika Arjunan 

Department of Mathematics, Karunya University, Karunya Nagar, Coimbatore- 641 114, Tamil Nadu, India.  

 

 
 

ABSTRACT  

In this paper, we prove the existence of mild solutions for fractional semilinear integro- 

differential systems with infinite delay in -norm in Banach spaces. The results are obtained 

by using Banach contraction principle and Schauder's fixed point theorem. In the end, we 

give an example to illustrate the applications of the abstract results.  

                                                                                                            © 2012 Elixir All rights reserved. 
 

ARTICLE INFO    

Article  history:  

Received: 24 November 2011; 

Received in revised form: 

30 January 2012; 

Accepted: 17 February 2012; 

 
Keywords  

Existence and uniqueness,  

Fractional differential equation, 

Integrodifferential equation,  

Infinite delay,  

Fixed point theorem. 

 

 

 

 

 

Elixir Appl. Math. 43 (2012) 6964-6969 

Applied Mathematics 

Available online at www.elixirpublishers.com (Elixir International Journal) 

 



C.Ravichandran et al./ Elixir Appl. Math. 43 (2012) 6964-6969 
 

6965 

 

 Set  be a seminorm in  defined by  

 

To set the frame work for our main results, we will make 

use of the following definitions, notations and preliminary facts 

which are used throughout this paper. 

Let  be a Banach space provided with norm . Let 

 is the infinitesimal generator of an analytic 

semigroup  of uniformly bounded linear 

operators on , that is to say, there exists some constant 

 such that  for every . Let 

, then it is possible to define the fractional power 

, for , as a closed linear operator on its domain 

. Further more, the subspace  is dense in  and 

the expression  

 

defines a norm on . Hereafter, let  be the Banach 

space  endowed with the norm . For 

,  and the imbedding is compact 

whenever the resolvent operator of  is compact. Also for every 

, there exists a positive constant  such that  

 
 Let  be the Banach space of all continuous functions 

from  into  with the norm  

 
 Let us recall the following definitions [16, 23].  

Definition 2.1.The fractional integral of order  with the lower 

limit zero for a function f is defined as  

 

provided the right side is point-wise defined on , where 

 is the gamma function.  

Definition 2.2.The Caputo derivative of order  for a function 

 can be written as  

 

Definition2.3 ([25]). A continuous function  

is said to be a mild solution of the system  if 

 on and the following integral 

equation  

    (2.1) 

 is satisfied, where  

  

  

  

 

 is a probability density function defined on , that is  

 

Lemma 2.1 ([25]). The above defined operators  and  

have the following properties:   

(i).For any fixed ,  and  are linear and bounded 

operators, i.e., for any ,  

 

(ii).  and  are strongly 

continuous.  

(iii).  For every ,  and  are also compact 

operators.  

(iv). For any , , we have 

  

 

 

Remark 2.1 ([25]). It is not difficult to verify that for 

.  

 

 By Definition , Lemma  and the above results. 

For fixed  and any , we have  

 

Lemma 2.2([6]). Assume , then for . 

Moreover,  

 

 where .  

Lemma 2.3 ([10], Schauder's Fixed Point Theorem). If  is a 

closed bounded and convex subset of a Banach space  and 

 is completely continuous, then  has a fixed point in 

.  

Existence Results 

 In order to establish our result we assume the following 

conditions for :   

(H1)  is 

continuous and there exists a constant  such that for all 

,   

(i) , 

(ii) . 

(H2)  is continuous, and there exist 

positive constants  such that for each 

, i = 1,2.  

 

(H3)The function ; 

 is continuous with respect to  and 

 for a.e.  and is strongly measurable with 

respect to  for any . Forpositive number 

, there exists a function  with 

 such that,  
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 and  

 

Our first existence result for the problem (1.1)-(1.2) is based on 

the Banach fixed point theorem.  

Theorem 3.1 Assume that the conditions (H1) - (H2) and 

Lemma  are satisfied. Further, if  and  

                                   (3.1) 

 then the system (1.1)-(1.2) has a unique mild solution on the 

interval .  

Proof: In order to obtain the existence of mild solutions for the 

system (1.1) - (1.2). Transform it into a fixed point problem.  

We consider the operator :  defined by  

  (3.2) 

For , we define  by 

 

then . Let . It 

is easy to see that  satisfies (2.1) if and only if  satisfies 

 and  

 

 Let . For any ,  

 

 

  

thus  is a Banach space. Set 

 for some , then 

 is uniformly bounded, and for , from Lemma 

2.2, we have  

 

 

 

                     (3.3) 

 Define the operator  by  

(3.4) 

Then, the operator  has a fixed point is equivalent to  has a 

fixed point, and so we turn to proving that  has a fixed point. 

Now, we shall show that the operator  is a contraction map on 

. In fact, for each , , we have  

  

 

 

 

 

Taking supremum over , we have  

 From , we see that  is a contraction. Therefore, the 

system  has a unique mild solution on the 

interval . 

Now, we give another existence result for the system 

 by means of Schauder's fixed point theorem.  

Theorem 3.2 . Suppose that the assumptions  -  are 

satisfied. Then the system  has atleast one mild 

solution on , provided that  

                                    (3.5) 

Proof: Let  be defined as (3.4). Now we will 

prove that  has a fixed point by using Lemma 2.3. We proceed 

in the following four steps. 

Step 1.  for some . 

 We claim that there exists a positive integer , such that 

. If it is not true, then for each positive number , 

there exists a function , but . That is 

 for some . 

However, on the other hand, we have from (H1)-(H3) and (3.3),  

  

 

 

                                                         (3.6) 

By assumption (H3), it is easy to obtain  

Dividing both sides of (3.6) by r, and taking , we have  

 

 

 That is  

 

This contradicts . Hence for some positive number , 

. 

Step 2.  is continuous. 

Let , with  in . Then, there 

exists a number  such that  for all  and 

a.e. , so  and . By Hypothesis  we 

have for a.e. ,  

 

 since  
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 where the function  

 

We have by the Dominated convergence theorem,  

 

 

 

  

 
  

which proves that the operator  is continuous. 

Step 3.  maps  into an equicontinuous family. 

Let  and . Then if , in 

view of  and , we have  

 

 

 

 

 

The right-hand side is independent of  and tends to 

zero as  with  sufficiently small, since the 

compactness of  for  implies the continuity in the 

uniform operator topology. Thus,  maps  into an 

equicontinuous family. The equicontinuities for the cases 

 and  are obvious. 

Step 4.  maps  into a precompact set in . 

Let  be fixed. For  and , define 

the operator  on  by the formula 

=

 

 

 

 

 

where . Then from the compactness of 

, we obtain that the set 

 is relatively compact in  

for all  and . Moreover, for each , we 

have that  

 

 

 

 

 

 

 

 Therefore,  

 

 and there are relatively compact sets arbitrarily close to the set 

 hence the set  is relatively 

compact in . 

Thus, by the Arzela-Ascoli theorem  is a compact 

operator and by Schauder's fixed point theorem there exists a 

fixed point  for  on . Hence , 

 is a fixed point of the operator  which is a mild 

solution of the problem . The proof is now 

completed. 

An Example 

Consider the following semilinear fractional functional 

integrodifferential equations of the form  

 

        (4.1) 



C.Ravichandran et al./ Elixir Appl. Math. 43 (2012) 6964-6969 
 

6968 

                                            (4.2) 

 (4.3) 

where  is a Caputo fractional partial derivative of order 

 and . Let us take  with 

the norm  and define  by  with the 

doma

 

 Then  

 

where  is the orthogonal 

set of eigen vectors of . It is well known that  is the 

infinitesimal generator of an analytic semigroup  

in  and is given by  

 

For every ,  

and . The operator  is given by 

 

on the space 

. 

Since the analytic semigroup is compact [22]. 

Let  then  and 

define  

 

Hence for , where 

. 

Set  

 

 

 where  

 

Then, the system  is the abstract 

formulation of the system . Further, we can 

impose some suitable conditions on the above defined functions 

to verify the assumptions on Theorem 3.2. We can conclude that 

system  has at least one mild solution on . 
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