
Nadaf NabisabYamanurasab et al./ Elixir Appl. Math. 43 (2012) 6709-6713 6709 

Introduction 
In this paper, we prove the existence of mild solutions for 

the following partial functional integrodifferential equations 

with state–dependent delay: 

 

t ,                                                                  (1.1) 

,                                            (1.2) 

where A is the infinitesimal generator of a strongly continuous 

semigroup of bounded linear operators. Here 

 

is a continuous function,  is positive bounded continuous 

function on X and r is the maximal delay defined by 

 

  The nonlinear integrodifferential equation with resolvent 

operators served as an abstract formulation of partial 

integrodifferential equations which arises in many physical 

phenomena . The resolvent operator is similar to the 

semigroup operator for abstract differential equations in Banach 

spaces. However, the resolvent operator does not satisfy the 

semigroup properties, see for instance .  

       Functional differential equations with state–dependent delay 

appear frequently in applications as models of equations and for 

this reason the study of this type of equation has received great 

attention in last few years, see for instance  

and the references therein. For more details on differential 

equations with state–dependent delay, we refer the reader to the 

handbook by Canada et al. . 

 

 

Recently, much attention has been paid to the existence 

results for the partial functional differential equations with state–

dependent delay such as and the references therein. 

Motivated by the works , the main aim of this paper is 

to establish some existence results for the problem 

by using resolvent operators and Leray–

Schauder’s alternative fixed point theorem with semigroup 

theory. Our main results can be seen as a generalization of the 

works in  and the above mentioned partial functional 

differential equations with state–dependent delay. 

       This paper is organized as follows. In section 2, we recall 

some notations, definitions and preliminary facts which are used 

throughout this paper. In section 3, we use the Leray– 

Schauder’s alternative fixed point theorem to prove the 

existence of mild solutions for the problem . 

Section 4 is reserved for an example. 

Preliminaries 

In this section, we give somenotations, definitions and some 

results on resolvent operator that will be used to develop the 

main results. 

is the Banach space of all continuous functions from 

into X with the norm . 

denotes the Banach space of bounded linear operators 

from  with the 

norm . 

denotes the Banach space of measurable functions 

 which are Bochner integrable and is normed 

by for all . 
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Let  be the Banach space, the notation  stands 

for the Banach space ofall linear bounded operators from 

, and we abbreviate this notation to  when 

. R(t),  is compact, analytic resolvent operator 

generated by A. 

Assume that 

 A is a densely defined, closed linear operator in a 

Banach space  and generates a semigroup . 

Hence D(A) endowed with graph norm  is 

a Banach space which will be denoted by . 

is a family of continuous linear operators 

from  into . Moreover, there is an integrable 

function  such that for each , the map 

 belongs to  and  

 
Definition 2.1A family  of continuous linear 

operators on  is called a resolvent operator for  

,  

if: 

, 

For all  , the map  is continuous from 

, 

 For all ,  is continuous linear operator on , 

and for all , the map  belongs to 

 and satisfies 

 

. 

To prove the main results, we need the following theorem. 

Theorem 2.1  Let the assumptions  and 

besatisfied. Then there exists a constant  such 

that 

,for 

all0 ,  

where  denotes the Banach space of continuous linear 

operators on . 

Next, if the semigroup    generated by A is 

compact (that is, T (t) is a compact operator for all t >0), then 

the corresponding resolvent operator R(·) is also compact (that 

is, R(t) is a compact operator for all t >0) and is operator norm 

continuous (or continuous in the uniform operator topology) for 

t >0. 

To conclude this section, we recall the following well-known 

result. 

Theorem2 . Let 

 be a Banach space and  be convex with 0 . Let 

 be completely continuous operator. Then either F has 

a fixed point orthe set 

is unbounded. 

Existence Results 

In this section, we shall present and prove our main results. 

First, we define the mild solution for the problem 

.  

Definition 3.1 Let  be a resolvent operator of equation 

(1.1), we call  a mild solution of the problem 

 if it satisfy 

. 

In order to prove the main results, we list the following 

hypotheses. 

 The function  is Caratheodory that means 

that f is measurable with respect the first argument and 

continuous with respect to the second argument. 

 There exist constants  such that 

,  for all           

 There exists a function  and a 

continuous nondecreasing function  

such that  

for every  and for each  . 

Theorem 3.1Assume that hypotheses  hold. 

Then the problem 

.Proof:Transform the problem  into a fixed 

point problem. Consider the   operator 

defined by  

 

We claim that the operator satisfies the conditions of the 

Theorem 2.2. The proof will be given in several steps. 

Step 1. F is continuous. 

Let  be a sequence in  such that .Then 

 

 

 

 
From hypothesis , the continuity of  and by Lebesgue 

dominated convergence theorem, the right hand side of the 

above inequality tends to zero as . 

Thus 

as . 
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Step 2. F maps bounded sets into bounded sets. 

It is enough to show that for any  there exists a positive 

constant δ such that for each  

we have . For each , we have 

 

 

δ. 

Step 3. F maps bounded sets into equicontinuous sets in 

. 

We consider  as in Step 2 and let  be given. Now, let 

Then we have 

 

 

 

 

 

 

 

 

 

 

 

 

 

. 

From the Theorem 2.1, we deduce that the right hand side 

of the above inequality tends to zero as  goes to 0 and 

 sufficiently small. Thus F maps bounded sets into 

equicontinuous sets in . Here we consider the 

case 0 ,since the other cases  or  

 are very simple. 

Step 4. F maps  into precompact set in X. 

Let  be fixed and let  be a real number 

satisfying . For  we define the operators 

 

 
and 

 
From the Theorem 2.1 and the compactness of the 

operator , the set  

is relatively compact  in X for 

every , . Moreover for each  and by 

Theorem 2.1, we have  

 

 

 

. 

So the set  is relatively 

compact in X by using total boundedness. Applying this idea 

again and observing that  
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.  

Therefore, the set F  is totally 

bounded. Hence F is relatively compact in X. Now, by using 

the Arzela-Ascoli Theorem, we can conclude that F is 

completely continuous. 

Step 5. A priori bounds on solutions 

Now it remains to show that the set  

 
is bounded. 

Let . Then for each , 

. 

By the hypothesis  and for each , we have 

 

. 

Since  for each   and consider 

the function  defined by 

,  .  

For t , we have 

. 

Let us take the right hand side of the above inequality as , 

then 

,   and 

, . 

Using the nondecreasing character of , we get 

, . 

This implies that for each , we have 

 
This implies that, there exists a constant  such that 

, , and hence , 

 where  depends only on b and on the functions  and 

. As a consequence of Theorem 2.2, we deduce that F has a 

fixed point which is a mild solution of problem  . 

Example 

Let  be a bounded domain in  with smooth boundary, 

and . Consider the following partial functional 

differential equation in  : 

for 

   �    

for�  and  

for  and �  

where 

and  is a continuous function from  to ℝ. The delay 

function  is a bounded positive continuous function in Let  

  be the maximal delay, which is defined by 

 

Set  

 

�

 

     

�  

Then the system is the abstract formulation 

of the system . Further, we can impose some 

suitable conditions on the above defined functions to verify the 

assumptions on Theorem 3.1. We can conclude that the system  

 has at least one mild solution on J. 
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