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ABSTRACT

This paper is concerned with the existence of solutions for some partial functional
integrodifferential equations with state-dependent delay in Banachspaces. The results are
obtained by using Leray-Schauder’s alternative fixed point theorem. Finally, an example is
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Introduction

In this paper, we prove the existence of mild solutions for
the following partial functional integrodifferential equations
with state—dependent delay:

x'(1) = Ax(t) + [T B(t— s)x(s)ds + £(t, x(t — p(x(1)))),
te]=[0b] (1.1)
x(t) = ¢(t),t € [-r, 0], (1.2)

where A is the infinitesimal generator of a strongly continuous
semigroup of  bounded linear  operators. Here
B(t), t €] is a bounded linear operators, the initial data ¢: [-1,0] = X

is a continuous function, p is positive bounded continuous

function on X and r is the maximal delay defined by

r = sup plx).
xEX

The nonlinear integrodifferential equation with resolvent
operators served as an abstract formulation of partial
integrodifferential equations which arises in many physical
phenomena [11,12]. The resolvent operator is similar to the
semigroup operator for abstract differential equations in Banach
spaces. However, the resolvent operator does not satisfy the
semigroup properties, see for instance[15,17].

Functional differential equations with state—dependent delay
appear frequently in applications as models of equations and for
this reason the study of this type of equation has received great
attention in last few years, see for instance [1,2,3,5— 10]
and the references therein. For more details on differential
equations with state—dependent delay, we refer the reader to the
handbook by Canada et al.[19].
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Recently, much attention has been paid to the existence
results for the partial functional differential equations with state—

dependent delay such as [9,17]and the references therein.

Motivated by the works[15, 18], the main aim of this paper is
to establish some existence results for the problem
(1.1) — (1.2)by using resolvent operators and Leray—
Schauder’s alternative fixed point theorem with semigroup
theory. Our main results can be seen as a generalization of the
works in [15,18] and the above mentioned partial functional
differential equations with state—dependent delay.

This paper is organized as follows. In section 2, we recall
some notations, definitions and preliminary facts which are used
throughout this paper. In section 3, we use the Leray—
Schauder’s alternative fixed point theorem to prove the

existence of mild solutions for the problem(1.1) — (1.2).

Section 4 is reserved for an example.
Preliminaries

In this section, we give somenotations, definitions and some
results on resolvent operator that will be used to develop the
main results.

C[].X lis the Banach space of all continuous functions from
Jinto X with the norm||x[| . = supf{|=(t)|: t €] }.
B(X)denotes the Banach space of bounded linear operators
from X into X with the

normlINll gy = sup{I N(y)| : [yl = 1.
Ll(],X]denotes the Banach space of measurable functions
v :] — X which are Bochner integrable and is normed

oyllyll e = [ ly(0) dtforally € L*(J,X).
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Let (X, |I-]I) be the Banach space, the notation L{X,Y ) stands

for the Banach space ofall linear bounded operators from
Xinto Y, and we abbreviate this notation to L{ X) when

X =Y. R(t), t =10 is compact, analytic resolvent operator

generated by A.
Assume that

(A;) Ais a densely defined, closed linear operator in a
Banach space (X, |I-|I) and generates a C_, —semigroup T(t).
Hence D(A) endowed with graph norm |x| = x|l + [[Ax|| is
a Banach space which will be denoted by (Y, [I-|I).

(A, ){B(t) : t € J}is a family of continuous linear operators
from (Y, |I-1)into (X, [|-]I). Moreover, there is an integrable
function ¢ : [0 ,b] = R™ such that for each ¥ € Y, the map
t = B(t)y belongs to W(], X ) and

d
HEB@FH zc()lyl, yeY,

Definition 2.1A family {R(t) : t = 0} of continuous linear
operators onX is called a resolvent operator for

E = Ax(t) + f;B[t— s)x(s)ds,
if:
( R, JR(0) = I(the identity operator on X),
( R, JForall x € X, the map t — R{t)x is continuous from
Jto X,
( Ry) Forall t £], R(t) is continuous linear operator on Y,
and for all yE€Y, the map t— R(t)y belongs to
C(1,Y) N C'(],X) and satisfies
t
%R(t}y = AR(t)y + J B(t— s)R(s)yds
D
=R(t)ay + lL R(t—s)B(s)yds .

To prove the main results, we need the following theorem.
Theorem 2.1([15]) Let the assumptions ( A;) and

( A, Jbesatisfied. Then there exists a constant H = H(b) such

that
IR(t+ h) — R(WR(Dll iy < Hhifor

alo=h =t = b,

WhereL(X:] denotes the Banach space of continuous linear

te].

operators on X.

Next, if the Cy —semigroup T(-) generated by A is

compact (that is, T (t) is a compact operator for all t >0), then
the corresponding resolvent operator R(-) is also compact (that
is, R(t) is a compact operator for all t >0) and is operator norm
continuous (or continuous in the uniform operator topology) for
t>0.

To conclude this section, we recall the following well-known
result.

Theorem?2[4 ,Theorem 6.5.4][Leray — Schauder Alternative]. Let
X be a Banach space and C C X be convex with 0 € C. Let

F:C — C be completely continuous operator. Then either F has
a fixed point orthe set
€= {xeC:x=2AF(x), 0 < A < 1}is unbounded.

Existence Results
In this section, we shall present and prove our main results.
First, we define the mild solution for the problem

(1.1) — (1.2).

Definition 3.1 Let R(t) be a resolvent operator of equation
(1.1), we call x € C(],X) a mild solution of the problem
(1.1) — (1.2) if it satisfy

t
x(t) = R(t)d(0) + fﬁ R(t—s) f(s,x[s— p(x(sjj))ds.
In order to prove the main results, we list the following
hypotheses.
( H; ) The function f: ] x X — X is Caratheodory that means
that f is measurable with respect to the first argument and
continuous with respect to the second argument.
(H,) There exist constantsM;, M, =0 such that
IR®I <M, IBOI<M,forall  t=0

(Hy) There exists a function p € L*(J,R*) and a
continuous nondecreasing function
Ww: [0,00) = [0,00)such that |f(t,w)| < p()W(llull)
foreveryt € ] and foreachu € X .

Theorem 3.1Assume that hypotheses ( Hy; ) — ( Hy) hold.
Then the problem
(1.1) — (1.2) has atleast one mild solution on [— r,b]

Proof:Transform the problem (1.1) — (1.2) into a fixed

point problem. Consider the operator

F: C([—r,b],X) — C([—r,b], X)defined by

- ), tel-r0],

F{\\,Ltl =*’( ¢ . tn, - Y L,_ .
[ RO$(0+5RE-9 fisx(s-pluis)))ds, tE].

We claim that the operator satisfies the conditions of the
Theorem 2.2. The proof will be given in several steps.
Step 1. F is continuous.

Let {x_} be a sequence in X such thatz, — %.Then

IEGe,) (0 - F®I

t

= J. R(t- s)f[(s,xn (s - p[xn (SJ)])— f(s,x(s - P[X(SJ)))}ds

0
t

< J.IlR(t— s)ll uf [(s,xn (s - p[xn(s])])— f(s,x(s - p[x(s))))] ds

0
t

<t | s (5= o009 £(5x(5 - ) s

0
From hypothesis ( Hlj, the continuity of @ and by Lebesgue
dominated convergence theorem, the right hand side of the
above inequality tends to zero as 1 —+ 20,

Thus

IIF(x,)(t) — F(x)(t)l.. = Oasn — o,
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Step 2. F maps bounded sets into bounded sets.
It is enough to show that for any g == O there exists a positive

constant 8 such that for each x £ Bq ={xeX|xl.=qk

we haveF(x) € B;. Foreach t £ ], we have
T

um@@ugummmmmu+ﬁmu—ﬂﬂh&m&-P@@DDH“

0
t

<M, o)1+ M, [ pEw ([ (s - p(x(5))) s
<M, |9(0)1l + My () [} p(s)ds =s.

Step 3. F maps bounded sets into equicontinuous sets in
c([-r.b] X).

We consider B as in Step 2 and let € = 0 be given. Now, let

T,, T; € Jwith T, < 7,.Then we have

IF()(12) — F)(x)ll = IIRC ) —R(x) (0l

+ J [R(t,—s)— J R(ty - s]]f(s,x [s - p[x[sj)]) ds
< IR(5) — RG0!

+ J R(1,—s)— R(ty—s)ll ”f(srx(s - p[x(s])))‘l ds

0
Ty

o T Y | L e Aerey)) 9

T,—€

¢ [ IRCes =l [ (s (s - o(x(9)) |
< lIR( ) = RCe) ()]

T.—E

£ [ RC—9 R 1w ([ (s o(x9) )

1]

+ fﬁaiy-ﬂ——Rhl—smhmﬂw(h(s—ﬂﬁﬂﬂ)ﬂ)ds

T,
Ty

+M, J. p(sjw(‘x(s — p[x[s:])}Dds
= ||1::E T::] - R[lellll‘b(ﬂ]”

Ty — E

ﬂM@JIMﬂQ—ﬂ—RﬁfﬁNMﬂﬁ

+ Ww(q) f IR(t, —s) — R(t; — s)llp(s)ds

T, —E

+Myy(a) [ p(s)ds.

From the Theorem 2.1, we deduce that the right hand side
of the above inequality tends to zero as T, — T4 goes to 0 and
€ sufficiently small. Thus F maps bounded sets into
equicontinuous sets in C([—r,b],X). Here we consider the
case 0< Ty << Tysince the other cases Ty < T, = 0 or
T, = 0 = 1, are very simple.

Step 4. F maps Bq into precompact set in X.
Let 0=t=Db be fixed and let € be a real number
satisfyingd <= € < t. For X € B, we define the operators
-
F.(x)(t) = R(t)®(0) -I-J. R(t—s) f(s,x(s — p(x(s))))ds

]

=R(t)d(0) + R(g) J R(t—s—¢) f(s,x(s — p(x(s))))ds

and
T—e

F.(x)(t) = R()o(0) + J R(t—s) f(s,x(s— p(x(s))))ds.
From the Theorem 02.1 and

operatorR(€), the set
F.(t) = {FE[}{] (th:xe Bq}is relatively compact in X for

the compactness of the

every € 0 < €<t Moreover for each xqu and by

Theorem 2.1, we have

|F.)(0) — F.(=)(@0)
- e

< l RleR(t-s-¢) ﬂ:s,x(s - p{x{s}))}ds- ‘ R(t-s) f{s,x(s— p[x[s})}}ds
\.{ .

0 0

t—-E

< J IR(e)R(t—s—€) = R(t—s)ll e ||f[s,x(s - p(x(s]]])"ds
< eH f;_Ellf[s,x(s — p(x(s]]])"ds

So the set F_(t)= {Fe(xj(t]:xeﬂq} is relatively

compact in X by using total boundedness. Applying this idea
again and observing that

IFG(® - F.e@®
< JRﬁ—@f@x@—Mﬂ@Dﬁs—fRﬁ—@f@x@—ﬂﬂﬂnﬁs

0 0
t

J. R(t—s) f(s,x(s — p(x(s))))ds

T—e

[

J IR(t— )l || (s, x(s — p (x(s))))||ds
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T

M, f p(s]q.r[‘x[s — p[x(s]))”ds
< Myw(@) 2, p(s)ds.
Therefore, the set F(t) = {F (x)(t):x € Bq} is totally

bounded. Hence F(t)is relatively compact in X. Now, by using

the Arzela-Ascoli Theorem, we can conclude that F is
completely continuous.

Step 5. A priori bounds on solutions

Now it remains to show that the set

€= {xeC:x=2AF(x),
is bounded.
Letx € £ Thenforeacht £ ],

x(t) = AR(E)$(0) + A [[R(t —5) £(s,x(s — p(x(s))))ds

By the hypothesis{ Hj ) and for eacht € ], we have

t

IS < IRONOOI+ [ 1861 (55~ () )

0=A<1}

0
< Ml19(0)l1+ M, J} p©)w(Jx(s — p(x()) )| ) ds
Since—r = s5— p[x[s]) = 5 for each s € ] and consider
the function 1t defined by

u(t) =supf|x(s)|:—r< s<t}, 0< t<h.

For t€ [0, b], we have

1(9) < M, 101l + M, [} p(s)w(u(s))ds.

Let us take the right hand side of the above inequality as v(t),

then
v(0) = My ll¢(0)l = ¢, u(t) = v(t) and

v'(t) =M p(OU(n@®), te].
Using the nondecreasing character of s, we get
v'(t) < Myp(w(v(t)) tET.

This implies that for each t € ], we have

b
fxm ths)ds“‘ J

w0 wi0)=c

W(s)

This implies that, there exists a constant «1 such that
vit) = A, te], <p(t) =vl(t) = 4,
t € ] where /1 depends only on b and on the functions p(-) and

and hencell x|l ..

LIJ[] As a consequence of Theorem 2.2, we deduce that F has a
fixed point which is a mild solution of problem (1.1) — (1.2 .
Example

Let £ be a bounded domain in R™ with smooth boundary,
andX = L*(0)). Consider the following partial functional

differential equation in X :

u;:.ﬁ]l U'LE:'_I_J‘ Eja 2 38&[54‘9 ‘u[t—r( (t, ‘f:]): ‘f);

for
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0=t<h LEN, (4.1)
u(tZ) = 0,fortEN and0 < t = b, (4.2)

u(t ) = uy(tE), for—Tp,, =t < 0and (€N, (4.3)
where

b(t,8) € C'([0,b]x M), uy € C*([~Tpanr 0] xR,
andf is a continuous function from [0,b] to R. The delay
function T is a bounded positive continuous function in™.Let
Tomax D€ the maximal delay, which is defined by

Tonax = sup’r(x].

xER

Set

-
.

a—EgrD(ﬂ] = Hz(ﬂ) n Hé(ﬂl

(B(Dw)($) =
€0,

fea(e-ou0)) )@

Defue X
Then the system (4.1) — (4.3 )is the abstract formulation

of the system (1.1) — (1.2). Further, we can impose some

suitable conditions on the above defined functions to verify the
assumptions on Theorem 3.1. We can conclude that the system

(4.1) — (4.3) has at least one mild solution on J.
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