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Introduction Suppose that FriCocgn-e %, is measurable in the region
Exton (1972,1976) had defined following complete
quadruple hypergeometric function x; € (0,a;),--+, %, € (0,a,),where, ¢, >0,Vi=1.2,..

, I, then a necessary and sufficient condition for every
K]_E(al aj aj aj blj sz baj bzh Clj Clj CEJ CE;IJ }FJ zj t}

[ﬂlm-n-u- tbtjn'(ﬂ“»t[b;’p(ba‘q?’m}’ (1.1)
ey mnlealpag m!n! plg! ' region x; € (0,a;),,x, € (0,a,) there exists
The normalized Dirichlet integral in the dimensional

probability density function g(xl,---,x?.) defined in the

= E mapg=D

&y @r . ez
space g™ — ¢m+1 has been introduced due to Mathai and o X fy (e X )y ...dlrng
Houbold (2008) in the form (1.3)
g = | da.,c0 ol (X, -, )| = & (1.4)

R'n
1 where,‘:r is an absolute constant for almost every
B(ﬂ)f (n)j e g (1 -2y = x e Ly, x, € (0,e,), e, =0,%i— 1,2, T

Again, Kumar, Pathan, Priyanka (2009) have derived

following theorem:
Theorem-2

where, X = (X;,+*,X,,) € R™ such that For
0 € (hot) € Lp— (e ) € GO a>0,8> 0y >0,8>0,Re(s) > Re(—) > 0Yi = 1234and
= B yApd = 4y =\, Ay )

(1.2)

" ~.
| Re (a-Z (i + 01)) >0,0,0 = (by,by, by, by), € = (3, 00), = (g otz ),

I (4 _ =
BLH Iy 4+ +F11+Fn+1} Re Lﬂ >0Vi=12-mn+ 1 hy, by hy,and hye €, a function due to a weighted Dirichlet type

A generalized Basanquet and Kasteman (1939) theorem of ~ integral formula exists
summability has been presented by Kumar and Yadav (2010)

such that -mu
lh" )
Theorem-1 h’a b h"y

r(a)(a)-@-?“y (ﬁ)—l}ca (Y)-[,\,ﬂ, ) ( )-:h{.,&‘,.
r(ﬂlitﬁ T(u-ragl'(p, i 03]1-[”44'@ 1(1&']'6))
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cx B oy (8
X ’ ’ J (1 _xa-l _:'.g-l —Z)'-" _ta-l)a-;z-ai-u:-::-,x.,-os-_n,-:‘-;
DD 04D

% xp1+al—1y#=+a=—1z#3+ &g — 1;t‘ial,,l-l-f:r,,I -1

X Ku (GJ (I, (l, (I, b].l bZJ bBJ b41 Clj Clj CZJ Cz;x: y: ZJ t)dx dy d‘Z dt
(1.5)
Provided that
O<xal+yft+zyt+t6 <1,
Then, for

max{|h;el, [h,B[} < 1 and max{|hzy|,|h,d]} < 1

there holds the degeneration formula
F a'b'c"u(hﬂ' hoB, hay, hy6) = Fyiy + 0y, 0, + 0y, by, by 450y, o ]

Flie 46,0, +0,b B chap bed] (1.6)
Inequalities

Here, in our investigation, first we obtain some inequalities
of the function

Fmb;mma (hlﬂ:: hzﬁ: hg}’, h4 6}
Then make their applications to obtain approximation
formulae of quadruple hypergeometric function K.
Theorem-3
For
0<he<1,0<hp<1,0<hy<10<hd<lc,>p +0,>¢,—b >
O0c,>m+6:>c-0,>00,>0+6,>-b>0and ¢, >p,+0, > ¢
b, >0
then there holds an inequality

Fabero(h a hyB, hay, hyd)
r(ﬂ1+61-£1+b1)r(u:+6: _C1+b:)r(‘ug+0’3 —C: +b3)rtﬂ4+04-C2 +b4]

T3y +0,)T{uy + 0T (s + 03T, + 0, )BT (B, )T (B, (D)

(0(ey) (e (1~ hyg)et ot (1-h g b -yt
1
(-2
(1— h,8)=#e%Pe X, F, (c;—1) —hihyaB
2 ’
(c; — 1),
X, Fy (cz—1) — hyhyyd
e ¥

(2.1)
Proof:
Under the restrictions

e>a>0=-b> 0>, >0-b>00<1<1, 0<y<1Joshi and Arya
(1991) have derived the inequality

T(a, + b, — c)(a, + b, — ¢)(T(c))’

Fslay,az,by,by;¢;x,y] <
3l@y,03,0,,0; Y I'(a,)T(a)T(by)T(b,)

(c-1),S2;
X (1=x) b (1= y)=bz x, F, (e-1) : xy
(2.2)
In the right hand side of the equation (1.6) for both Fj[.]
functions under the

restrictions
0<ha<1,0<hA<10<Ry <0<k L6, -B >0
6,50 -0 >0 +0,> ¢~k >0mdg +6,5 -8, 506,50, ¢,>

apply the formula (2.2), we find the inequality (2.1).

Theorem 5.

For
0<ha<1, 0<hB<land0<hyy<1,0<hd<land p,+0,>¢c,—k
0,u,+0,>c;,— b, >0, +0;,>¢,— b, >0andp, + 0, >c,— b, >0,c, >
>0

,then there holds an inequality

Fa,b,g,;.(,o— (hllf}:, hz:gx hBYJ 'h'4 6}

Ty +oy, + b, —e T (40, + by —c T (g + 03 + by — T (U + 0, + by — ¢3)
i gy + 0 )0y 4+ 0, )0 (g + 05)0 (g + 0)E (BB ) (B)I(D,)

(0e) () (1-heoh(1-h b1y prsrs

(L= hy )81+ hyhyaB) (14 hahyy) 2 (1~ hyhyB) (1~ hyh,yd)
(2.3)
Proof:

The contiguous  function relation for  Gaussian
hypergeometric function ,F;(.) in the notations (Rainville,
(1971,p.53))

F=,Fi[a, b; c; x], F(at+)= ;Fi[a+1,b;c;x], F(a-)= oFi[a-1,b;c;x], is
given by
(1-x) F =F(b-)-c*(c-a) x F (c+)

(2.4)

Multiply ((1 + R h,a@f)(1+ hyh,yyd)) in both
sides of the inequality (2.1) and then in its right hand side use
the contiguous function relation (2.4) and again solving it we
obtain the inequality (2.3). 5. Approximation of quadruple
hypergeometric function Ky,

In this section, we use the inequalities obtained in the
section 2 and approximate quadruple hypergeometric function
K12
Theorem 5
If

re(0,a)ye(0,8),ze(0,y),andt€ (0,8),suchthate>0,6 >0,y >0,8>
00<xa+ypt+zy 407 <1 thenfor i>00<h,a<1,0<hB<
lond 0 <hyy<10<hd<ip, +0,>¢,-b, >0+ 0, >0, — 4>
Ot >e-b>0ady, +0,>c,-1>0,6,>0,¢,>0,[T| <1

following  approximation  formula  of  quadruple
hypergeometric function Ky, holds :

= D .
Z —'I“Xu(a_, a,0,a,by, A +1,bs, A 1,0, 6, €0 Ry %, Ro Y, ez, D) TE
=y 1
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<(1_T]_lr@1+ol+b.—cl)r(p 40+ -0l 63+ B - )
Tty + 6) ey +0)0ot + 65)T (g + 0, )T B,)T (B

I+ 0, +1-c,)

(r(ﬁ}} (e ))'(I-hza)‘:'h'fi't&(l_ by

Ty
hﬁTtH—G‘ hm-cu,aft hhaﬂm b }’M )
= R h ey
(-2 (-7

Xk ALt —py—0y—by, 140~y — 0y — by;
(1- TJ (1- 1‘1)(1 hs} (hyfh,0T)
{T(1+h;hoaB) - 1T (1+ hyhyys) - YT (1-h,f) - 1KT(1-h,8)- 1}
(3.1)
Provided that

| (1-1)2(1-hy @)1 ~hy y)(h, Bh,6T) |
(7 (1+hy hoaef)-1)T(1 +hyh,y8)-1HT (1-hy f)- 1)1 -k, 5)-1)]
Proof:

To prove above theorem, we consider the bilinear
generating relation of Kumar,Pathan and Yadav(2009) given by,
when |T|<1,

= (4
Z ( } Fﬂ(biﬂmbgl‘fﬂ)ﬂﬁff(hla hzﬁ ha}f,h 5}T

o

F; [Jul+al,1uz+az+n b, A+mn;¢c; +1; hya, 2'8]

"1-T

F, [Jlutl+crl,,uz+cr2 +n,b1,.«1+n;c1+n;h1af,£]

(3.2)
Then, we follow the equation (1.6) and the theorem -4 in
right hand side of the relation (3.2), we find that

= (A
n=0

T, +0,+ b, —c M, +0, + 2 —¢ )Ty +0; + b — ;)
T(u, + 01)]‘(1& +0,)T (s + 03)T (g + 0, )T (b, T(B,)
T, +a,+1i-c,)

@y

)

<(1-n*

1407 -1

R

g0y A -t

hyhyydT
=2l

L LR rr—
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( hoh, a:BT)( hyh,yST
1—T 1T
€, Colly F O+ A=yl H oy +A -0y
ALt - -0 = by 14—y -0y = by

(1-1)2(1-hy @)1 ~hyy)(hy fhy 5T) ]
{r(1+hy hoaf)-1HT(1 +hy hyy8)-1HT (1—hy f)-1HT(1 -h, 5)-1}
(3.3)

Provided that

| (1-1)2(1-hy a)(1 -hyy)(hy Bh, 8T) |

171+ hy hya)-1HT (L +hy by y8)-1HT (1-hy f)-1HT(1 -k, 8)-1}] <1
Now in left hand side of (3.3) define the

function F&P#? (hya, h, B, ha¥, hy), by the theorem -2

and then make an appeal to the theorem -1, we get the
approximation formula (3.1) of quadruple hyper geometric
function Ky, .

Example

Let in the region, X € (0,a),y € (0,8),z€(0,y),and t € (0,0),

such that a>0,8>0y>06>00<w™ +yf +zy +t67 <],

the position of the particle is given by the sequence of function
f.(oy,zt) =K (a,0,00b,A+nb, 14+ m0,,6,0,000,% by Bz hyt)

Ve N, — {0,1,2,...3,Then there exists a convergent

function g (x, y, z, £ defined for A = 0, and [T| < 1, such
that

g(x,y,z,t) =X,

g[xl yl zl t}

)_l"(‘u1+01+ b -, M, + 0, + 1 - )Ty + 03+ b, - c,)
[y + 6T, +0,)T(ps +03)T (1 + 0, )T (BT (,)

2
(I'(Cl)) (r(c1))‘ (1-hya@)x 2B (1 - hyp)etaoeh

Wn

n!

—= £ (x,v,2,t)T", then

<(-Ty

T, +a,+i-c,)

T@y
h{ST Cy—fig =0y~ i hm‘ ¢yl =0y -4 hq;lqam =ty , h3h4YM' -4
-2 R s 2 s
( 1-T) 1-T. ( 1-T 1—T)
hoh,aBT hyh,yST
( 1—T )( 1—T

¥l A,1+Cl_#1_gl_bljl'l'ffz_ﬂg_ag_ba;

(1-7)2(1-hy @)1 -hyy)(hy fR, 6T) ]
{r(1+hyhyaf)-1Hr(1 +hyhyy8)-1HT(1-Ry p)-1HT(1~hy6)-1}

(4.1)
provided that
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| (1-7)2(1~hy &)1 ~hyy)(h, Bhy6T) | <1
|7 (1-+hy hyaf)-107(1 +hy hyyd)-1Mr (1-hy f)-1Mr(1 -, 8)-1}|

References

1. Basanquet, L.S. and Kastelman, H.(1939).The absolute

convergence of a series of integrals, Proc. Lond. Math. Soc. 45,

pp. 88-97.

2. Exton, H.(1972). Certain hypergeometric functions of four

variables, Bull. Soc. Math. Gre’ce, N.S.13, pp.104-113.

3. Exton, H. (1976). Multiple hypergeometric functions and

applications, John Wiley and Sons, New York.

4. Joshi, C.M., Arya, J.P.(1991).Certain inequalities for Appell’s

Fs;and F4, Indian J. Pure Appl. Math. 21(9), pp.751-756.

5. Kumar, H., Pathan, M.A.and Yadav, P. (2009). A
degeneration formula associated with Dirichlet type integral
involving Exton’s quadruple hypergeometric function and its
applications, PAN-Afirican journal Series (Accepted).

6. Kumar, H. and Yadav, P. (2010). On summability of Exton’s
quadruple hypergeometric function K,,, General Mathematics
Notes (Accepted)

7. Mathai, A.M. and Houbold, H.J.(2008). Special functions for
applied scientists, Springer, p.37.

8. Rainville, E.D.(1971). Special functions; Mac Millan, New
York, (1960); Chalsea Pub. Co. Bronx, New York.



