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Rosa [13] introduced the notion of graceful labelings. The concept of magic, antimagic and
conservative labelings have been extended to directed graphs [11]. Bloom and Hsu [3, 4, 5]
extended the notion of graceful labeling to directed graphs. In 1985, Lo [12] introduced the
notion of edge — graceful graphs. We introduced [8] the concept of edge — graceful labelings
to directed graphs and further studied in [9]. In this paper we investigate directed edge —
graceful labeling of trees.

Keywords

Festoon,

Twig,

AMS (MOS) Subject Classification:
05C78.

Introduction

All graphs in this paper are finite and directed. Terms not
defined here are used in the sense of Harary [10]. The symbols
V(G) and E(G) will denote the vertex set and edge set of a graph
G. The cardinality of the vertex set is called the order of G
denoted by p. The cardinality of the edge set is called the size of
G denoted by g. A graph with p vertices and q edges is called a
(p, 9) graph.

A graph labeling is an assignment of integers to the vertices
or edges or both subject to certain conditions. Labeled graphs
serve as useful models for a broad range of applications such as
coding theory, X-ray crystallography, radar, astronomy, circuit
design, communication network addressing, database
management etc. [1, 2]. A good account on graceful labeling
problems and other types of graph labeling problems can be
found in the dynamic survey of J.A. Gallian [6].

A graph G is called a graceful labeling if f is an injection
from the vertices of G to the set {0, 1, 2, ..., q} such that, when
each edge xy is assigned the label | f(x) — f(y) |, the resulting
edge labels are distinct.

A graph G(V, E) is said to be edge—graceful if there exists a
bijection f from E to {1, 2, ..., |E|} such that the induced
mapping from V to {0, 1, ..., |V| — 1} given by, = (Of(xy))
mod(|V|) taken overall edges xy incident at x is a bijection.

A necessary condition for a graph G with p vertices and g
edges to be edge—graceful is q(q + 1) O . Bloom and Hsu [3, 4,
5] extended the notion of graceful labelling to directed graph.
The concept of magic, antimagic and conservative labelings
have been extended to directed graphs [11]. In [8] we extended
the concept of edge—graceful labelings to directed graphs and
further studied in [9]. In this paper we investigate directed edge
— graceful labeling of trees.

A (p, q) graph G is said to be directed edge — graceful if
there exists an orientation of G and a labeling f of the arcs A of
G with {1, 2, ..., g} such that induced mapping g on V defined
by, g(v) = (mod p) is a bijection where, = the sum of the
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labels of all arcs with head v and = the sum of the labels of all
arcs with v as tail.

A graph G is said to be directed edge—graceful graph if it
has directed edge—graceful labelings. Here, we investigate
directed edge — graceful labeling of trees.

Prior Results

Theorem 2.1: [8] The path P2n+1 is directed edge-graceful for
all n>1.

Theorem 2.2: [8] The cycle graph C2n+1 is directed edge-
graceful for all n >1.

Theorem 2.3 : [8] The Butterfly graph Bn is directed edge-
graceful if n is odd.

Theorem 2.4 : [8] The Butterfly graph Bn is directed edge —
graceful if nis evenand n> 4.

Theorem 2.5 : [8] The snail graph SN(2n + 1) is directed edge-
graceful forall n> 1.

Theorem 2.6 : [8] is directed edge-graceful if nisevenand n >
4,

Theorem 2.7: [9] The graph P3 > K1,2n+1 is directed edge-
graceful foralln > 1.

Theorem 2.8 : [9] The graph P2m @ K1,2n+1 is directed edge-
graceful forallm > 2andn > 1.

Theorem 2.9 : [9] The graph P2m+1 @ K1,2n is directed edge-
graceful forallm > landn > 1.

Main results

Theorem

The festoon graph F(n, m) of odd order is directed edge -
graceful graph.
Proof

The festoon graph F(n, m) is of odd order if n is odd and m
iseven. Let G =F(n, m)and V[F(n, m)] ={wl, w2, ..., wn, v11,
v12, ..., vim, v21,v22, ..., v2m, ..., vnl, vn2, ..., vnm} be the set
of vertices. Now we orient the edges of F(n, m) such that the arc
set A is given by,

A= {(W2i1'W2i)’1S i SnT_l}U{(Wzvazi)alS i SnT_l}
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u {(wi, vij), 1 <i<n, 1<j<m}
The edges and their orientation of F(n, m) are as in Fig. (1).

W, W,
Wy ; s . N
V Vg1 V. V;
Wy oo Vim 212 m Vot Vi -+ Vim

Fig. 1: F(n, m) with orientation
We now label the arcs of A as follows.

W2|+1’W2| ) =i, l<is< nT_l

f((
f( W,i_1s Wy, ) =pm+ n—-1 +j1<i<n-1

2 2
f((VVI i(2j 1))) = (nT_lj"'m(i_l)'f‘j’lSiSn’lSj%
F((Wlicep)) =n(m-+1)- [”le—g(i-n-j asisnisin

The values of f*(w) ,
computed as under.

fr(v;) and f-(w) . ff(Vij) are

£ (w)=0

f(w,)= {n(m+1)(g+1)—(n7_lﬂ

f(wy)= (nm+n) — ( le 142is 1<iS

fo(wy,) = {g(nm+ n)}

fr(wy,) =0

>
N
[N

fm (W) :{n(mﬂ)(gﬂ),[%‘l}zq’ 1<i< nT_S
fr(w,) =0
Frw) =

m n-1
{E(nm +n)+ (Tﬂ

+ —
f (Vi(2j—1)) - [n—_lj+%(i—1)+j’

2

m

f (V|(21 1)) =0 SISn,lstE

m

f+(V|(2j)) =0,1SISn,1£jsE
n(m+1)—(n__1j_m(|_1)_1,1SiSn,1£j§E
2 2

(Vi) =0,1Si£n,1£j£%

Then the induced vertex labels are,
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n-1) m . o ._m
g(Vi(Zj-l)):(Tj‘i‘zo—l)‘i‘]:lglgn:ls]g?

. ..m
9(vigy) = n(m+1)—(n—glj—%(i—1)—j' 1<i<n1<j< E

Case (i): (n__lj is even
2

9(Wai.) :n—1+2 2i 1<i<0*3
4
g(wai) =n(m+1)—(nT_1j—l+2i,1Si£nT_1

— o . n-1
g(w”‘ﬂzij —2|—1,1§|§T
2
g(wnﬂzj
2
Case (ii): (” 1) is odd
g(Wai1) :(n+3j o0 1<i Sn+1
;j+2i,1sisn_—3

2

j —2i_21<i<n*l

g(wa)

|
>
3
+
7/ N
S
(BN

g (an_s+2i 4

_ : o n+1
W =nm+n+1-2i,1<i<
g( nl+2i] 4

Clearly,g(V)={0,1,...,n(m+1)-1}={0,1, ..., p-1}

So, it follows that all the vertex labels are distinct and g is a
bijection. Hence, F(n, m) of odd order is a directed edge-
graceful graph. The directed edge-graceful labeling of F(5, 10)
and F(7, 6) are given in Fig. (2) and Fig. (3) respectively.

D5y
m

P
% ) .34
2 2
4 i
g om g onl “115401639”

Fig. 2: F(5, 10) with directed edge-graceful labeling

Ty an nd

el i\

] 7 5 7 3
54 6 % o0 JU A ] BB M

Fig. 3: F(7, 6) with directed edge-graceful labeling
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Theorem
The graph <K1’n . m>, nis even and m, n > 2 is directed

edge-graceful graph.
Proof

LetG= <K1n : m> nisevenand m, n>2 and

V |:< Kl,n m>] = {ulv UZ, ey umv Wl! WZ! ey Wm-ll ulll ulZl ey ulnl ule
Ug2, ery Ugy weey Umt, U2y -y Umnt D€ the vertices. Now we orient the
edges of <Kl . m> such that the arc set A is given by,

A={(u,w), 1<i<m-1} U {(Ujsg, W), 1 <i<m-1}
U{(u, uj), 1<i<m, 1<j<n}
The edges and their orientation of <K1n : m> are as in Fig. (4).

Fig. 4: <Kl,n m> with orientation

We now label the arcs of A as follows.

((U|+1'W)) =
F((w)

(U Uiy ))=m-1+ 0 Doy jlsismisis

i,1<i<m-1

=m(n+1)-1+i,1<i<m-1

>

¢ o o
((u u,(zj)))—nm+m—1,13|£m,1£J§E

The values of f"(U.), f*(w), f+(Uij) and f7(U,),

f=(w;), f7(u;) are computed as under.

f"(u,) =0

f(u) = —[g(nm+2m—1)+ m(n +1)}
fr(w) =m(n+1)-1+2i,1<i<m-1

f(w) =0,1<i<m-1

f(u.,) =0,1<i<m-2

f_(ui+1) = 7[2(nm+2m71)+m(n+1)+2i] l<ism-2
fru,) =0

f(u,) = —E(nm+2m -)+m —1}

. _ n,. S N
f(Uia50) -m—1+§(|71)+1,1S|3m,1s13E

f~(Uipjq) =01s<ismi<j<h
2
F(U,) il<icmi<j<
R :nm+mfjl <i<m 1<) —
i(2j) 2
f(Ugep) !
U, =nm+m-j,1<i<m,1<j< —
i(2j) 2
Then the induced vertex labels are
n,. . . .. Nn
gUiga) =m—-1+—(i-1)+j,1<i<m1<j<—
2 2
9(uiz) =am+m-j1<i<m,1<j<n
2

Case (i): miseven
gu) =m+1-2i1<i<m
2

gw) =mn+1)-1+2i,1<i<m=2

2
m
w =2i-2,1<i< —
g( m22+iJ 2

g[uan :m(n+2)—2i,1§i§%
2

Case (ii): misodd
m+1

2
gw) =m(n+1)-1+2i1<i<M-1

2

. .. m-1

W =2i-1,1<i<M-d
g[ m1+i] 2

2

glu) =m+1-2i,1<i<

. . m-—
u =ntm+2m-1-2i,1<i<
Clearly,g(V)={0,1,...,nm+2m-2}={0,1, ..., p- 1}

So, it follows that all the vertex labels are distinct and g is a
bijection. Hence, <K1n :m> is a directed edge-graceful graph.

The directed edge-graceful labeling of <K16;5> and

K 7 are given in Fig. (5) and Fig. (6) respectively.

2 0y 13

P
%N %\\zg 1

6 og T B, B s B M

Fig. 5: W|th directed edge-graceful labeling

W\VW
A A A A

Fig. 6: <K1’ -7 W|th directed edge-graceful labeling

7B 3 4 3
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Theorem

The twig graph T, is directed edge-graceful if n is odd and n > 5.

Proof

Let G =T,and V[T,] ={ug, Uy, ..., Uy, Vg, Va,...,

such that, the arc set A is given by,

A= {(UZi_l,u2i ), 1<i< nT—l} U {(um,u2I ), 1<i< nTl}
U {(Viulhy ), 1<i<n—=2}U{(v,\u,,), 1<i<n-2}
The edges and their orientation of T, are as in Fig (7).

Vi V2 Vn-2
Uz
up > < > < —>——<—y,
V, v, v,

Fig. 7: T,with orientation
We now label the arcs of A as follows.

P (U 2:U20))= 2(n—2)+(”7‘1j+i, 1<i<
() 16127
F((vita)) =(”T‘1j+i, 1<i<n-2
F((%' )

n-1
2

2(n-2)+ (n21j+1 i,1<i<n-2

The values of f*(ui), f+(Vi), f+(Vi') and f*(ui),

f7(v;), T (v,")are computed as under.
f (u,) =0

) {z(n_z){“?”ﬂ

+ -
f (UZi) _4(n—2)+3(”7”j—2+2i, 1sisnT_1
f7(uy) =0, ISiSnT_l
Uy =2(n-2)+n, 1§i§nT_3
- . . n-=-3
F(uy)=-12n-2) + [nglj +2i],1<i< 5
f+(un) =0

f*(v.)=0,1<i<n-2

Gayathri et al./ Elixir Appl.

Vn-2: Vl‘v
Vs, ..., Voo } be the set of vertices. Now we orient the edges of T,
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f () :_Kn—_l}ui},lsisn—z

2
fo(v,)=0,1<i<n-2

f _(Vi l) = ,[z(n,z){%l)uq} 1<i<n-2

Then the induced vertex labels are,

g(Vi) :2(n72)+[n21j+1 i 1<i<n_2
g(v;) (ngljﬂ 1<i<n-2
Case(l)(n 1) is odd
2
9(uy4) = HT-|-3_2L 1S|<n—1
9(uz) :2(n—2)+(n 1J+2I 1<j<n=3
2 4
g{ung j =2i-2, 1<|<”_+1
T+2i 4
g(u 12J :2(n—2)+n+1—2i, 1<i< Nt
F
Case (i) (_1j is even
2
n+3
(le) _—2| :|_<|<T
g(uzi) z(n 2) ( 1)_"_2' l<|<n—1
2 4
_ . .n-1
g[unlm] =2i-1, 13|s_4
2
= n-1
g{usz =2(n-2)+n-2i, 1<|<T
2
Clearly, g(V)= {0, 1, ...,3n—-5} ={0,1,...,P—1}

So, it follows that all the vertex labels are distinct and g is a
bijection. Hence, T, is a directed edge-graceful graph if n is odd.
The directed edge-graceful labeling of T3 and Ty5 are given in
Fig. (8) and Fig. (9) respectively.

28 20 2 2% 24 2 2 218 20 19 18

7 8 9 10 1 12 13 14 15 16 17

0 2 3 3 32 4 3 5 34 6

) AT 75 <o a4 <ol > <7 2 <3 s <o

28 21 26 25 24 28 2 21 2 19 18

7 8 9 10 1 12 13 14 15 16 17

Fig. 8: T13 with directed edge-graceful labeling
33 32 31 30 29 28 21 2 2 28 2 2 21
8 9 0 u 2 13 15 1 iy 18 19 20
% 1 5 2 % 3 K 4 3 5 3 1 Q0 7
7 39 5| 37 3 39) 1 0) [ 2 3| 4 36| 6 3%
\33 32 \31 \30 \29 \28 v {25 {25 {24 {za \22 vil
8 9 10 1 12 13 1 15 16 Iy 18 19 20

Fig. 9: T15 with directed edge-graceful labeling
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