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Introduction  

Let l  be a formal symmetric ordinary differential 

expression of order n2  on the interval ),( ba . We assume that 

the product 
2l  can be well formed. Let L  be a differential 

operator generated by l  in )),((2 baL  with some boundary 

conditions ([1]).  

It is known that the product 
2l  is a formally symmetric 

differential expression of order n4  on ),( ba  with equal 

deficiency indices, and the minimal operator associated with 
2l  

in )),((2 baL  is a positive symmetric differential operator (cf. 

[2, 5]).  

There have been many research results on the subject of the 

products or powers of differential operators, especially on 

deficiency indices of powers of l  and commutativity of 

differential expressions (see [2-4]).  

On the problem of determining the self-adjointness of the 

product of two differential operators, it has been considered in 

[6] when l  is a limit-circle Sturm-Liouville operator on ),( ba . 

By means of the construction theory of differential operator and 

matrix computation, a necessary and sufficient condition for the 

self-adjointness of the product two high-order differential 

operators with limit-circle case was given (see [7]).  

Moreover, in [8], the self-adjointness of the product of three 

high-order differential operators with limit-point case was 

considered. 

  Here we consider the self-adjointness of the product of two 

n2 th-order ordinary differential operators with middle 

deficiency indices.  

 By using the techniques of the construction theory of real 

parameter on differential operators and matrix computation, the 

necessary and sufficient conditions which make the product 

12LLL   being the self-adjoint operators in ),( ba  are 

obtained, which promote and deepen the previous conclusions. 

 

Preliminaries 

We consider the formal symmetric ordinary differential 

expression of order n2  on the interval ),( ba , given by 


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
n

j
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jn

j ypyl
0

)()( )()1(:)( , ),( bax ,  ba .         (1) 

We assume that the real coefficients )(tp j  satisfy the 

following basic conditions: 

0)(0 xp  and ),()( )2( baCxp jn

jn



  , nj ,,2,1,0 L .(2) 

The basic conditions ensure that the formal square 
2l  of l , 

defined by 

)(2 lylyl       (3) 

exists as a differential expression. Furthermore, l  and 
2l  are 

regular on ),[ ba  and singular on endpoint b . 

Note that in this paper we will write a matrix A  with m rows 

and n  columns as nmijaA  )( , where ija  is the element of 

A  appearing in the i th row and j th column. Let 
TA  and 

A  

denote the transpose and complex conjugation transpose of A  

respectively. 

 In the following, one can easily see that the facts and notations 

we introduce for l  are applicable for 
2l  similarly. 

  Let n  and n  denote the deficiency indices of the 

formally symmetric differential expression l  on ),[ ba  

associated with the upper and lower half-planes respectively. 

Write ),()(def  nnl . Here, n  and n  are not 

necessarily equal. 

Definition 1 [11] Under the basic conditions (2), we say that 
2l  

is partially separated in )),((2 baL  if )),((2 baLy , 

)),(()14( baACy loc

n 
 and )),(()( 22 baLyl  together 

imply that )),(()( 2 baLyl  . 
Tele:   
E-mail addresses: dlzxyanglixia@163.com, 

        © 2011 Elixir All rights reserved 

Self-adjointness of product of two high-order singular differential operators 
Qiuxia Yang

1
 and Wanyi Wang

2 

  1
Department of Computer Science and Technology, Dezhou University, Dezhou 253023, P.R. China 

2
Mathematics Science College, Inner Mongolia University, Huhhot 010021, P.R. China. 

 
ABS TRACT 

The self-adjointness of product of two singular differential operators generated by a th-order 

symmetric differential expression is discussed. By means of the construction theory of real 

parameter on differential operators and matrix computation, the necessary and sufficient 

conditions which make the product   being the self-adjoint operators in   are obtained. 

                                                                                                            © 2011 Elixir All rights reserved. 
 

ARTICLE INFO    

Article his tory: 

Received: 18 July 2011; 

Received in revised form: 

17 October 2011; 

Accepted: 27 October 2011; 

 
Keywor ds  

Singular differential operator, 

Product operator, 

Self-adjoint operator. 

 

 

 

 

 

Elixir Appl. Math. 40 (2011) 5213-5218 

Applied Mathematics 

Available online at www.elixirpublishers.com (Elixir International Journal) 

 



Qiuxia Yang et al./ Elixir Appl. Math. 40 (2011) 5213-5218 
 

5214 

Lemma 1 Let (2) hold. Then 
2l  is partially separated in 

)),((2 baL  if and only if 

),()(def   nnnnl .  (4) 

Proof See [11, 180-181]. 

 We define the operator )(lLM
 by lyylLM )( , 

)(lDy M , where 

))},(()()),,((:)),(({)( 2)12(2 baLylbaACybaLylD loc

n

M  
. 

The operator )(lLM
 is called the maximal operator of l  on 

],[ ba  and its domain )(lDM
 is called the maximal domain of 

l  on ],[ ba . It is known that )(lDM
 is dense in )),((2 baL . 

Thus the adjoint of )(lLM
 is well defined. Let 

)()(0 lLlL M , the operator )(0 lL  is called the minimal 

operator of l  on ],[ ba  and )(0 lD  is called the minimal 

domain of l  on ],[ ba . 

 For any )(, lDzy M , we have the Green
,
s formula, 

)(],[)(],[))()(( 22 azybzydtzlyzyl nn

b

a
 , 

where 

)()()()(],[ 22 yCxQzRxzy nn  , 
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)(
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M , ))(,),(()( )12( xzxzzR n L , (5) 

and ][)(2 jkn qxQ  )2,,2,1,( nkj L . n2],[   is called the 

Lagrange bilinear form corresponding to )(yl  on ],[ ba . 

Lemma 2
[9]

 )(0 lDy  holds if and only if 

 (i) 0)()()( )12(   ayayay nL , 

 (ii) )(lDz m , 0)(],[ 2 bzy n . 

Let jz )2,,2,1( nj L  be a set of functions in )(lDM  which 

satisfy the following conditions: jk

k

j az 


)(
)1(

, 

0)( 1

)1(



az

k

j , 0)( xz j , 

bxaa  1 , )2,,2,1,( nkj L . (6) 

Lemma 3
[12]

 If ),()(def mml  , then for any R0  , the 

number of solutions in )),((2 baL of yly 0  is not more than 

m . 

Lemma4
[10]

 Let ),( 210    and 

)),((,,, 2

21 baLm  L  be linearly independent square 

integrable solutions of yly 0 . Then there must exist 

nm 2221 ,,,  L , satisfy the following conditions: 

 nma nmjiji 22))](,rank([ 22,1  and 

},,,pan{},,,span{z)()( 22212210 nmnM szzlDlD   L
&

L
&

, 

where the symbol 
&

 denotes a direct sum, 

},,,span{z 221 nzz L  denotes the linear span of 
nzz 221 ,,,z L  

and },,,pan{ 2221 nms  L denotes the linear span of 

nm 2221 ,,,  L . 

Definition 2 Under the assumption that Lemma 3, 

nm 2221 ,,,  L are called the second 2L  solutions of 

yly 0 . 

 Let 
T

nmjiji aB 22,1))](,([   , 

where nm 2221 ,,,  L  are the second 2L  solutions of 

yly 0 . Then we have the following lemma: 

Lemma 5
[10]

 Let )(yl  be a closed symmetric operator with 

deficiency indices ),( mm . Then linear manifold )(lDD M  

is the self-adjoint extension domain of 0L  if and only if there 

exist numerical matrixes nmM 2  and )22( nmmN  , satisfy: 

 (1) mNM  )rank( ; 

 (2) 0)(1   NBNMaMQ ; 

 (3) 

























































0

)](,[

)](,[)(

:)(

22

1

)12( by

by

N

y

ay

MLDyD

nm

n

M





MM . 

Self-adjointness of product of two operators on ),( ba  

In this section, we always assume that the basic conditions 

(2) hold and 
2l  is partially separated in ]),([2 baL . Let 

ytqyly n )()2(  ,   (7) 

where Nn , ),( bat  and )(tq  is real function. We easily 

see from (7) that 

, 





























0001

0010

0100

1000

)(1

2

L

L

MMOMM

L

L

tQ n .  (8) 

Then nnn IaQ 22

2

2 )(  , )()( 2

1

2 aQaQ nn 
. 

 Here assume that ),()(def mml  . By Lemma 4, the second 

2L  solutions nm 2221 ,,,  L  of 0ly  satisfy 


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O

I

O

aWaCCC  L , 

where 
Tn

kkkkn aaaaC ))(,),(),(())(( )12(

2

  L and 

))(( tW   denotes the Wronski matrix of 

}22,,2,1);({ nmiti  L . Let 
T

njinmB )],([ 222  , 

then 
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))(()()))((())(],([)()( 222222 aWaQaWaaBbB n

TT

njinmnm   

, 

i.e, 

)()( 2222 aQbB nmnm   .  (9) 

Here, 
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CA,  are nm 2  order numerical matrixes, DB,  are 

)22( nmm   order numerical matrixes and 

mDCBA 2)Rank()Rank(  . Let 

yqqqyyqCyyqqyqyyyl nn
n
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. (12) 

By calculation, we can get 
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Proposition 6 If ),()(def mml  , then ),()(def 2 mml   

and nmmmm 2,2  . 

Proof If ),()(def mml  , then mn221 ,,,  L  are the 

first 2L solutions of 0ly  and are also the first 

2L solutions of 0)(2 yl . In fact, for 

)(lDy M , 0)](,[ byi , )()()( 2 lDlDlD M . 

So )(2 yl have middle defect indices ),( mm  . It follows from 

iyly  , iyly  , yyl )(2
 has at least m2  linearly 

independent square integrable solutions on ],[ ba , i.e., 

nmmmm 2,2  . 

Corollary 7 If )(yl  is limit-circle case, then 

),2,1)(( Lkyl k
is also limit-circle case. 

Lemma 8 If ),()(def mml  , then )2,2()(def 2 mml  . 

Proof If ),()(def mml  . Under the basic conditions (2), it is 

known that 
2l  is a formally symmetric differential expression of 

order n4  on ],[ ba . Furthermore, it follows from (4) 

that )2,2()(def 2 mml  . 

 In the following, similar to the notations of Section 1, 

let )( 2

0 lL  and )( 2lLM
 be the minimal and maximal operators 

generated by 
2l  in )),((2 baL , )( 2

0 lD  and )( 2lDM
 be the 

domains of )( 2

0 lL  and )( 2lLM
, respectively. Let )(],[ 4 tn  

be the Lagrange bilinear form corresponding to 
2l  on ],[ ba . 

Lemma 9 For any )(, 2lDzy M , we have 

)()](,[)(]),([)(],[ 224 tzlytzyltzy nnn  , ),( bat . 

 Let nm 2221 ,,,  L  are the second 2L  solutions of 
2l  

and satisfy 
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From Lemma 4, )),((2 baLi  )22,,2,1( nmi  L . 

Furthermore 0)( il  , 0)()(2  ii lll  , then 

)22,,2,1( nmii  L  is also the solution of 
2l . The matrix 

of nm 2221 ,,,  L , nm 2221 ,,,  L  is defined by 
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where 

























)22()2(

)22()22(

)22()2(

11

0

0

nmmn

nmnm

nmmn

I . So 
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02 yl  and 
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with )(],[)(],[ 44 ta njinji   ,  
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
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Let 
12LLL  . According to (7), (10), (11), (12), )(yL  can be 

expressed as follows: 









































































































.0

)(]),([

)(]),([

)()(

))((

,0

)(],[

)(],[

)(

)(

,)(2)(

222

21

)12(

222

21

)12(

12

1

)2(2)2()()2(

2

)4(

byl

byl

D

ayl

ayl

C

by

by

B

ay

ay

A

yqqqyyqCyyL

nnm

n

n

nnm

n

n

n

k

nnkknk

n

n









MM

MM

 

For )()( 2 lDlD MMi  , from Lemma 4, it is easily seen 

that 
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where )(00 lDy i  , isd , ija  are real constants. 

 In addition, for )(0 lDy , 
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where )( 2

00 lDy  , id , ic ,


ic  are also real constants. From 

Lemma 2, (8), (15) and (17), we obtain 
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So by (10) and (11), we have 
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Furthermore, by (10) and (11), we have 
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Using Lemma 5, (19) and (21), 
12LLL   can be denoted by 
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Theorem 12 
12LLL   is self-adjoint operator if and only if 
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also has the following form: 

Theorem 13 12LLL   is self-adjoint operator if and only if 
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 If 21 LL  , then 
2

1LL   and CA  , DB  . By Lemma 5 

and Theorem 13, we can conclude the following conclusion: 

Corollary 14 
2

1LL   is self-adjoint operator if and only if 1L  is 

self-adjoint operator. 
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