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Introduction  

Voltage instability has become a challenging problem in 

unbalanced distribution networks . The application of DG 

systems to the distribution network is increasing to reduce costs 

and power losses. It seems reasonable to expect that the 

connection of DG to the utility grid might improve the voltage 

profile and enhance the voltage stability of a distribution system 

while reducing active and reactive power losses [1-4]. These 

improvements will mainly depend on the configuration of the 

distribution network, type of distributed generation systems and 

load characteristics.  

In balanced power systems, there are several techniques to 

detect the weakest bus for DG placement such as modal analysis 

[5, 6], sensitivity analysis [7], V/V0 index [8, 9], bus voltage 

change index [10], and integrated bus voltage change index with 

reactive power margin [11]. These methods have the capability 

to identify which node is the weakest bus of a balanced system. 

In addition, providing adequate reactive power support at the 

appropriate location (the weakest bus) has been shown to solve 

voltage instability problems in some situations [12]. However, 

the problem becomes very complicated under unbalanced 

operating conditions. 

Many three-phase continuation power flow (CPF) methods 

have been used to analyze voltage stability margins of 

unbalanced distribution networks [13-16]. The usual approach is 

to run power flow and generate PV curves by increasing the 

active power at selected loads.  

Analyses of unbalanced networks indicate that there is at 

least one phase with clockwise direction (e.g., as the load levels 

increase on the PV curves, the voltage magnitudes decrease) 

with much lower voltage levels than the other two phases [16]. 

This considerably complicates the voltage stability analysis of 

unbalanced systems. Reference [14] shows that PV curves of 

phases „b‟ and „c‟ at bus 675 in the IEEE 13 node test feeder 

have anti-clockwise directions while phase „a‟ has a clockwise 

direction. In addition, the PV curves for the unbalanced 

networks and/or unbalanced loads have shown different voltage 

stability margins on each phase. Therefore, it is very 

complicated to rank the buses and identify the weakest bus 

under different voltage level and voltage stability margin 

conditions on each phase. Recently, a system unbalanced 

voltage variance index has been proposed  [1] for considering 

voltage profiles and grid losses to find the optimal location of 

DG. Therefore, bus ranking of unbalanced networks is also an 

essential task for the voltage stability analysis and enhancement 

of DG systems. This problem has not been addressed in the 

literature. 

  This paper presents a new voltage stability indexing 

approach to identify the weakest three-phase buses in 

unbalanced distribution networks. Symmetrical components are 

applied to the three-phase voltages resulting from three-phase 

power flow. A new index based on the positive s equence voltage 

ratio of Vcollapse/Vbase-load is defined and used for bus ranking. 

Simulation results and extensive case studies without/with a 

voltage regulator, DGs and SVCs are presented for the modified 

IEEE unbalanced 13 node test feeder to show the validity of the 

proposed approach and its application for improving voltage 

stability and increasing the maximum loading factor. The 

maximum loading factor is defined as the ratio of the maximum 

of the selected loads which can be increased by keeping the 

power factor constant to the base load. The selected loads are 

increased until the power flow solution diverges. 

The Proposed Bus Ranking Index  

For Unbalanced Distribution Networks 

In balanced networks, the bus ranking is important for the 

voltage stability enhancement. The purpose of bus ranking is to 

determine which node is the weakest bus for connecting DG 

and/or reactive power compensation devices. It has been shown 

that DG can be allocated at the first bus reaching the voltage 

limit to improve voltage profile and reduce grid losses [17]. In 

addition, the best location for reactive power compensation to 

improve voltage stability margin is the weakest bus in the 

network [8]. 
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Hence, it might be sufficient and reasonable to enhance voltage 

stability margins in unbalanced distribution networks by 

connecting DG and/or reactive power compensation devices at 

the suitable weak buses.  

The approach taken in this study is utilizing the bus voltage 

ranking index to identify the weakest three-phase buses in 

unbalanced distribution networks. This section starts with the 

definition and derivation of the conventional voltage ranking 

index (VRI) V/Vo using the two bus balanced network of Fig. 1 

and continues to define a new bus voltage ranking index of 

Vcollapse/Vbase-load and extend its application to unbalanced 

networks using symmetrical components. 
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Fig. 1.  Equivalent circuit of a two bus balanced network 

The conventional VRI is defined for balanced three-phase 

networks [8, 9]:  
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where j is the bus number,  loadbasedjV , and loadnojV ,  are the 

bus voltages for the base-load  and no-load operating conditions, 

respectively.  

Balanced three-phase load flow can be used to compute 

loadbasedjV ,  by setting the complex power at bus j to zero: 
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where iiV dÐ  and jjV dÐ  are the voltages at buses i and j, 

respectively. Separating real and imaginary parts of (2): 
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where jiij ddd  . The voltage jV  is computed by squaring 

and adding the real and imaginary parts of (3): 
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])4([
2

1 2 cbbV j                       (5) 

where )22(
2

ijjijji XQRPVb  and )(
22

jj QPc   

)(
22

ijij XR   . However,  )(b  is always positive because the 

term )22( ijjijj XQRP   is small as compared to )(
2

iV  and also 

)4( c  is small as compared to )( 2b ; therefore, the unique positive 

and stable solution of (5) is 

])4([
2

1 2
, cbbVV loadbasedjj             (6) 

Substituting (6) in (1) results in 
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where A = ))(()22(25.0
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The propose index in balanced network is defined as: 
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To compute the proposed VRI for balanced three-phase 

networks,  collapsejV ,  is computed based on the Newton-

Raphson load flow by forcing (3) to zero. The Jacobian 

corresponding to (3) is defined as follows: 
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At the collapse point, Jacobian matrix is singular, therefore: 
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Substituting (6) and (10) in (8) results in 
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Compared to the conventional index (1), the proposed index (12) 

is sensitive to both voltage magnitude (e.g.,  V/Vo ) and voltage 

phase angle ( ijd ). The angle is computed from (13): 


















 

2

1

)(][

][

jijjijj

ijjijj
ij

VXQRP

RQXP
tand                 (13) 

To extend and generalize the proposed VRI for unbalanced 

networks, symmetrical components are applied to the three-

phase voltages resulting from three-phase power flow. The new 

index is defined as the ratio of the positive sequence voltage at 

collapse point to the positive sequence voltage at the base-load: 
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where 


collapsejV ,  and 


loadbasejV ,  are the positive sequence bus 

voltages at the point of voltage collapse and the base case load, 

respectively. This new index can be computed and used to reveal 

the weakest buses of the unbalanced networks with unbalanced 

loads and/or configurations. The node with the lowest index 

value is classified as the weakest bus.  
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Fig. 2.  PV curve based on positive sequence voltages  

The Modified Unbalanced Three-Phase 13 Node Test System  

The modified unbalanced three-phase 13 node test feeder 

shown in Fig. 2 has been simulated using DIgSILENT 

PowerFactory software [18]. The system data is taken from [19] 

and modified to have balanced and unbalanced operations. This 

three-phase (un)balanced feeder consists of  overhead lines, two 
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underground lines (through buses 684, 652 and 692, 675), 

balanced/unbalanced spot loads (Y-PQ, D-PQ, Y-I, D-I, Y-Z, D-

Z), distributed loads (Y-PQ) between buses 632 and 671, a 

single-phase shunt capacitor (at buses 611),  a three-phase shunt 

capacitor (at buses 675) and an in-line transformer (between 

buses 633 and 634). There is also a three-phase voltage regulator 

connected between buses 650 and RG60.  

Simulations are performed on the modified balanced/ 

unbalanced 13 node test feeder (Fig. 2) for the following case 

studies: 

Case 1: without a voltage regulator (fixed transformer tap ratio 

set to 1.0).  
Case 2: with a voltage regulator (variable transformer tap ratio). 

Case 3: Case 2 with a DG (three-phase induction generator) 

injecting 358 kW active power (e.g., 10% of the total load) 

installed at the weakest three-phase node (bus 675). 

Case 4: Case 2 with one DG (358 kW) and one SVC (0.36 

MVar, acting as an unbalanced voltage controller) installed at 

the weakest three-phase node (bus 675). 

Case 5: similar to Case 4 with the DG and SVC installed at bus 

680. 

646 645 632 633 634

650

692 675611 684

652

671

680

RG604.16 kV

0.48 kV4.16 kV

Switch

Three-phase

Three-phase
Three-phase

115 kV

 
Figure. 2.  The modified balanced/unbalanced 13 node test 

feeder 

In the following sections, Eq. 14 will be utilized to locate 

the weakest three-phase buses for the placement of three-phase 

DGs with SVC to enhance voltage stability. At each 

compensation level, the proposed index (Eq. 14) is recalculated 

and the bus ranking is updated since the system configuration is 

changed. To show the validity of the proposed bus ranking and 

the effectiveness of the compensation devices (DG and SVC), 

grid losses, PV curves (based on positive sequence voltages) and 

voltage stability margins are calculated and compared for the 

aforementioned cases. 

Bus Ranking Based on the Proposed Index 
Bus ranking without/with a voltage regulator 

Figures 3 and 4 show the bus rankings for Cases 1 and 2 

based on Eq. 14 without and with a voltage regulator, 

respectively. According to these figures, the voltage regulator 

has no effect on the order of bus ranking.  

Note that the four nodes with the lowest VRI are buses 675, 

652, 611 and 684. Therefore, the most appropriate location for 

the installation of three-phase DG and SVC compensators is bus 

675.  

 
Fig. 3.  Bus ranking for Case 1 (without any voltage 

regulators) 

 
Fig. 4.  Bus ranking for Case 2 (with a voltage regulator) 

Bus ranking with DG at the most suitable bus 

DG devices (e.g., induction generators) are to be connected at 

the weakest three-phase buses (e.g., weakest buses with the 

lowest VRI values) to improve the voltage stability. Simulation 

results of Fig. 5 (Case 3) indicate that the application of one DG 

(an induction generator) at bus 675 does not change the order of 

VRI values and therefore has no impact on the order of bus 

ranking.  

 
Fig. 5.  Bus ranking for Case 3 (with one DG at bus 675) 

Bus ranking with DG and SVC at bus 675 

One DG and one SVC are connected at bus 675 (e.g., the 

node with the lowest VRI value) and the proposed index (Eq. 

14) is recalculated (Fig. 6). As a result, the orders of the weakest 

nodes are changed to buses 634, 633, 646, 645, 632, and 652. 

This means the next suitable bus for connecting additional DG 

and SVC units is bus 634.  

 
Fig. 6.  Bus ranking for Case 4 (with one DG and one SVC at 

bus 675) 

Validation of the Proposed Bus Ranking Index   Based on 

Grid Losses  

Grid losses associated with the placement of DG units at 

each node (e.g., all possible locations of DG) are computed and 

compared with the losses generated with the DG unit connected 

at the weakest bus as identified by the proposed index of Eq. 14. 

Grid losses with one DG unit  

A three-phase induction generator is placed at different 

buses of the modified IEEE 13 node feeder (Fig. 2) and system 

active and reactive losses are plotted in Fig. 7. This figure 

confirms that bus 675 (resulting in the lowest grid losses) is the 

most suitable bus for DG placement, as was previously 

identified by Eq. 14. 
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Fig. 7.  Reactive and active power losses associated with DG 

connections at different buses of Fig. 2 (Case 2) 
Grid losses with two DG units  

According to Eq.14, with the addition of one DG (at bus 

675, Fig. 5), the most suitable location for the connection of a 

second DG unit is still at bus 675. This is in agreement with the 

grid loss plots of Fig. 8 generated by connecting the first DG at 

bus 675 and placing a second DG at different buses of the 

modified IEEE 13 node feeder. These results further confirm the 

accuracy of the proposed bus ranking index. 
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Fig. 8.  Reactive and active power losses associated with the 

first DG installed at bus 675 and the second DG connected at 

different buses of Fig. 2 (Case 3). 
Grid losses with DG and SVC Devices 

Figure 9 shows grid losses with a combination of DG and 

SVC units placed at bus 675 (Case 4) and adding a second DG 

unit at different buses. These results indicate the lowest reactive 

loss occurs at bus 671 and active power loss occurs at bus 675. 

Therefore, the calculation of grid losses is not the same as the 

result of VRI values (Fig. 6) with multiple DG and SVC 

compensation. 

0.075

0.080

0.085

0.090

0.095

0.100

0.105

RG60 632 633 634 645 646 671 680 684 611 652 692 675

Bus Number

A
c

t
iv

e
 P

o
w

e
r
 L

o
s

s
 (

M
W

)

0.255

0.270

0.285

0.300

0.315

0.330

0.345

R
e

a
c

t
iv

e
 P

o
w

e
r
 L

o
s

s
 (

M
V

a
r
)

Active power loss

Reactive power loss

 
Fig. 9.  Reactive and active power losses with DG and SVC 

installed at bus 675 and a second DG connected at different 

buses of Fig. 2 (Case 4) 

Validation of the Proposed Bus Ranking Index Based on PV 

Curves  
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Fig. 11.  PV curves of positive sequence voltage at each bus 

for Case 4 

The PV curves based on positive sequence voltages are 

plotted and compared with the PV curve generated when the DG 

and SVC units are connected at the weakest bus (as identified by 

the proposed index).  

Figure 10 shows the PV curves of positive sequence 

voltages at each bus for Case 2. According to this figure, bus 

675 has the lowest stability margin. Therefore, this is the 

weakest bus as previously recognized by Eq.14. After 

connecting a combination of DG and SVC units at bus 675, PV 

curves for Case 4 are regenerated and plotted in Fig. 11. As 

expected and previously recognized by the proposed ranking 

index, the lowest stability margins occur at bus 634. This will 

further reveal the validity of the proposed voltage ranking index 

for unbalanced distribution systems. 

Improving Maximum Loading Factor with the Proposed Bus 

Ranking Index  

Application of the proposed bus ranking index for the placement 

of DGs without/with SVCs at the weakest three-phase buses will 

improve the maximum loading factors as demonstrated in Table 

According to the tabulated results: 

 A comparison of the maximum loading factors for Cases 1 and 

2 indicates that the voltage stability margin is higher with a 

voltage regulator. Therefore, voltage regulators can help to 

improve the voltage stability margins of unbalanced distribution 

systems.  

 After connecting DG at bus 675 (Case 3), the voltage stability 

margin has slightly decreased from 2.375 to 2.343.  

 There is a significant improvement in the maximum loading 

factor when a combination of DG and SVC units is placed at the 

weakest three-phase bus. For example, after connecting DG and 

SVC (358 kW and 0.36 MVar) at buses 680 (Case 5) and 675 

(Case 4) the maximum loading factor is improved (from 2.375 

with no compensation) to 4.390 and 4.967, respectively.   

Enhancement of Maximum Loading Factor by Proper Sizing of 

DG Units 

 The maximum loading factors of Table I are computed for 

DG compensation values of 358 kW. These factors can be 

improved by proper sizing of the compensation devices as 

shown in Fig. 12.   

Fig. 12 shows the impact of increasing the number of DG 

units on the maximum loading factor. Each DG unit injects 358 

kW of active power. According to this figure, the maximum 

loading factor can be improved from 4.967 (Case 4) to 5.223 if 

the level of DG compensation at the weakest three-phase node 

(bus 675) is increased from 358 kW to 5.012 MW. 
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Fig. 12.  The maximum loading factor as a function of 

the number of DG units placed at the weakest node (bus 675) 

Improving Maximum Loading Factor by Placement and 

Sizing of Compensation Devices  

 A relatively simple procedure is used to properly place and 

size the compensation devices to further improve the maximum 

loading factor of the unbalanced distribution system. The 

approach is to place one compensation unit (e.g., a 358 kW DG 

with SVC) at the weakest bus and compute the corresponding 

maximum loading factor. The procedure is then repeated by 

relocating the weakest bus (based on Eq. 14 with all previous 

units in service) and placing more compensation devices.  

With the above-mentioned approach for placement of DG 

(with a 0.36 MVar SVC used for voltage regulation) are shown 

in Fig. 13. The selected size of the unit DG is 358 kW. Based on 

Fig. 13, the maximum loading factor can be further improved to 

6.119 with a total DG of 716 kW (consisting of 358 kW and 358 

kW units at buses 675 and 634, respectively). 

0

1

2

3

4

5

6

7

No DG DG at bus

675

DG at bus 

675, 634

DG at bus 

675, 634, 646

L
o

a
d

in
g

 F
a

c
t
o

r

 
Fig. 13.  Simulation results for placement and sizing of DG 

units in the unbalanced IEEE 13 node test feeder (Fig. 2) 

Conclusion  

This paper proposed a ranking index to identify the weakest 

three-phase buses of unbalanced distribution networks. The 

method of symmetrical components is applied to the problem of 

bus ranking in unbalanced networks. The validity of the new 

index is demonstrated for the modified IEEE unbalanced 13 

node test feeder based on grid losses and PV curves. The 

proposed index is used to improve the maximum loading factor 

by placing DGs (without and with SVCs) at the weakest three-

phase buses. Main conclusions regarding the stability of 

unbalanced distribution networks are as follows: 

 The proposed ranking index can accurately identify the 

weakest buses under different operating conditions without/with 

voltage regulators and DGs (without/with SVCs). 

 Voltage regulators have positive impacts on voltage stability 

margins under unbalanced conditions.  

 After connecting induction generator at bus 675 (Case 3), the 

voltage stability margin has slightly decreased from 2.375 to 

2.343. However, a combination of DG and SVC devices at the 

weakest three-phase bus will considerably increase the 

maximum loading factor and significantly improve the voltage 

stability. 

 The order of bus ranking cannot be changed without reactive 

power compensation devices. The order of bus ranking is 

changed when SVC with voltage controller is installed at the 

weakest bus (bus 675) and at bus 680.  

 Both the new VRI and PV curves based on positive sequence 

voltage can be properly utilized to identify the weakest bus 

under unbalanced conditions. However, the calculation of grid 

losses can only be used to rank the bus with only DGs 

placement.  

 Proper sizing of one compensation device (DG with SVC) at 

the weakest bus will improve the maximum loading factor. 

 A relatively simple procedure is implemented to further 

improve the maximum loading factor by proper placement and 

sizing of multiple compensation devices. 
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TABLE I 

CO MPARISON OF MAXIMUM LO ADING FACTOR WITHO UT/WITH REGULATO R, 

DG AND SVC  
Case 

No. 
Description Order of bus 

ranking   
(Eq. 1) 

Maximum loading 

factor* 

1 No regulation 675, 652, 611, 684, 
680 

2.199 

2 With regulation  675, 652, 611, 684, 
680 

2.375 

3 DG at bus 675 675, 652, 611, 684, 

680 

2.343 

4 Combination of DG and SVC at 
bus 675 

634, 633, 646, 645, 
632 

4.967 

5 Combination of DG and SVC at 

bus 680 
634, 633, 646, 645, 
675 

4.390 

 *) Computed by increasing the active power of all loads until the power flow solution diverges.  

 

 


