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ABSTRACT

This paper investigates a two multi-component unit parallel system model with imperfect
detection and common cause failure. A single repair facility is always available with the
system but whenever a regular detector fails in detection of the failure cause, then the unit
goes for replacement for which a single replacement facility is always available.
regenerative point technique various measure of system effectiveness are obtained. The

Using

behaviour of MTSF and profit function have been studied in a particular case.
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Introduction

Repair maintenance, inspection and replacement are the
some important means for increasing the availability of the
system. Under these tools, a number of authors including (2-5)
have carried out the stochastic analysis of various redundant
systems. Most of these studies are concentrated at the stochastic
analysis of two unit redundant systems. A very few authors
including (1) have analysed the multi-component redundant
systems by using supplementary variable technique.

In the literature of reliability commonly, perfect pre repair
inspection is considered. But there are some situations where
pre repair inspection may be imperfect. In case of imperfect
inspection the failed unit should be replaced.

Under the above facts in view, the purpose of present study
is to analyse a two multicomponent unit parallel system with
imperfect failure detection, repair/replacement and common
cause failure.

2. Model Description and Assumptions

In the present model we assume:

()The system consists of two identical units arranged in parallel
configuration. Each unit consists of ‘c’, (c > 1) repairable
independent components arranged in series network.

(iEach unit of the system has two modes normal (N) and total
failure (F).

(ii)Upon failure of a unit it goes for the detection to determine
which component failure is the cause of unit failure. For this
purpose a detector is always available with the system. But the
detector is not always successful in detection.

(iv)If detection is successful, then the failed component goes for
repair otherwise the failed unit goes for replacement.

(V)A single repair facility as well as a single replacement facility
is always available with the system.

(vi)During the repair the detector is busy in monitoring of the
repair process.

(vii)Unit/component fails either due to its normal failure or due
to common cause failure. Common cause failure is defined as
any instance where multiple units or components fail due to a
single cause. A common cause failure may occur due to voltage
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fluctuation, temperature, fire, operational and maintenance error,
etc.

(viii)The repaired discipline is FCFS and the repaired unit is as
good as new.

(iX)Detection time and failure time distributions are taken as
negative exponential where as repair time distributions are taken
as general.

Using regenerative point technique, the following economic
measures of interest to system designers and managers have
been obtained.

(DReliability of the system and mean time to system failure
(MTSF)

(2)Bxpected up time of the system during (o, t) and in steady
state.

(3)BExpected busy period of the repairman during (o, t) and in
steady state.

(4)The cost benefit analysis of the systemis carried out by using
the above characteristics.

3. Notations and symbols for the system states

E : setofregenerative states, i.e., E ={S, — So}

o : failure rate of the operative unit

y : detection rate of the failed unit

n : rate of replacement of the failed component

p/q : probability of success/failure of detection

pc: probability with which the cth component found failed

B : common cause failure rat

Ge(9): c.d.f. of repair time of the failed cth component
H(e) : c.d.f. of repair time due to common cause
o~ symbols for Laplace and Laplace Stieltjes

transform i.e.,
— -st
Rs) = *f e™d Qj(t),
* — -st
gij(s) =] e™'gj(t)dt
© : symbol for ordinary convolution i.e.,

A(t) B(t) = j:) B(t —u) A(u) du
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Symbols for the states of the system

No. : unit is operative

Fo/Fwp : unit in  failure mode and under
detection/waiting for detection

Fer : unit in failure mode and under repair due to
the failure of cth component.

Fr/Fwr : unit in  failure mode and under

replacement/waiting for replacement

Using the above notations and symbols the possible states
and the possible transitions among the states are shown in fig. 1.
4. Transition probabilities and sojourn times

The non-zero elements pj; of the transition probability
matrix (tpm) for the considered system model are as follows:

Dog = 20 Dog = B
" B+2a)’ " B+20)
_ PY
P1,2¢ = Pc —(Q+B+Y)’
AThe limit of integration when O to o are not mentioned.
Py = — plo=———
B (o) P (apry)
P9 = @ rpry)
pZC,O = é/(():(a'+B)’
4c a
pSe) = D) [1-&a+p)],
Transition Diagram
LN * Fo. N9 .-_ ‘:';f-’_:l-\_\-\.‘§
. " /"*;-. R
n /{,'_t/fr
00 up thbe . Fegemsrating polnt
1 Fallsd vt ® o Mamregensmailve paind
p
= 1-& ,
P2c,9 (OC+B)[ e (o +B)]
_ n
" v
Dac = o
P (a+prm)

B n Py
P39 ="—"—< P51 =7——<:P57¢ =Pc7 >
(@+B+m)" 2t () 2 T ()
Psg = pci, P6,4c = Pc-P: Pgs =4,

P7¢,2¢ 21—(%();(71), P7¢,3 = @/?:(Tl)'

It can easily be verified that
Poit Pog = 1 Pro+'ZPpac+ P13+ Pro =1,
P30+ P35 +P3g = 1 P53+ XP5 7¢c + Psg = 1,

P7c,2c* Prc3 =1
Using the formula i =[ P(T; >t)dt for the mean

sojourn time in state S; ¢ E, its values for various states are:

B 1 _ 1
YO= a+p) " T (@rpry)
_[L-&(a+p)
WVac (O“FB) ,
W3 = Vg =1= Vg, Y5 = —
3T (a+prm) P Ty
Wﬁzl"lﬁc:[l_é/ﬂ: ve ==,
Y n

5. Reliability analysis
The reliability of the system when it starts operation from S;
¢ E is given by
R (t)=P[T;>t]
By probabilistic arguments, we have the following recursion
relations:

Ro(t) = Zo(t) + do1 © Ry(1)

R1(t) =Z1(t) + Zag 2c (1) © R (1) +a3(t) ©R3(t)
Roc(t) = Zpc (1) + doeo(t) © Ry (1)

R3(t) = Z3(t)+ dzg © Ro(1)

where,
Zo (t) = e—(ZOH-B)t ,
7, (t) = e (@Bt

Zpe(t) =Gy e P,
Zg(t) = e—(a+[3+n)tl
Taking Laplace transform of relations (1-4) and simplifying
for R:; (S), we obtain,
Zo +do1Z; + 901201, 20Z2c + d01930Z3 5)

1-001020201.2¢c — 901013930

Ro(5) =

! The ¥ is extended from o to ¢, whenever used.
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*
For brevity, the argument ‘s’ is omitted from Qjg (S) and

*
Zi (s).
By taking inverse Laplace transform of (5), we can obtain
the expression for R(t). Using the usual formula, the MTSF is
given by

Vo +Po1v1 + Po1ZPr 2cVac + Po1P3oV3

1-Po1P20ZP12¢ — Po1P13P3o
(6)

lim Ry (s) =
s—0

E(To) =

6. Availability analysis

From the theory of regenerative process, the pointwise
availabilities Aj(t) (i = 009) of the system are seen to satisfy the
following recursion relations
Ao(t) = Zo(t) + doz (t) © As(t) + doo (1) © Ao (1)
Ar(t) = Z1(t) + Zd120(t) © Axc(t) +d1a(t) © As(t) + dus (1) © As(t)
+ 1o (1) © Aq(t)
Aoclt) = Zao) + Qo) © Aol) + G5 (O AD) + Gzco () ©
Ag (1)
As(t) = Z3(t) + gso(t) © Ao () + dss () © As (1) + dsg (1) © Ag (1)
Aue(t) = aca(t) © Ag(t)
As(t) = ds1(t) © Ay(t) + Zds7¢ () ©A7(t) + gss(t) © Ag(t)
Ag(t) = Zdsac(t) © Auc (t) + dos (1) © As(t)
A7c(t) =07cz2c (t) © A20 +07¢3 (t) © AS(t)
Ag(t) = gss(t) © As(t)

Ag(t) = goo (1) © Ag (1)

Ay(S)= Ny (5)/Dy (5)

(7-16)

7
where,

N (8) = [ 20 e y) (L~ 035505 7c07c 3 ~ AsgClaatas)
(1605 *+ 013%38) (051205 7607 20y ) -~ 01605 4 1
{1025 0903 + 2057007631120 #4001 [1-0a5 0eg0a 205,707 21
+ 00120 7607620 (0160659130351 Z2c + Gsloas (G
+ 205,7¢07¢,3)Z3
D3 (5) = s (05303 +205 7%7.2) [oxdoI90 + 016205 4D 1 1 Goolso)
(1~ dggtg) (1—2qI,ch§<;‘?)] (03035 *+ 916%s)

[00120% 7076 26 (02 0 + G2c,9%0) *+ (L-Gogdlgo) (A5 +

(18)

*

~ Ggo (dog+ Uo1t9) + (L Igoap) [(1- Zqif,ch;(:f)) ~ 16205 4c04c.1

* * * * * * * * * *
~001Z01, 2¢ (92¢,0 +92¢,9%90) [1—035 (058083 + 205, 7¢A7¢,3)]
(19)
the argument’s’ is omitted from

For  brevity,

q;} (s) and Z?(S). Now, the steady state availability is given

by
Ag =Ny /Ds

where,

(20)
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Ny =[(L- EPchpgi?){l- P35 (2P5 76P7¢,3 ~ Psg ML~ Pas + (Psg + 2P 76P7e 3)Hvo

4
(Ps; +Zps,7cp7c,2cp(2£) ~P162P6,4¢ {L-P35 + (Psg +2Ps 7P7c 3) v
+ Doyl - P35 (Psg + 205 7¢P7c 301 +PorZPs 7¢P7c, 26 (PagPes +PraPas) vy

+ PesPo1P16 (Psg + ZPs5 7cP7¢,3) W3 (1)

D, :[(1—Ep120p(2ﬁ) +Paspgﬁ{fpxchss + 205 7¢ (P 2cPre,3 —Plabre2c )Y

— PrgPgs (L + Zps,7cp7c,2cpgﬁ) —P16ZPg 4c{L— P35 (Psg +ZP5 7cP7¢,3)}
= P35 (Psg +ZPs, 7¢P7c,3 + PraPs1)] Wo + [Por-PorPss (Psg +2Ps 7cP7c 3)1wt
+ [Po1ZPy, 2cf1 - Pas (Psg ZPs, 76P7¢,3)} + Por2Ps 7cP7c,2c (PraPss *

[1-+ P35 (s +2Ps 76P7c,3)1Wac [Py (PraPss +P1g Pes)] Vs +Poshag [1- Pas

(Psg +ZP5 7cP7¢,3)] We ++ [Po12Ps, 7¢ (P13Pss + PigPes)] w7

4
+Po1Psg (P13Pss * PrgPes)] Vs + [(Porr oc - p09p(23) {2120 + 205, 76P7c,2c

4
(P13P35 +PusPes)3-+ (Psg + ZPsc 76P7c,3) {PasPog (EPLZ&(R?% +P16206.4¢)
+ PotP16PaoPes — PasPog — (Prg * ZP12cP2c 9)PssPort

~ PogPs1 (P13P35 + P16Pes) + Por (Prg + P13P3g) + Pogl Wi
7.Busy period analysis
Let BY (t) / B (t) beThkings papledepttabratiiiivies thguitions (7-

repairman is busy in repair of the failed cth component/failed
components due to common cause respectively at time °t’.

Similarly, BR (t)/BD(t) be the respected probabilities that

the replacement facility/detector cum inspection person is busy
in replacement/detection or inspection of the failed unit or
component respectively at time ‘t’. When system initially starts
from state S; € E. Using simple probabilistic arguments as in
availability analysis, the system of integral equations for

B (1), B (1), B (t) and BP(t) in terms of LT. can be

found.
18he steady

(22)

state probabilities

Bs,BY, Bch and BE are given respectively as follows:

BE =Ny/D;,  By=NyD,,  BR=Ne/D, and BD= Ng/D,
where,

N3 = [p13P3s * Pr6 Pes) { P5;C%%%?5(ﬁ&§c%2p 2@1]) -q%gs‘la}o i
+(Psg +2P5 76P7c, 3) {P35Pog (Pr62P6 4c —1)+PoaPsPesPae + (Pog +PorP1g)
4
- Pogzpl,ch(zﬂ (1-PsgPss) * Po1 (2P1.2P2cat P13P3g)] Wo

Ny = [PoZproc {1-P3s (Psg + ZP5 76P7c3) } PorZPs 76P7e2c (P1aPss
+P1gPes)] Voot [PorPs 7cP7c.20Pac4 (PraPss * PugPss) * PorPr ocPac 4
+Por2Py2cPac 4 {1-P3s (s + 205 76P7c.3)} +PorPus2Pe ac (1 — PasPss)
~ P35P01P162P5 7cP7c.Pe dc] Wac t PorZPs7c (PraP3s + PugPes) Ve
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N5 = Poy P13 * 205 7¢P7c.3 (P13Pss * P1sPgs) + PrgPes (Psg *+ ZP5 7P7c3)l

+Po1 (P13P35 * P16Pes) s * Po1ZPs 7¢ (P13P3s + P16Pes) Wrc
+ Po1Psg (P13P35 + P16Pes) 8

Ng = Por [1-Pas(Psg + 25 76P7c.3 )1 w1+ [2P57cP7c.2c (PraPas * P16Pes)

+2py ¢ {1+ P35 (Psg + ZP5 7¢P7c.3)H Wae * Por (P13P3s * PrsPes) Vs

+ PotPis [1 — Pas (Psg *+ 205 76P7¢3] We + PorZPs 7c (PraPas + PugPes) vrc
and D, is the same as in availability analysis.
8. Profit function analysis

The net expected profit incurred during (o, t) is given by
P (t) = Expected total revenue during (o, t) — Expected total
expenditure during (o, t)

= Ko Hup(t) =Ky w0 - K wipl®) ~Kg mp{t) K 4 o)
where K, be the revenue per unit up time by the system and
Ki/K; be the amount spent per unit of time in repair of the
components failed due to common cause/ cth component and
Ks/K, respectively be the amount spent per unit of time in
replacement/detection or inspection of failed components.

Also, (D) =13 Ag(U)du st iy (8) = Ag(s)/s

In the similar way, pg°(t), up(t), ubR (t) and uE(t) can be
defined. Now the expected profit per unit time in steady state is
given by

P=LimP(t)/t=Lim s> P (s)
t—oo s—0
= KpAg — KBS —K,B) —K3BE —K,BY
9. Particular case
When the repair time distributions for common cause failure

and failed cth component are taken as exponential with
parameters [JpJand Oo respectively, the changes are as follows:

Ny k) A B
Pro=—"1 P = Ppg=—"—
(Ay+a+p) (Ay+a+f) (Ay+a+p)
Pre.2c = Prog = 2
% ) 5 g 4m)

10. Graphical analysis

For study of the system behaviour graphically, we plot
curves for two important measures of system effectiveness of
MTSF and profit function w.r.t. failure rate of the operative unit

(@).

Behavior of MTSF wur.t failure rate of operative
unit {o) for different values of Ay
409 ¢
o | [ a=00
 fiond | | @ a=002
ped | 1 A =0.01
200 }

:l*ﬂ:
* wo{
Y
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Figure 2 shows the variation in MTSF w.r.t. o for different
values of 2; 0.01, 0.02, 0.03 when other parameters are kept
fixed as y = 0.01, n = 0.02, B = 0.001, A, = 0.025 and p = .
From graph, it is obvious that the MTSF rapidly decreases,
initially and uniformity decreases for large values of a. It is
further observed that the values of MTSF increase as the value
of repair rate A, increases.

Behavior of Profit function w.et, failure rate of operative
unil (@) for different values of yand 4,

—7 @An007
| ma=o0s
‘

NS
2800 v o

| -
2450« P
200047

17504+

: '1‘";’,,' 3 = 0.003
' 1 - = 0oz

E 'm"' $ -, i
1~ S y £0.007
il e, TR 0,003

Fig. 3 represents the change in profit function w.rt. o for
different values of y and A; when the other parameters are kept
fixed as Cp= 5000, C;= 600, C, = 350 C;3 = 400 and C, = 250
while other parameters take some values as in graphical study of
MTSF except the values of y and A;. It is clear from the graph
that the profit function decreases as the value of failure rate o
increases while the value of profit function increases as the
value of yand }; increase.
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