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Introduction

Lofti A. Zadeh[9] introduced the notion of a fuzzy subset of
a set as a method for representing uncertainty in real physical
world. As a generalization of this, Intuitionistic Fuzzy Subset
was defined by K.T.Atanassov [2] in 1986. BF-Algebras were
introduced by Andrzej Walendziak[1] introduced in 2007. The
Fuzzy BF_subalgebras of were developed by A. Borumand
Saeid and M. A. Rezvani[3] in 2009. Motivated by this, we
have introduced the notions Intuitionistic L-fuzzy BF-
subalgebras[5] and Intuitionistic L-fuzzy ideals of BF-
algebras[6]. Intuitionistic L-fuzzy ideals of H-ideals of BF-
algebras[8] and the Product[7] on Intuitionistic L-fuzzy ideals of
a BF-algebras. In this paper, we discuss the Product on
Intuitionistic L-fuzzy H-ideals of two BF-algebras and study
some results.
Preliminaries

Definition 2.1.[2] Let L = (L,S) be complete lattice with
an involutive order reversing operation N : L — L. Then an
Intuitionistic L-fuzzy Subset (ILFS) A in a non-empty set X is
defined as an object of the form
A={<Xu,(X),vo(X) >/ xe X} where 1z, : X —>L
is the degree membership and v, : X — L is the degree non-

membership of the element xe X

satisfying £, (X) < N(vA (X))

Definition 2.2 [1] A BF-algebra is a non-empty set X with a
consonant 0 and a binary operation * satisfying the following
axioms:

i.X*x=0

i.X*0=xX

i. 0*(x*y) =y*x  VxyeX
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Definition 2.3.
(1) A non-empty subset S of a BF-algebra X is said to be a BF-
subalgebra if

X*yeS VxyeS.

(2) A non-empty subset | of a BF-algebra X is said to be a Ideal
of X if

(0oel
(i) x*yel and yel
imply that xe | V x,ye I.
(3) Anideal I of X is called closed

if O0*xel WVxel.

(4) A non-empty subset | of a BF-algebra X is said to be a H-
ideal of X

H0el
(i) x*(y*z)eland yel
implythat x*zel Vx,yzel.

(5) A H-ideal I of X is called closed if
O*xel vV Xxel

Definition.2.4. Let (X,*,,0,), (Y,*,,0,) be two BF-
algebras. The Cartesian product of X XY is defined to be the set
X xY ={xy)/xeX,yeY}

In X xY we define the product x x 'y as
follows: (%, Y3 )* . (%, Y2 )= (% *x %o 4 V2%, ¥5)

One can easily verify that the Cartesian product of two BF-
algebras is again a BF-algebra.

Definition.2.5.[6] An Intuitionistic L-fuzzy Subset A in a BF-
algebra X is said to be an Intuitionistic L-fuzzy BF-ideal of X if

1) 44, (0) > 12, (X)
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) va(0) <v,(x)

3) ta(X) = pp (X*Y) A g, ().
HVa(X) Sva(X*y) v va(y) VXx,yeX
Definition.2.6.[6] An Intuitionistic L-fuzzy Subset A in a BF-

algebra X is said to be an Intuitionistic L-fuzzy closed BF-ideal
of X if

1) 1a (0% X) 2 11, (X)
2)v,(0*x)<v,(X)

3) pa(X) 2 pp (X*Y) A 114 (Y)
Hra(X)Sva(x*y) v valy) vVx,yeX.

Definition.2.7. [8] An intuitionistic L-fuzzy subset A of a BF-
algebra X is said to be an intuitionistic L-fuzzy H-ideal of X if

1) 14 (0) 2 12, (X)

2)v,(0)<v,(X)

3) upa(X*2) 2, (X*(y*2)) A p14(Y)
v (x*7) v, (x*(y*2)) v va(y)
VX,y,z2e X

Definition.2.8. [8] An Intuitionistic L-fuzzy subset A of a BF -
algebra X is said to be an Intuitionistic L-fuzzy Closed H-ideal
of X if

1) 1a(0* %) 2 1, (X)
2)v,(0*x) <v,(X)

I p (% 2) 2 (VD) A paa(Y)
Hv,(X*Z) v, (x*(y*2)) vva(y) VX,y,zeX
Product on intuitionistic L-fuzzy H-ideals of BF-algebras

In this section we introduce the notion of Cartesian Product
of two Intuitionistic L-fuzzy H-ideals of two BF-algebras X and
Y. We start with the following definition.
Definition.3.1.[7] For any two Intuitionistic L-fuzzy sets A and
B of X, their Cartesian Product is defined to be the set

AxB :(XXX y M X fg ,VAva) with the membership

and non-membership functions g, Xy : X x X — L and
vaxvg i XxX =L such that
(k1 x 115 )0, Y) = 42, (09 A 15 (¥) and

(Vaxvg XX, Y) = vo(X) v Vg (Y) where V X, y e X .

In the following we extend the above definition to the
Cartesian product of two Intuitionistic L-fuzzy sets of any two
BF-algebras X and Y.

Definition.3.2.[7] For any two Intuitionistic L-fuzzy sets A and
B of X and Y, their Cartesian Product is defined to be the set

AxB :(X XY | X g ,vAva) with the membership

and non-membership functions 1, X 45 : X XY — L and
Vaxvg i XxY =L such that
(10 )0 ¥) = 110 0 A 125.(¥) and

(Vaxve X Y) = Vo (X) v v (Y)
whereV Xe X and yeY .
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Theorem.3.3. Let A and B be any two Intuitionistic L-fuzzy H-
ideals of X and Y. Then Ax B is an Intuitionistic L-fuzzy H-

ideal of X xY .
Proof. Take (X , y) e X xY.

Then (,qu,uB)(O , 0) = 12, (0) A 15 (0)
> ) (X) A g (Y)

= (pp % 115 XX, Y)
VxeXandyeY

And (VA XVg )(O ,0)=v,(0) vvg(0)
<va(¥) vvg(y)

= (vaxvg XX, Y)
VxeXandyeY

Now take (X1 , yl), (xz,yz) and (X3 : y3)e X xY.
Then (/JA X Hg )l(xl’ yl)*(XS, Ys )J

= (:uA X fuB)l(X1 *X3)’(y1, * Y3)J

Ha (Xl * X3 /\/UB(Y1 * ys)

2 (:uA(Xl*(XZ *XS))/\:UA(XZ)) A (ﬂs(y1*(yz *Y3))/\lua(yz))

(/‘A(X1 * (Xz * X3)>/\ ﬂB(yl * (yz * Y3))) A (ﬂA(Xz)/\ﬂB<yz))

= (ﬂA X Hg )[(Xl *(Xz *XS))’(yl *(yz * y3))]/\ (ﬂA X Hg )(Xz lY2)

= (ﬂA X IUB)[(le yl)*(XZ’ yz)*(X31 ys)] A (IUA X IL[B)(XZ Ys)
Also (v, x v )|_(X1’ yl)*(XS, Ys )J

= (VA X Vg ) I.(Xl Xs) , (yl, *Ys )J

=Va (Xl * X3)v VB(yl * ys)

s (VA<X1*(X2*X3))VVA(X ) v ( (y1*<y2*y3))VVB () )
:(VA(Xl *(Xz *X ))V Vg (Y1 (yz * y3)))v( ( )VVB (yz ))
= (VA XVg )[(Xl *(Xz * Xs)) ( (yz * ys)) (VA XVg )(Xz ’yz)
= (VA XVB)[(Xl!yl)*(XZ’ yz) (X3'Y3)] (VA ><VB)(Xz ,Y,)Th

us we have proving A X B is an intuitionistic L-fuzzy H-ideal

of X XY,
And it can be extended for any n BF-algebras.
Lemma 3.4. Let A and B be two intuitionistic L-fuzzy subsets

of Xand Y.If A X B isan intuitionistic L-fuzzy H-ideal of X
X Y then following are true.

(i) 24 (0) = 21 (y) and s, (0) > 12, ()

forall xe X ,yeY.

(i) v (0) < vg (y) and v (0) < v,(x)
forall xe X ,yeY.

Proof Assume 5 (Y)> 12, (0)and zz,(x)> 15 (0)
forsome xe X ,yeY.

Then (ﬂA X IuB)(X )= ﬂA(X) A Up (y) 2 ﬂB(o)/\ /IA(O): (ﬂA X Hg )(O’O)Whi
ch is a contradiction.

Similarly, assume v,(X) <vz(0)and v (y) < VA(O) for
some Xe X ,yeY.
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Then (VA X VB)(X )= VA(X)V "B(y)S VB(O)V VA(O): (VA X VB)(O'O)
which is also a contradiction, thus proving the result.
Theorem.3.5. Let A and B be any two Intuitionistic L-fuzzy

subsets of X and Y such that Ax B is an intuitionistic L-fuzzy

H-ideal of X xY . Then either A is an intuitionistic L-
fuzzy H-ideal of X or B is an intuitionistic L-fuzzy H-ideal of Y.
Proof. Now by lemma 3.4 if we take
Ha (0)2 Hp (y) and v, (O)S Ve (y) then

(24 % 125 )0, Y) =124 (0) A 25 (y) = 125 (y)

and (VA X VB)( 0, y) =Va (O)V Vg (y) =Vg (y)
.......................... )
Since Ax B is an intuitionistic L-fuzzy = H-ideal of X xY .

(ﬂA X Ug )((X1 Y1) * (X0 Y5)
2 (NA X Hg )[(Xl i) *((Xz vyz)* (Xs , ys))]
/\(ILIA X:uB)(XZ'yZ)

Putting X, = X, =X; = 0 in(2) we get,
(luA X Hg )((O' yl)*(O! Ys ))
> (uy x 15 J(0,¥)*((0,y,)*(0, y3))fie.

/\(ﬂA X/JB)(O’yZ)
(ILIAXILIBXO’y]_* ya)
2 (/uA X ILlB)I:O’(yl *(yz * Y3)]/\(IUA X qu)(O’ yz)

Using equation @ in 3) we have
#g (Y1 Y3 ) 2 gt (Y (V2 % Ya)) A g (Y2)
In the similar way we can prove

VB(yl * y3)SVB(y1 *(YZ * Y3))VVB(y2)

This proves that B is an Intuitionistic L- fuzzy H-ideal of
Y.

Theorem.3.6. Let A and B be any two Intuitionistic L-fuzzy H-
ideals X and Y. Then AxB is an Intuitionistic L-fuzzy =~ H-

ideal of X xY if and only if (,qu,uB)(x,y)and
(VAva )(x, y) are

L-fuzzy H-ideals of X xY .

Proof. Let AxDB is an Intuitionistic L-fuzzy H-ideal
of X XY .

Clearly (,qu,uB )(X, Y) = 1r(X) A pg (y) is L-fuzzy H-
ideal of X xY .

We have

(VAXVB_)(X’l) =v,(X) v vﬂ -
:>1-(VA XVg XX, y) = (1—VA(X) )v (1—VB(y))

=1-{1-v,00 Jv L=ve O)}=braxvs ko y)

= Vaxve (X%, V) =va(X) Ave(Y).

Thus (V_AXV_BXX, Y)=v,(X) Avg(y) is L-fuzzy H-ideal
of XxY.
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Conversely, assume (,uA X g )(X, y) and (VA XVg )(X, y) are
L-fuzzy H-ideal of X xY

NowaBz(XxY s A X U vAva) .

Since

(ave K%, y) =va(0) A vg ()
= (VaxVe )%, Y) =va(X) v Vg (Y)
we can easily observe that Ax B is

an Intuitionistic L-fuzzy H-ideal of X xY .
Theorem.3.7. Let A and B be any ILFS of X and Y. Aand B are
Intuitionistic L-fuzzy H-ideals of X and Y if and only if

[I(AxB)= (X XY, fiy Xty y_Ax;TB) and
<>(A>< B)z (X xY, V_AXV_B ' Va va)are Intuitionistic L-
fuzzy H-ideals of X xY .

(40 % 125 )0%, ¥) = 11 (0) A 15 (¥)

Proof. Since — — N T
:(yAqu)(X,y)ZuA(X)VﬂB(Y)

and

(Vaxve X, Y) = va(X) v Vg ()

= (Vxve K%, ¥) = V00 A Vo ()
the proof is clear.
Theorem.3.8. Let A and B be any two Intuitionistic L-fuzzy

Closed H-ideals of X and Y. Then AxB is an Intuitionistic
L-fuzzy Closed H-ideal of X xY .
Proof. Take (X , y) e X xY.

Then (2% 425 N(0,0)* (X, ¥)) = (5 x 425 XO* x, 0% y)
= 1, (0%X) A 15 (0*y)
> i, (X) A g (Y)

:(,UAX,UB )(X’ y)
VxeXandyeY
Now

(VA Vg X(O’O)*(X! y)) = (VA XVp )(O*X ,0* y)
=va(0*x) v (0*y)

Sva(X) vg(y)

= (v, xvg X, Y)
VxeXandyeY

Thus Ax B

of X xY .
And it can be extended for any n BF-algebras.
One can easily prove theorem 3.6 and 3.7 for Intuitionistic L-
fuzzy Closed H-ideals.
Conclusion

In this paper, we have extended the notion of the Cartesian
product of Intuitionistic L-fuzzy sets to the notion of the
generalized Cartesian product of Intuitionistic L-fuzzy H-ideals
of BF-algebras. In [4] we have discussed the concept of
Intuitionistic L-fuzzy subalgebras of BG-algebras. We expect
that all the results proved in this paper can be proved for BG-
algebras.

is an Intuitionistic L-fuzzy Closed H-ideal
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