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Introduction  

Lofti A. Zadeh[9] introduced the notion of a fuzzy subset of 

a set as a method for representing uncertainty in real physical 

world. As a generalization of this, Intuitionistic Fuzzy Subset 

was defined by K.T.Atanassov [2] in 1986. BF-Algebras were 

introduced by Andrzej Walendziak[1] introduced in 2007. The 

Fuzzy BF_subalgebras of were developed by A. Borumand 

Saeid  and M. A. Rezvani[3] in 2009. Motivated by this, we 

have introduced the notions Intuitionistic L-fuzzy   BF-

subalgebras[5] and Intuitionistic             L-fuzzy ideals of BF-

algebras[6]. Intuitionistic L-fuzzy ideals of H-ideals of BF- 

algebras[8] and the Product[7] on Intuitionistic L-fuzzy ideals of 

a BF-algebras. In this paper, we discuss the Product on 

Intuitionistic L-fuzzy H-ideals of two BF-algebras and study 

some results.  

Preliminaries 

Definition 2.1.[2] Let   ,LL  be complete lattice with 

an involutive order reversing operation LLN : . Then an 

Intuitionistic L-fuzzy Subset (ILFS) A in a non-empty set X is 

defined as an object of the form 

 XxxxxA AA  )(),(,   where LXA :  

is the degree membership and LXA :  is the degree non-

membership of the element Xx  

satisfying  )()( xNx AA   . 

Definition 2.2 [1] A BF-algebra is a non-empty set X with a 

consonant 0 and a binary operation * satisfying the following 

axioms: 

i. 0* xx  

ii. xx 0*  

iii.   Xyxxyyx  ,***0  

 

Definition 2.3.  

(1) A non-empty subset S of a BF-algebra X is said to be a BF-

subalgebra if   

            SyxSyx  ,* .  

(2) A non-empty subset I of a BF-algebra X is said to be a Ideal 

of X if 

          

.,

*)(

0)(

IyxIxthatimply

IyandIyxii

Ii







 

(3) An ideal I of X is called closed    

          .*0 IxIxif   

(4) A non-empty subset I of a BF-algebra X is said to be a H-

ideal of X                    

   

.,*

)*(*)(

0)(

IzyxIzxthatimply

IyandIzyxii

Ii







 

(5) A H-ideal I of X is called closed if     

       IxIx *0  

Definition.2.4.  )0,*,(),0,*,( YYXX YXLet  be two BF-

algebras. The Cartesian product of X Y is defined to be the set 

 YyXxyxYX  ,/),(  

In X Y we define the product x   y as 

follows:      21212211 *,*,*, yyxxyxyx YXYX   

One can easily verify that the Cartesian product of two BF-

algebras is again a BF-algebra. 

Definition.2.5.[6] An Intuitionistic  L-fuzzy Subset A in a BF-

algebra X is said to be an Intuitionistic L-fuzzy BF-ideal of X if  

1) )()0( xAA  
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2) )()0( xAA    

3) )()*()( yyxx AAA   . 

4) )()*()( yyxx AAA           Xyx  ,  

Definition.2.6.[6] An Intuitionistic   L-fuzzy Subset A in a BF-

algebra X is said to be an Intuitionistic L-fuzzy closed BF-ideal 

of X if  

1) )()*0( xx AA    

2) )()*0( xx AA    

3) )()*()( yyxx AAA    

4) )()*()( yyxx AAA        ., Xyx   

Definition.2.7. [8] An intuitionistic  L-fuzzy subset A of a BF-

algebra X is said to be an intuitionistic L-fuzzy H-ideal of X if 

1) )()0( xAA    

2) )()0( xAA    

3) )())*(*()*( yzyxzx AAA    

4) )())*(*()*( yzyxzx AAA              

Xzyx  ,,  

Definition.2.8. [8] An Intuitionistic  L-fuzzy subset A of a BF -

algebra X is said to be an Intuitionistic L-fuzzy Closed H-ideal 

of X if 

1) )()*0( xx AA    

2) )()*0( xx AA    

3) )())*(*()*( yzyxzx AAA    

4) )())*(*()*( yzyxzx AAA       Xzyx  ,,  

Product on intuitionistic L-fuzzy H-ideals of BF-algebras 

In this section we introduce the notion of Cartesian Product 

of two Intuitionistic L-fuzzy H-ideals of two BF-algebras X and 

Y. We start with the following definition. 

Definition.3.1.[7] For any two Intuitionistic L-fuzzy sets A and 

B of X, their Cartesian Product is defined to be the set 

 BABAXXBA   ,,  with the membership 

and non-membership functions LXXBA  :  and 

LXXBA  :  such that 

  )()(),( yxyx BABA    and 

  )()(),( yxyx BABA    where Xyx  , . 

In the following we extend the above definition to the 

Cartesian product of two Intuitionistic L-fuzzy sets of any two     

BF-algebras X and Y. 

Definition.3.2.[7] For any two Intuitionistic L-fuzzy sets A and 

B of X and Y, their Cartesian Product is defined to be the set 

 BABAYXBA   ,,  with the membership 

and non-membership functions LYXBA  :  and 

LYXBA  :  such that 

  )()(),( yxyx BABA    and 

  )()(),( yxyx BABA    

where YyandXx  . 

 

 

Theorem.3.3. Let A and B be any two Intuitionistic L-fuzzy H-

ideals of X and Y. Then BA  is an Intuitionistic L-fuzzy H-

ideal of YX  . 

Proof. Take   YXyx , . 

Then   )0()0()0,0( BABA    

             )()( yx BA                                             

                                           ),( yxBA    

                                      YyandXx   

And   )0()0()0,0( BABA    

           )()( yx BA               

                                        ),( yxBA    

                                    YyandXx   

Now take       YXyxandyxyx 332211 ,,,, .  

Then       3,311 *, yxyxBA     

=        3,131 *,* yyxxBA    

=     3131 yyxx BA               

       )()( 23212321 yyyyxxxx BBAA  

           22321321 yxyyyxxx BABA    

           22321321 ,, yxyyyxxx BABA  

        ),(],,),[( 22332211 yxyxyxyx BABA    

Also       3,311 *, yxyxBA     

=       3,131 *,* yyxxBA    

=    3131 yyxx BA               

       )()( 23212321 yyyyxxxx BBAA  

           22321321 yxyyyxxx BABA  

           22321321 ,, yxyyyxxx BABA  

        ),(],,),[( 22332211 yxyxyxyx BABA   Th

us we have proving A   B  is an intuitionistic L-fuzzy H-ideal 

of X   Y.  

And it can be extended for any n BF-algebras. 

Lemma 3.4. Let A and B be two intuitionistic L-fuzzy subsets 

of  X and  Y. If A  B is an intuitionistic L-fuzzy H-ideal of X 

  Y then following are true. 

(i)  xandy ABBA   )0()()0(   

for all ., YyXx    

(ii)  xandy ABBA   )0()()0(  

             for all ., YyXx   

Proof  Assume        00 BAAB xandy    

 for some ., YyXx   

Then             0,000),( BAABBABA yxyx   whi

ch is a contradiction. 

Similarly, assume  0)()0()( ABBA yandx    for 

some ., YyXx   
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Then             0,000),( BAABBABA yxyx    

which is also a contradiction, thus proving the result. 

Theorem.3.5. Let A and B be any two Intuitionistic L-fuzzy 

subsets of X and Y such that BA  is an intuitionistic L-fuzzy 

H-ideal of YX  . Then either A is an intuitionistic          L-

fuzzy H-ideal of X or B is an intuitionistic L-fuzzy H-ideal of Y.  

Proof.  Now by lemma 3.4 if we take  

       yandy BABA   00  then 

        

        yyyand

yyy

BBAA

BBABA









0,0

0,0

B

           

…………………….. (1) 

Since BA  is an intuitionistic L-fuzzy     H-ideal of YX  . 

 

       
  22

332211

3311

,

,,),(

)),(*),((

yx

yxyxyx

yxyx

BA

BA

BA













 

 …………………. (2) 

Putting 0321  xxx  in (2) we get,  

      

       
  2

321

31

,0

,0*,0*),0(

,0*,0

y

yyy

yy

BA

BA

BA













i.e.

  

        2321

31

,0,0

*,0

yyyy

yy

BABA

BA








 

Using equation (1) in (3) we have 

      232131 yyyyyy BBB    

In the similar way we can prove 

      232131 yyyyyy BBB    

This proves that B is an Intuitionistic          L- fuzzy H-ideal of 

Y.  

Theorem.3.6. Let A and B be any two Intuitionistic L-fuzzy H-

ideals X and Y. Then BA  is an Intuitionistic L-fuzzy     H-

ideal of YX   if and only if   ),( yxBA   and 

  ),( yxBA    are         L-fuzzy H-ideals of YX  . 

Proof.  Let  BA  is an Intuitionistic        L-fuzzy H-ideal 

of YX  . 

Clearly   )()(),( yxyx BABA    is L-fuzzy H-

ideal of YX  . 

We have  

  )()(),( yxyx BABA    

     )(1)(1),( -1 yxyx BABA  

 

       ),()(1)(11 yxyx BABA    

    )()(),( yxyx BABA   . 

Thus   )()(),( yxyx BABA    is     L-fuzzy H-ideal 

of YX  . 

Conversely, assume   ),( yxBA   and   ),( yxBA    are 

L-fuzzy H-ideal of YX  . 

Now  BABAYXBA   ,,  .  

Since 

 
 

  )()(),(

)()(),(

yxyx

yxyx

BABA

BABA








,  

we can easily observe that BA  is  

an Intuitionistic L-fuzzy H-ideal of YX  . 

Theorem.3.7. Let A and B be any ILFS of X and Y. A and B are 

Intuitionistic L-fuzzy  H-ideals of X and Y if and only if          

       BABAYXBA   ,,  and        

       BABAYXBA   ,, are Intuitionistic L-

fuzzy H-ideals of YX  . 

Proof. Since 
 

  )()(),(

)()(),(

yxyx

yxyx

BABA

BABA








 

and 

 

  )()(),(

)()(),(

yxyx

yxyx

BABA

BABA








  

the proof is clear. 

Theorem.3.8. Let A and B be any two Intuitionistic L-fuzzy 

Closed H-ideals of X and Y. Then BA  is an Intuitionistic         

L-fuzzy Closed H-ideal of YX  . 

Proof. Take   YXyx , . 

Then          yxyx BABA *0,*0,*0,0                         

)*0()*0( yx BA                           

                      )()( yx BA    

             ),( yxBA    

                         YyandXx   

Now  

         yxyx BABA *0,*0,*0,0                          

)*0()*0( yx BA                         

)()( yx BA    

  ),( yxBA    

   YyandXx   

Thus BA  is an Intuitionistic L-fuzzy Closed H-ideal 

of YX  . 

And it can be extended for any n BF-algebras. 

One can easily prove theorem 3.6 and 3.7 for Intuitionistic L-

fuzzy Closed H-ideals. 

Conclusion 

In this paper, we have extended the notion of the Cartesian 

product of Intuitionistic L-fuzzy sets to the notion of the 

generalized Cartesian product of Intuitionistic L-fuzzy H-ideals 

of BF-algebras. In [4] we have discussed the concept of 

Intuitionistic L-fuzzy subalgebras of BG-algebras. We expect 

that all the results proved in this paper can be proved for BG-

algebras. 
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