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neighborhood set if S is independent.
u, v € S,u # v, the full fuzzy sub graphs {({N[u]}} and {{N[v]}) are edge disjoint. Also
S is said to be connected neighborhood set if full fuzzy sub graph ((S}) is connected. The

A neighborhood set S = V of an M-strong fuzzy graph G is said to be independent

5 is said to be perfect neighborhood set if all

minimum scalar cardinality taken over all independent neighborhood set (perfect
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neighborhood set and connected neighborhood set) is called independent neighborhood
number (perfect neighborhood number and connected neighborhood number). In this paper,
these numbers are determined for various known fuzzy graphs and its relationship with some
other known parameters of G is investigated.

Connected neighborhood number.

Introduction

Rosenfeld introduced the notion of fuzzy graph and several
fuzzy analogs of graph theoretical concepts such as path, cycle,
connectedness etc., in the year 1975[4]. M-strong fuzzy graph
and some oprations are defined on M-strong fuzzy graph are
introduced by K.R. Bhurani and A. Battou in the year 2003[1].
Mordeson and Peng introduced the concept of fuzzy line graph
and developed its basic properties in the year 1993[3]. The
neighborhood numbers (no) of various known fuzzy graphs are
introduced in by S. Ismail Mohideen and A. Mohamed Ismayil in
the year 2010[2]. Independent neighborhood number, perfect
neighborhood number and connected neighborhood number in
crisp graph are introduced by E. Sambathkumar and Prabha S.
Neeralagi in the year 1995[6]. In this paper, Independent
neighborhood number, perfect neighborhood number and
connected neighborhood number of various fuzzy graphs are
discussed. The relationship between these numbers and other
well known parameters vertex independent number and cut
vertex are derived.
Preliminaries
Definition:Let V be a finite non empty set and E be the
collection of two element subsets of V. A fuzzy graph

G = (o.u1)is a set with two functions &=V — [0,1] and
u: E — [0,1] such that p(w,v) < o(u)Aa(v) for
alw, v eV,

Definition: Let G = (g, i) be a fuzzy graphonVand S E V.
Then the scalar cardinality of S is defined by 2.z (). The

order (p) and size (q) of a fuzzy graph G = (o, 1) are the
scalar cardinality of V and E respectively.

Definition: A fuzzy graph G; = (&, £t4) is called the fuzzy
sub graph of G if oy(u) < o(w) for alu €V and
py(u,v) =g (waa(v) Aplu,v)foalu,veV. A
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fuzzy graph G; = (&3, 14 ) is called the full fuzzy sub graph of
G if oy(u) =0oraoy(u)=oc(u) for alu €V and
pq(wv) =0 or py(u,v) = oy (w) Aoy (v) Ap(u,v)
forallu, v € V.

Definition: A fuzzy graph &y = (Ui,;.tlj is called the fuzzy
sub graph induced by V; if oy (1) = () for all u € V] and
py(uv) <oy (W) Aoy (v) Ap(u,v) for all w,vEV,
and is denoted by (V7).

A fuzzy graph Gy = (ay, pt4) is called the full fuzzy sub
graph induced by V; if &y () = a(u) for all u € V] and
iy (w,v) = oy (w) Aoy (v) Ap(u,v) for all w,vEV,
and is denoted by {{V,}).

Definition: A fuzzy graph Gy = (o, 1t4) is called the
spanning fuzzy sub graph of G if
o,(u) #0 and oy (u) < o(u) for allu€V, and
py(wv) =g (W) Aoy (v) Ap(u,v)foralw,vEV. A
fuzzy graph Gy = (cri,;.tij is called the full spanning fuzzy sub
graph of G if o3 (1) = 0 and oy (u) = o(w) forallu €V
and

py(wv) =0o0rpy(wv) = oy(u) Aoy (v) A p(wv)
forallu, v € V.

Definition: Underlying crisp graph is a fuzzy graph
G = (o,u) is denoted by G*=(o%u") where
o' ={ueV/o(u) > 0}andp" = {(w,v) EE/u(w,v) = 0}.

Definition: A fuzzy path in a fuzzy graph G is a sequence of
distinct  vertices up, Uy, Us,...u, such that
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mlupud =o(u)Ao(u) 1=i<n , n>0 is
called the length of the path. The path is called a fuzzy cycle if
Ui, ,n = 0.

Definition: Two vertices i, ¥ € Vof a fuzzy graph are said to
be fuzzy independent if p(u, v) < o(u) Aco(v). A set
S SV is said to be fuzzy independent set of G if any two
vertices of S is independent.

Definition: A fuzzy graph & = (&, 1) is said to be complete
fuzzy graph if pl(w,v) =c(w) Ac(v) for allw,v €V,
The complement of a fuzzy graph G = (o, ) is a fuzzy
graph G = (7, &) , where d(w) = o(u) for all w €V and
wlu,v) =a(u)Ao(v) —p(w,v) forallu,vE V.
Definition: A fuzzy graph G = (g, 1) is said to be bipartite if
the vertex set V can be partitioned into two non-empty sets V;
and V, such that plwv) <og(u)Aa(v) if
u,v EVyoru,vEV, and if plu,v) < o(u) Ao(v)
forallu €V, andv €1},
fuzzy graph. A fuzzy graph G = (&, it} is said to be complete
bipartite if the vertex set V can be partitioned into two non-
empty sets V; and V, such that (i, v7) = a(u) A o(v) if
w,v EVyoruv eV, andif uluv) =a(u)Aa(v)
forallu €V, andu € ;.

fuzzy graph.

Definition: A fuzzy graph G = [cr,,u] is said to be connected
if every pair of vertices has at least one fuzzy path between
them, otherwise it is disconnected.

Definition: A cut vertex of a fuzzy graph G is one which whose
removal disconnect the fuzzy graph.

Definition: A vertex u of a fuzzy graph &G = (&, i) is said to
plu,v) <o(u)Ac(v) for
all v € V\u. An edge e = (u, v) of a fuzzy graph is called an

Then G is called fuzzy bipartite

Then G is called fuzzy bipartite

be isolated vertex if

effective edge if (1w, v) = a(w) A o(v). Here the vertex u
is adjacent to v and the edge e is incident to u and v. A fuzzy
graph G = (&, it) is said to be M-strong fuzzy graph [6] if
wlu,v) = a(u) Aa(v)forall (u,v) EE.
Definition:Letw, v €EVand e = (u, v) then
Nuw) ={veV: uluv)=0c(u) Aa(v)} is called
open neighborhood of u and N[w] = N(u) U {u} is called
closed neighborhood of u.

Definition: A set S =V is a neighborhood set (n-set) of an M-
strong fuzzy graph G = (o, 1) if G = U ({N[u]}), where
({N[u])}is a full induced fuzzy sub graph ofG. The
neighborhood number of an M-strong fuzzy graph & is the
minimum scalar cardinality taken over all n-set of G and is

denoted by n,,.
Independent and Perfect neighborhood number
Definition: A neighborhood set 5 = 17 of an M-strong fuzzy

graph G is said to be an independent neighborhood set if S is
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independent and is denoted by in-set. The minimum scalar
cardinality taken owver all in-set is called independent
neighborhood number of G and is denoted by n;.

Definition: A neighborhood set 5 & I of an M-strong fuzzy
graph G is said to be a perfect neighborhood set (pn-set) if all
u, v € 5,u # v, the full induced fuzzy sub graphs {({N[u]}}

and {{N[v]}} are edge disjoint and is denoted by pn-set. The

minimum scalar cardinality taken over all pn-set is called perfect
neighborhood number of G and is denoted by nj,.

Throughout this paper M-strong fuzzy graph G = (a, 1) alone

are considered. M-strong fuzzy graph G = (&, i) is simply

denoted by G in the following sections.

Note: n;j-set and np-set are denoted by independent neighborhood
set and perfect neighborhood set with minimum scalar
cardinality respectively.

Remarks:

1) There are fuzzy graph which has neither an in-set nor a pn-set.
For example, any fuzzy cycle of odd length 7t = 5 has neither

an in-set nor a pn-set.

2) Every pn-set is an in-set but converse is not true. Example:
For example, from the fuzzy graphs G; and G, given in Fig.3.1,
the neighborhood set {u,v} of G; is a pn-set and an in-set
whereas the neighborhood set {u,v} of G, is an in-set but not a
pn-set.

w 0.4
x 02
w04 x 05 % w 0.2
0.5
[
vi3 ¥y 0é v 0.4
z06 z045
€] G2

Fig3.1

Definition A fuzzy graph G is an independent neighborhood
fuzzy graph( inf-graph) if G has an in-set. A fuzzy graph G is a
perfect neighborhood fuzzy graph (pnf-graph) if G has a pn-set.
Remark: Every pnf-graph is an inf-graph but not conversely.
For example, from the Fig.3.1 G; is a pnf-graph and also inf-
graph. G, is an inf-graph but not a pnf-graph.

Observation: In a fuzzy graph

Gng =n, =n, =min, ., o(u)ifGis K.

Observation: In a fuzzy graph G,

ny =mn; =n, =min {|gy], [0, [} ifGis K, . .

Theorem: A fuzzy graph G is an inf-graph if and only if there
exists a neighborhood set S such that V-S is a vertex cover.
Proof: For a neighborhood set S of a fuzzy graph G, the set V-S
is a vertex cover if and only if S is independent.
Theorem: If G is a pnf-graph of
then0 <ny =mn; =n, = f; <p

Proof: Every vertex independent set is a perfect neighborhood
set, every perfect neighborhood set is an independent
neighborhood set and every independent neighborhood set is a
vertex neighborhood set.

Hence, 0 << ny = n; = n, < f =p.

order p,
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Example: Consider the following pnf-graph.

uz 0.4

fig.3.2
Here, ng-set={u,, us, Ug}, ni-set={u,, us, u;}, ny-set={us, us,
ugyand [F5-set={uy, us, us}

0<ne=0.6=n=07=n,=08 = [5,=09 Zp=20.
Theorem: Given real numbers a, b, ¢, d and p
withl<a=b=<=c=<d=p whered=b+c—aand
p = b + ¢+ 1, then there exists a fuzzy graph G of order p
such that ny=a, nj=b, n,=c and 8, = d.

Proof: Consider a fuzzy path G; = (&, i1 ) with 21 vertices
Uy, Uy, Us, ..., Uy as giveninthe Fig.3.3.

i '2"' [ s '} m 0

Py 33:6,

Let | {uy, U3, Us, ..., uzg, Uz} | = | {U2, Us, Us,
o(ug-1) = o(uy).

Let S={uy, Ug, Ug, ..., Uuz2, Uy1} IS @ minimum neighborhood set
with scalar cardinality a. Hence no(G;)=a, where @ € R.

In Gy, Replace the vertex u; by a complete fuzzy graph with
4vertices and delete an edge from it and add an effective edge
with pendent vertex u at Uy, such that o(u) = o(u4) and

<oy Uglp, U1} | @nd

o(v) = o(w) = a(uy). Then the fuzzy
graph G, = (7, ii5) is obtained (as in Fig. 3.4).

2 .
uj 43/ \us  u§ ug u7 \¥xz  un )

lIW
Fig 34 :6.
Now, S is also a minimum n-set of G,. Suppose b —a = t;
andc —b =t,.
Add pendent effective edges, with scalar cardinality of the
pendent vertices as t;, at each of the vertices uy., and uy.;.

Also, add pendent effective edges with scalar cardinality of the
pendent vertices as t; — o (1t ) at i,. Then the fuzzy graph

G; = (03, 13 is obtained (as in Fig. 3.5)

Uj

// \ /
'

L A%

Fig 35 :G5

Now, we show that Gg is the required fuzzy graph. Let Sy,
S,, S3 be the set of all pendent vertices adjacent to u,, Uy, and

Uy,  respectively.  Then|S;| = t,, |5, = t; + o(u),
|S3] = t; + a(uy). Clearly, the set S is a minimum n-set of
Gz and ny(G5)=a.

Also {U,, Uy, Ug, ..., uz o} 55 is @ minimum in-set with scalar
cardinality is

a—o(uy_4)+t, +o(uy)=a+b—a=50.

Further the set

SVl u{ug, sy 5jUS,U{uy ) is a
minimum pn-set with scalar cardinality

t, +o(v) +n, +olu,) - olu;) - olu,) + olu) +olu,)=t, +a+

o

:,ﬂ—b;s-
1 j

b-a=c

. Thusny, = a,n; = b,np =c.

The set 5, U {v}U{u., u, ..uy_gJUS,US5; is a
maximum independent set with scalar cardinality is

ty to(v) +ny —o(wy) - olug) - oluy) +t, + o(w) +1; +0(uy)
=t,+ta+t,+ty=c—btat+tb—-atb-—a=b+tc—a
.The order of G; is the scalar cardinality of

S, Ufu,, v, wiU fugug, ug, ., Uy tU S, U S,

p =
{os ) (4o (o) ™ (52 ) e ) {2 ) e Y +
f, ol olv) T olw) + 2y — ol ) - olu, ) - ol ) - oluy )+ LT
f F g Y
(uf & aliy)

>

p

v

=t, +to(w)+2n,+t,+ ¢,
=c—b+o(w)+2a+b—at+b—a
=ct+b+o(w) =b+c+1.
(0 <o(w)=1)
Connected neighborhood set
Definition: A neighborhood set 5 = V' of a fuzzy graph G is a
connected neighborhood set if full induced fuzzy sub graph
((S}) is connected and is denoted by cn-set. The minimum

scalar cardinality taken over all cn-set is called connected
neighborhood number of G and is denoted by n..
Example: Consider the fuzzy graph in Fig.4.1.

7 0.1 vy (0.4 e 0.2 vy 0.3
¢ * ® *

Figd.1: 0
ng —set ={v;, vs}= ny =0.3, and n.-set ={ v,, vs} = n, = 0.6.
Therefore 1y = 1.
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Remarks:
1)Every connected neighborhood set is a neighborhood set, ie.

ng(G) =n(G).

2)Every independent neighborhood set is a neighborhood set, ie.
ny(6) = n,(G).

3)Every connected neighborhood set is a connected dominating
set, ie. V. (G) = n.(G).

4)There is no relation between 1, and n.. For example,
consider the fuzzy graph in Fig.4.2.

7 0.5 wa 0.2 g 0.3 va 07
L & L &

Figd2:Gs
n; —set ={ vy, vz}= n; =0.8, and n¢-set ={ v,, vs} = n. = 0.5.
Therefore #; = 1. In example 4.2, we obtain that 7; = n_.
Hence no relation exist between 71; and 7.
Observation: In a complete fuzzy graph K_,
n, = min, o, o(u).
Observation: In a fuzzy cycle £ of order p with n vertices ,
n=4, n, = p— ming, ., o(u).
Theorem: In a complete bipartite fuzzy graph Ka,_,;;: with
loy | < loyl,
|y | if lajl =1
lo, | if los| =1 and || # 1
loy | + ZEI&R o,(u) ,otherwise

n, =

Proof: Case (i): If
neighborhood of uw € V;. Hence 1, = oy (u) = |ayl. Case

g;| = 1, then every vertex of V, is a

(i): If log| = 1 and |oy'| # 1, then every vertex of V; is a
neighborhood of ¥ € ;.
(iii):  Let Ka,_,a: be the complete bipartite fuzzy graph,

Hence n, = &,(v) = |o,|. Case

o, defined on V,and o, defined on 1}
with |yl < le,| and v € ¥, such that () is a minimum
weight. Since V, is a neighborhood set, since K, . is a

complete bipartite and ¥ U {27} is also a neighborhood set and
its full fuzzy induced sub graph is connected. Hence,
n. = ||:I'1| + minvEﬂ.. Tz (ﬂj

Z

Observation: For a fuzzy tree T, of order p, n, = p — £,
where t is the scalar cardinality of the set of all the pendent
vertices in T

Note: Let =4 denote the maximum scalar cardinality of the set

of all pendent vertices in any full spanning fuzzy tree of G.
Theorem: In any connected fuzzy graph G of order p, any cut
vertex of G belongs to each connected neighborhood set and

er—1 _ -
k=n_=p——— where k is the minimum scalar

cardinality of cut vertices of G.
Proof: Let S be a connected neighborhood set, and v be a cut

vertex of G. Suppose ¥ & 5, clearly v lies on two blocks B,

and B, (say). There exists a vertex u € B, and w € B, such
that 17, w = S and both of them different from v. Also u-w
fuzzy path contains v since ¥ & 5, the full fuzzy induced sub
graph {{5}} is disconnected, which is a contradiction. Hence
vESand k < n,.

Now, consider a full spanning fuzzy tree T_.of G with
maximum scalar cardinality of pendent vertices. Let W be the
set of all non-pendent vertices of T,.. Delete all the vertices of

G which belongs to W. Let G' be the resultant graph with
V' (=V — W) vertices and E' edges. Let S be the minimum
neighborhood set of G after deleting the isolated vertices in G.

er—1

Then |S] < == and clearly W U 5 is a connected

neighborhood set of G. Hence,
Er—1 er—1

e Sp—€r+—=p—T—

Corollary: If G is complete fuzzy graph, then G' is also
complete. Hence, 1, = |W| = min, ., o(u).
Corollary: If G is tree, then G' is a null graph. Hence
n,=|W|l=p—€&;.

Example: Consider the fuzzy graph

w1 0.2 v 0.8

ws 0.6

g 0.9 ws 0.1

Bold lines indicates the spanning tree T of G. vy and v, are
the non pendent vertices of T and {vs, vs} is @ minimum n-set

of G'. Therefore {Vv1, Vo, V3, V5} is a cn-set. The nc-set is {vy, Vs,
er—1
Vs}. Hencen, = p — ——=>11=23.

Observation: Let G be a connected fuzzy graph of order p with
not less than two vertices which is neither complete nor a fuzzy
cycle. Then G has at least one pair of non adjacent vertex u,v
such that the fuzzy graph G-{u, v} is connected neighborhood
set.

Theorem: Let G be a connected fuzzy graph of order p. Then

n, = p— max,. o(u) if and only if G is complete fuzzy
graph with 2 vertices or G is a fuzzy cycle with four or more
vertices.

Proof: Clearly, 7, = p — max, o, o(u) if G is complete

fuzzy graph with two vertices or G is a fuzzy cycle with four or
more vertices.

Conversely, suppose 71, = P — max, - (1) and G is not a
complete fuzzy graph with vertices 2. Then G # K_with
vertices more that 3, for otherwise
n, = min,_, o(u) < p — max, ., o(u) which is a
contradiction. If G is not a fuzzy cycle, then the observation
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, there exists two non-adjacent vertices u, v in G such that at
least one of them have maximum weight. Then the fuzzy graph

G' = G — {u, v} is connected. Clearly V(G") is a connected

neighborhood set of G  of scalar cardinality
p—olu) —o(v).  Thereforen, = p — alu) — a(v),
g(u) or o(¥) maximum weight, which is a contradiction.

Hence a must be a fuzzy cycle of length =4.

4.15 Corollary: Let G be a connected fuzzy graph of order p
and sixe q except complete fuzzy graph with 2 vertices. If G is
not a fuzzy cycle, then

=p— (o, + ;)
Where ; and &, are the successive minimum weights of the
vertices in G.
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