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Introduction

After the introdution of fuzzy sets by L.A.Zadeh [18],
several researchers explored on the generalization of the notion
of fuzzy set. Azriel Rosenfeld [3] defined a Fuzzy groups.
Anthony.J.M. and Sherwood.H[2] defined a fuzzy groups

redefined.  Choudhury.F.P. and Chakraborty.A.B. and
Khare.S.S.[5] defined a fuzzy subgroups and fuzzy
homomorphism. A.Solairaju and R.Nagarajan[14] have

introduced and defined a new algebraic structure called Q-fuzzy
subgroups. We introduce the concept of Q-homomorphism in Q-
fuzzy subgroups and established some results.

Preliminaries:

Definition: Let X be a non-empty set. A fuzzy subset A of X is
afunctionA: X —[0,1].

Definition: Let X be a non-empty set and Q be a non-empty set.
A Q-fuzzy subset A of X is a function A : XxQ — [0, 1].
Example: Let X ={a,b,c}beasetand Q={p} Then A={
((a,p),0.4) ((b,p), 0.2),{(c,p), 0.5)}isaQ-fuzzy subset
of X.

Definition: The union of two Q-fuzzy subsets A and B of a set
X is defined by (AUB)(X, q) = max { A(x, q), B(x, q) }, for all x
inXand qinQ.

Definition: The intersection of two Q-fuzzy subsets A and B of
a set X is defined by (AnB)(x, q) = min { A(x, q), B(x, q) },
forall x in X and g in Q.

Definition: If (G, .)and (G',.) are any two groups and Q be a
non-empty set, then the function f: GxQ — G'xQ is called a Q-
homomorphism if f(xy, q) = f(x, g)f(y, ), forall xandy in G
and g in Q.

Definition: If (G, .)and (G',.) are any two groups and Q be a
non-empty set, then the function f: GxQ— G'xQ is called a Q-
antihomomorphism if f(xy, q) = f(y, q)f(x, q), for all x and y in
GandqginQ.

Definition: Let ( G, - ) be a group and Q be a set. A Q-fuzzy
subset A of G is said to be a Q-fuzzy subgroup(QFSG) of G if
the following conditions are satisfied:

Tele:
E-mail addresses: dr_vethamanickam@yahoo.co.in,
balamohitha@gmail.com, Ikmprasad@gmail.com

© 2011 Elixir All rights reserved

© 2011 Flixir All riahts reserved.

(i) A(xy,q)=min{A(x, ), Ay, 9)},

(i) A(x* q)=A(x q), forallxandyinGandqin Q.
Definition: Let (G, - ) and ( G', - ) be any two groups and Q be
aset. Let f: GxQ — G'xQ be any function and A be a Q-fuzzy
subgroup in G, V be a Q-fuzzy subgroup in f (GxQ) = G'xQ,

defined by V(y, q) = SUP A(x, q), forall xinG andyinG'
(c)=f(y.0)

and g in Q. Then A is called a preimage of V under f and is
denoted by f (V).
Definition: Let A and B be any two Q-fuzzy subsets of sets G
and H, respectively. The product of A and B, denoted by AxB, is
defined as AxB ={{ ( (X, ¥),q), AXB( (X, y),q) )/ forall x in
GandyinHandqin Q}, where AXB( (X, Y), q) = min {A(X,
q), By, a) }.
Definition: Let A and B be any two Q-fuzzy subgroups of a
group (G, - ). Then A and B are said to be conjugate Q-fuzzy
subgroups of G if for some g in G, A(x, q) = B( g™'xg, q ), for
every xinG and g in Q.
Definition: Let A be a Q-fuzzy subset in a set S, the strongest
Q-fuzzy relation on S, that is a Q-fuzzy relation on A is V given
by V( (%, ¥ ), @ = min {A(X, q), A(y, @)}, forall xand y in' S
and g in Q.
Proposition: Let A be a Q-fuzzy subgroup of a group G. If
A(x, q) <A(Y, q), for some x and y in G and q in Q, then A(xy,
q) = A(x, q) = A(yx, q), forall xand y in G and g in Q.
proof: Let A be a Q-fuzzy subgroup of a group G. Also we
have A(x, g) < A(y, q), for some x and y in G and q in Q, A(xy,
q) = min { A(x, a), A(y, 4) } =A(x, q) ; and A(x, q) = A(xyy™,
q) > min{A(xy, @) , Ay™, ) } > min{ A(xy, q), A(y, ) }=
A(xy, q). Therefore, A(xy, q) = A(x, q) , forall xand y in G and
qin Q. And, A(yx, q) > min { A(y, q) , A(x, q) }=A(x, q) ; and
Ax, G) = A('yx, q) 2 min { A(y", a), Alyx, g) > min{A(y,
), A(yx, ) }= A(yx, 9).

Therefore, A(yx, q) = A(X, q), forall xand y in G and g in
Q. Hence A(xy, q) = A(X, q) = A(yx, q), for all xand y in G and
qinQ.
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Proposition: Let A be a Q-fuzzy subgroup of a group G. If A(x,
q) > A(y, q) , for some x and y in G and q in Q, then A(xy, q) =
Ay, ) = A(yx, q), forall xand y in Gand g in Q.

Proof: It is trivial.

Proposition: Let A be a Q-fuzzy subgroup of a group G such
that Im A={ a}, where ain [0, 1]. If A= BuUC, where B and
C are Q-fuzzy subgroups of G, then either B = C or C ¢ B.
Proof: Let A=BuUC ={{((X,q), A(X,q) Y/xinGandqinQ},
B={((x,0),B(x,q)) / xinG andqinQ }and C={((x, q),
C(x,q))/xinGandqinQ }. Assume that B(x, q) > C(x, g) and
B(y, q) < C(y, q), for some x and y in G and g in Q. Then, o =
A(X, q) = BUC(x, )= max { B(x, q) , C(X, q) }= B(x, q) >C(x,
q). Therefore, a>C(x, q). And, o = A(y, q) = BUC(y, q) = max{
B(y, a), C(y, a) }= C(y, a) > B(y, q). Therefore, o > B(y, q). So
that, C(y, q) > C(x, q) and B(x, q) > B(y, q). Hence B(xy, q) =
B(y, ) and C(xy, q) = C(x, q), by Proposition 1.1 and 1.2. But
then, o = A(xy, q) = BUC(X, q) = max { B(xy, q), C(xy, q) }=
max { B(y, q), C(x, q) }< a---------- (1). It is a contradiction by
Q).

Therefore, either B < C or C B is true.

Proposition: If A and B are Q-fuzzy subgroups of the groups G
and H, respectively, then AxB is a Q-fuzzy subgroup of GxH.
Proof: Let A and B be Q-fuzzy subgroups of the groups G and
H respectively.

Let x; and x, be in G, y; and y, be in H. Then ( x4, y1) and ( Xy,
y2) are in GxH. Now, AXB [ (X1, Y1)(X2, ¥2), 4 1= AXB( ( x1Xp,
y1y2). 9) = min { A(X1Xz, G), B(y1y2, 0) }= min{ min{A(xy, q),
AlXz, @)}, min{B(y1, 9), B(y2, 0) } } = min{ min{A(xy, q), B(y1,
) }» min{A(xz, 0), B(y2, 0) } }= min{ AxB ( (X1, y1), 6), AXB (
(X2, V2), Q)}. Therefore, AxB [(X1, Y1)(Xo, Y2), 4] = min{AxB
(X1, Y1), 4), AXB( (X2, Y2), @) }. And AXB [ (x1, y1)™ , q] = AXB(
Ot v, a) = min { A( g), Blys™, ) 32 min { A(xy, q),
B(y1, @) }= AXB( (X4, y1), q). Therefore, AXB [ (x5, y1)*, q] =
AXB ( (X1, Y1), 0). Hence AxB is a Q-fuzzy subgroup of GxH.
Proposition: Let a Q-fuzzy subgroup A of a group G be
conjugate to a Q-fuzzy subgroup M of G and a Q-fuzzy
subgroup B of a group H be conjugate to a Q-fuzzy subgroup N
of H. Then a Q-fuzzy subgroup AxB of a group GxH is
conjugate to a Q-fuzzy subgroup MxN of GxH.

Proof: Let A and B be Q-fuzzy subgroups of the groups G and H
respectively.

Letx, x'and fbe in Gandy, y" and g be in H. Then (x, y) ,( X
Ly and (f, g) are in GxH. Now, AxB ((f, g), q) = min { A(f,
q), B(g, g) 3= min { M(xf x*, g), N(yg y™, ) 3= MxN ( (xfx™,
yg y™'), @) = MxN[ (x, y)(f, 9) (x*, y"), g 1= MxN[ (x, y) (f,
9)(x, y )", q]. Therefore, AXB((f, g ), q) = MxN[ (x, y) (f,
9)(x, y )*, q ]. Hence a Q-fuzzy subgroup AxB of GxH is
conjugate to a Q-fuzzy subgroup MxN of GxH.

Proposition: Let A and B be Q-fuzzy subsets of the groups G
and H, respectively. Suppose that e and e 'are the identity
element of G and H, respectively. If AxB is a Q-fuzzy subgroup
of GxH, then at least one of the following two statements must
hold.

(i) B(e',q)=A(x,q),forall xinGandqin Q,

(i) A(e,q)=B(y,q), forallyinHandqinQ.

Proof: Let AxB is a Q-fuzzy subgroup of GxH. By
contraposition, suppose that none of the statements (i) and (ii)
holds. Then we can find a in G and b in H such that A(a, q) >
B(e, g) and B(b, q > A(e, 9), g in Q. We have,
AxB((a, b), q)=min{A(a, g), B(b, a)}> min{A(e, q), B(e', q) =
AXB( (e, "), q).

Thus AxB is not a Q-fuzzy subgroup of GxH. Hence either B(e',
q) > A(x, q), for all x in G and g in Q or A(e, g ) > B(y, q), for
allyinHand g in Q.

Proposition: Let A and B be Q-fuzzy subsets of the groups G
and H, respectively and AxB is a Q-fuzzy subgroup of GxH.
Then the following are true:

(i) if A(x, q) < B(e', q), then A is a Q-fuzzy subgroup of G.

(i) if B(Xx, q) <A(g, q), then B is a Q-fuzzy subgroup of H.

(iii) either A is a Q-fuzzy subgroup of G or B is a Q-fuzzy
subgroup of H.

Proof: Let AxB be a Q-fuzzy subgroup of GxH, x and y in G
and g in Q. Then (x, e') and (y, e') are in GxH. Now, using the
property A(x, ) < B(e', @), for all x in G and q in Q, we get,
A(xy™, g) =min { A(xy™, q), B(e'e', ) } = AxB (( (xy™), (e'e')
), q) =AXB[ (x, )y e), q]=min { AxB ((x, €'), q), AXB (
(y" €'), a) }= min{min{A(x, q), B(e"' ,9)}, min{A(y™, q), B(€'
M} 3= min { Ax, @), A(y™, @) 3> min { A(x, q), A(y. ) }.
Therefore, A(xy™, q)= min{A(x, q), A(y, q)}, for all x,y in G
and g in Q.Hence A is a Q-fuzzy subgroup of G.

Thus (i) is proved.

Now, using the property B(X, q) < A(e, q), forall x in Hand g
in Q, we get, B(xy™, q) = min { B(xy™, q), Aee, q) }= AxB ( (
(ee) (xy™)), ) =AxB[(e x)(e, y"), q]>min { AxB( (e x),
a), AxB( (e, ¥, q) 3= min{min{B(x, q), A(e, q) }, min{ B(y™,
a), Ae, q) 3} = min{ B(x, q), B(y™, 9) }> min { B(x, q), B(Y, q)
}. Therefore, B(xy™, q) > min { B(x, ), B(y, g) }, forall x and y
in H and q in Q. Hence B is a Q-fuzzy subgroup of H.

Thus (ii) is proved. (iii) is clear.

Proposition: Let A be a Q-fuzzy subset of a group G and V be
the strongest Q-fuzzy relation of G. Then A is a Q-fuzzy
subgroup of G if and only if V is a Q-fuzzy subgroup of GxG.
Proof: Suppose that A is a Q-fuzzy subgroup of G. Then for any
X = (X1, X2) and y = (yy, Y») are in GXG. We have, V ( (x-y), q) =
VI (X1, X2) = (Y1, ¥2), 1=V ((X1-Y1, X2-y2), 6) = min { A( (X:-
yo), A, A( (x2-y2), a) }> min {min{A(x;, q), Alys, q) }
min{A(xz, ), Ay, 9) } }= min{min{A(x;, ), A(xz, ) },
min{A(y1, 0), A(y2, @) } } = min { V((X1, X2), ), V((y1. ¥2), 9) }
=min { V (x, ), V (Y, q) }. Therefore, V((x —Y), @) = min {V
(%, q), V(y, q) }, forall xand y in GxG and g in Q. This proves
that V is a Q-fuzzy subgroup of GxG. Conversely, assume that
V is a Q-fuzzy subgroup of GxG, then for any x = (X1, Xp) and y
= (Y1, Y2) are in GxG, we have min { A( (X;— Y1), q), A( ( X —
Y2), @) } = V((Xi— Y1, %= Y2), @) = V[ (X1, X2) = (Y, ¥2), 91
=V((x-y) ) =min{ V(x, q), V(y, a) } = min { V( (X1, X2 ),
), V ((y1 ¥2), @) }= min{min{A(xy, 0), A(xz, 0) }, min{A(y1,
), Aly2, 9)} }-

If we put X, =y, =0, we get, A(( Xi— Y1), q) = min { A(Xy, ),
A(y1, q), for all x;and y; in G and g in Q. Hence A is a Q-fuzzy
subgroup of G.

Proposition: Let (G, - ) and ( G', - ) be any two groups and Q
be a non-empty set. The Q-homomorphic image of a Q-fuzzy
subgroup of G is a Q-fuzzy subgroup of G'.

Proof: Let (G, - ) and ( G, - ) be any two groups and Q be a
non-empty set and f : GxQ—G'xQ be a Q-homomorphism. That
is f(xy, q) = f(x, 9)f(y, q) , forall xandyin G and qin Q. Let
V=f(A), where A is a Q-fuzzy subgroup of G. We have to prove
that V is a Q-fuzzy subgroup of G'. Now, for f(x, q) and f(y, q)
in G'xQ, we have V( f(x, 9)f(y, @) ) = V( f(xy, q) ) > A(xy, q) >
min { A(x, q), A(y, q)} which implies that V( f(x, )f(y, q) ) >
min { V(f(x, q) ), V(f(y, q)) }. For f(x, q) in G'xQ, we have V/(
[f(x, q) 1) = V(f(x?, q)) > Ax™?, g) = A, q) which implies
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that V( [ f(x, q) 1) = V( f(x, q) ). Hence V is a Q-fuzzy
subgroup of a group G'.

Proposition: Let (G, - ) and ( G', - ) be any two groups and Q
be a non-empty set. The Q-homomorphic pre-image of a Q-
fuzzy subgroup of G' is a Q-fuzzy subgroup of G.

Proof: Let (G, - ) and ( G', - ) be any two groups and Q be a
non-empty set and f : GxQ—G'xQ be a Q-homomorphism. That
is f(xy, q) = f(x, q)f(y, g), for all xand y in G and g in Q. Let
V=f(A), where V is a Q-fuzzy subgroup of G'. We have to prove
that A is a Q-fuzzy subgroup of G. Let x and y in G and q in Q.
Then, A(xy, ) =V(f(xy, 0) ) = V(f(x, 9)f(y, @) ) = min {V(f(x,
q) ), V(f(y, 9) )} = min { A(x, q), A(y, q) } which implies that
A(xy, q) > min {A(X, q), A(y, q) }, for x and y in G and q in Q.
And A(x?, q) = V(F(xh q)) = V(If(x, 91") 2V(f(x, ) ) =
A(x, q) which implies that A(x?, g) > A(x, q), for x in G and q
in Q. Hence A is a Q-fuzzy subgroup of a groupG.

Proposition: Let (G, - ) and ( G', - ) be any two groups and Q
be a non-empty set. The Q-antihomomorphic image of a Q-
fuzzy subgroup of G is a Q-fuzzy subgroup of G'.

Proof: Let (G, - ) and ( G/, - ) be any two groups and Q be a set
and f: GxQ — G'xQ be a Q-antihomomorphism. That is f(xy, q)
= f(y, 9)f(x, q), for all x and y in G and q in Q. Let V = f(A),
where A is a Q-fuzzy subgroup of G. We have to prove that V is
a Q-fuzzy subgroup of G'. Now, let f(x, q) and f(y, q) in G'xQ
we have V(f(x, 9f(y, @) ) = V(f{yx, @) ) > A(yx, @) = min { A(x,
q), A(y, q) }which implies that V( f(x, q)f(y, q) ) = min{ V( f(x,
a)), V(f(y, q)) }. For xin G and q in Q, V( [f(x, 9)]™) = V(f(x
L q)) > A ) = A(x, g) which implies that V( [f(x, q)]™) >
V( f(x, q) ), for x in G and g in Q. Hence V is a Q-fuzzy
subgroup of G,

Proposition: Let (G, - ) and ( G, - ) be any two groups and Q
be a non-empty set. The Q-antihomomorphic pre-image of a Q-
fuzzy subgroup of G' is a Q-fuzzy subgroup of G.

Proof: Let (G, - ) and ( G/, - ) be any two groups and Q be a set
and f: GxQ — G'xQ be a Q-antihomomorphism. That is f(xy, q)
= f(y, 9)f(x, ), forall xandyin G and q in Q. Let VV = f(A),
where V is a Q-fuzzy subgroup of G'. We have to prove that A is
a Q-fuzzy subgroup of G. Let xandy in G and g in Q.

Now, A(xy, q) = V(f(xy, g) ) = V(f(y, 0)f(x, ) ) = min{V(f(x,
q) ), V( f(y, 9) ) }= min{A(x, q), A(y, q)} which implies that
A(xy, @) = min{A(x, q) , A(y, @)}. And, A(x™, q) = V(f(x™, q) )
= V([f(x, )1™) = V(f(x, q) ) = A(x, ) which implies that A(x
1'g) > AKx, q) , for x in G and q in Q. Hence A is a
Q-fuzzy subgroup of a group G.
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