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ABSTRACT

By using Mawhin continuation theorem and comparison theorem, the sufficient conditions
ensuring the existence of exponential periodic attractor and exponential convergence of a
class of functional differential equation with time varying delays are established. The results
are very different from some previously known results [1,19,28]. Finally, applications and
an example are given to illustrate the effectiveness of the results.
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Introduction

Recently, the delayed neural networks and bidirectional
associative memory (BAM) neural networks have been paid
more and more attention due to their wide applications in signal
processing, image processing, pattern recognition and artificial
intelligence, etc. Many results have been reported in literature
[1-27]. The existence and stability (exponential stability,
asymptotic  stability, exponential convergence etc.) of
equilibrium point and periodic solution are referred to [1, 21-24,
28] and [4, 10-16, 18, 19, 25-27], respectively. For example,
M.J. Tan and Y. Tan [1] proposed the following general neural
networks with wable coefficients and time-varying delays:

*z% gilailt) +Zbu Joj(ajt=(t))+4(t). (L1)

i=1 j=1

By using Banach fixed point theorem and spectral theory,
the authors established the sufficient conditions for the existence
and globally exponential stability of a unique equilibrium point
of system (1.1). Liu et al. [19] further studied BAM neural
networks with periodic coefficients and obtained several
sufficient conditions guaranteeing the existence and globally
exponential stability of periodic solution.

It is well known that the properties of stability and
convergence are important in design and application in neural

1i{t) = —¢i{t)

!

networks. In this paper, we consider a class of functional
differential  equation  with periodic coefficients and
time- varying delays as follows. ‘
ﬂf-ih‘)——c,( Jailt) + filea(t), zaft), - anlt), = 7alt),

ot = Talf) + 1(E) (12)
with initial conditions ;(s) = ¢;(s),s € [—7, 0], where
;(t)is the activation of the 4th neuron at time #, continuous
function ¢;(#) denotes the neuron charging time, /;(#) is the
external input on the neuron, 7;; (1‘) corresponds to the finite
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speed of the axonal signal transmission, g@’i.t-(s) is continuous
«o—periodic functions. For, 2.7 = 1,2,--- | n,

_ L
T =MaXi<ij<n T, Ty = MaXseow) T, ().

Actually, both delayed cellular neural networks and BAM
neural networks can be contained in functional differential
equation (1.2), which can be seen in [28]. Therefore, our model
is more general.

The aim of this paper is, by using continuation theorem,
some analysis techniques and constructing suitable Lyapunov
functional, to derive the existence of exponential periodic
attractor and exponential convergence of system (1.2). The
results are based on Mawhin’s continuation theorem, matrix
theory, some new estimation techniques for the priori bounds of
the solutions of Lz = ANz, A € (0,1) and comparison
theorem. To the best of the author’s knowledge, few results
based on the method have been reported [29]. It is much of
interesting.

The organization of the rest is as follows. In Section 2,
some preliminaries are introduced. In Section 3, sufficient
conditions ensuring the existence of periodic solution are
established. In Section 4, the exponential periodic attractor and
exponential convergence are investigated. In Section 5,
applications and an example are given to show the usefulness of
the main results. Finally, a simple conclusion is drawn in
Section 6.

Preliminaries

In this section, some preliminaries are presented. First we

denote the solution of (1.2) through

¢ = (P1(s), ha(s), -+ du(s))"
as x(t,d) = (x1(t,d), walt, ), ,w,(t, )T,

and define

|6l = max sup |pi(s)| for ¢ = (dr. b )"

1<i<n s€[-7.0
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Definition 2.1 [30] A real matrix K is said to be a nonsingular
M- matrix if K has the form K = ol — P,a >0, > 0,
where « > p(P) ( the spectral radius of the matrix P), 7
denotes the identity matrix.
Lemma 2.1 [31] Let () be an n. x n matrix with non- positive
off- diagonal elements. Then €2 is an M- matrix if and only if
one of the following conditions holds:
(i) There exists a vector & > (1 such that ()¢ > ();
(i) There exists a vector £ > () such that £7Q > 0.
Now let us introduce the continuation theorem due to Gaines
and Mawhin [32].

Let X and Y be two real Banach spaces,
L : DomL N X — Y be aFredholm operator of index zero,
and P : X — X,Q : Y — Y be continuous projectors such
that Im P = KerL, Ker() = ImL and
X =KerL@P KerP, Y = ImL@PImQ. Denote by
K, :ImL — Ker” N Doml/ the inverse of [, (the
restriction of 7 on Ker P N Dom/Z), by .J : ImQ — KerL
the algebraic and topological isomorphism of [} onto ker /.,
due to the same dimensions of these two subspaces.
Lemma 2.2 [32] (continuation theorem) Let X and Y be two
Banach spaces and L : DomLNX — Y be a Fredholm
mapping of index zero. {2 ¢ X be an open bounded set and
N : X — Y be a continuous operator which is L- compact on
{2. Suppose that
(@) foreach A € (0,1),z € 92 N DomL, Lz # ANux;
(b) foreach z € IQ NKerL, QNx # 0;
(c) deg{JQN,QN KerL,0} # 0.
Then Lz = Nz has at least one solution in & N Dom L.
Throughout the rest of this paper, we always assume that:
(A1) ¢(t) > 0,1;(t) are all continuous periodic functions
defined on R™ = [0, oc) with period wfori = 1,2,--- , n.
(As) Function f;: 2 — R is continuous and there exist
positive constants A, /V;; such that

‘L(Ih yIny 1 yHJ f(
S ElMijxj - ‘Uj‘ + Eli\ijyj - J
e j=

with f;(0) = 0 for any

e= (- x) = () u = (g
v=(vy,,v,)T € R"andi = 1,2, ,

For convenience we shall use the following notations.

f=~ /f (e, f*=sup [f(t)], [~ = inf |f({)]
t€[0.0] t€[0.]
where f is an w-periodic function.

Existence of periodic solution

In this section, by employing continuation theorem, we shall
establish the sufficient conditions of the existence of periodic
solution of system (1.2).
Theorem 3.1 Assume that (A ), (A2 ) hold. Further,

(A3) I' = C — D isanonsingular M- matrix,
(A4) x> 0,where

Uy )

s un.)Ts
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C = dagle.c,¢),D (Mi; + Nkt =

n

=l
Then system (1.2) admits at least one «-periodic solution.
Proof. LetX =Y ={z € C(R. R"). z(t + w) = z(t)}

n
endowed with the norm lz|| =32 max;e[p o] | (1), then X
i=1

and Y are all Banach spaces. For

a(t) = (w1(t), wa(t), - Tn(f))

SEeten

€ X, we define

L:DomLNX — X, x— ' =(2)(t),25(), -2l (t)T,
and N : X — X Nz = ((Nx)(t),--- (jVi),7(t))
where fori = 1,2,--- ,n,

(Na)ift) = Aift) = - ( Juit) + filwa(t), malt), - @alt),

ny(t = m(E)e - 2alt - inlt) + 1),

Dom[L = {x € CY(R,R") : x(t + w) = x(¢)}. It is not
difficult to show that KerL = R”
ImL = {z(t) € X : fo =0,i=1,2,-- ,n.}is

closed in X and dlmheIL = LodimImL =n.Then, Lis a
Fredholm mapping of index zero.
Define operators £ and € as follows:

1 W
Pr=Qu= —/ x(t)dt.
“ o
It is easy to show that P and () are continuous and satisfy

ImP = KerL, ImL = Ker@ =Im(/ — Q). Let
L, = LIpominKerp » then the generalized inverse

L' = K, is given by
(Kya)ilt) = / - [ /
Therefore, .,
ONz = G /MA-(,)(H ifw /1,L(t)dt) and
K (- Q)2 = (fﬂ Ar(s)ds =L [¥ [ Ay(s)dsct, -+ [! Ay(s)ds
L f;A,,(s)d.sdf.) (LD A, [ A"

Thus, QN and K,(I — Q)N are all continuous. For any open
bounded set {2 C 7, it follows from the expression of {J /V that
()N (€2) is bounded. Noting that ' is a completely continuous
mapping and the expression of K,(/ — Q)N using Arzela-
one obtains that K (I — Q)N (L) is
relatively compact. Hence, N is L-compact on 2.

Now, what we need to do is just to search for an appropriate
open bounded subset {2 for the application of the Mawhin’s
continuation theorem. Corresponding to operator equation
Lz = ANz, X\ € (0,1), we have
ff(fJ = M=cilthailt) + filwma(t), - anlt), el = 7ialt)),

s%(f fm( )) +I(m (3.1)
Suppose that x(l) = (wy(t),22(t), -+, 2, (t))T € X is
an arbitrary solution of (3.1) for some A € (01 1). Since any

s)dsdt.

Ascoli theorem,
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x;(t)(4=1,2,--- ,n)is continuously differential, then there
exists ¢; € [0, ¢ }such that |’1 (t;)] = maxyepo ) |2:(t)| and
J:( ;)—Ofor?_l 2,--- ,n.ltleads to

ftioilt)| =il
H()\
<Uitnft).

- alti) mlti = malt),
(32)
From (3.2) and { A ), we obtain
o |zift)] < 2};:1*‘”{1"1 (t:)] +Z” | Nijlej(ti = 7ij(ti)]
J_r\f'( )l
<Y Migla(t) 4 25 Niglej (8] + [1it:)
Z (Mg + Nij) a2 )|+|L-(t,-)\1

which is equwalent to
= (My+Ny) ~(My+ Np)
—( My + Nan) — (My+ Ny) -+

talti), it = 7ialti)), ot = Tlti)

()] + 5t

Tn( - ‘m

_(:*'wln + Nln)
_(A'MQH + Nin)
(; - (_“?l'irrm + ‘Nnn)

_(*Mrnl + *an) _(M,HQ + ‘N"?.)

|z (1)) L(t)|
0] Ls(t2)
|.Tn(t,,)| un(tn_”
e, D(|z(ty)], .|:1‘-”(if,)|)T < (L)l ,\I”(t,,)|)T. (3:3)

According to {Ajy), " is a nonsingular matrix. By [33], it
follows from (3.3) that
((Ja ()] @)D ST L ()] - L) DT
In view of the continuity of /;(t), then there exists constant ¢;
such that|z;(t;)| < ¢;  for i=1,2,---,
Let Q={x=(ry,--,2,)7 € X,|z| < H} where
H=>%" G+ M. M>0 is large enough such that
Hr > >0 || Then for

redN Doml, A e (0,1), L # ANz,
the condition (@ of Lemma 2.2 holds.
r€dQNKerL.z is a constant vector in [

||| =20 o] = H. By easily computation, we have
|QNz|| *IZ l\fo ri — filen, - ) = Ii(t))dt]
DY ILJ—Z, 12 (Uu'" Nig)l;| = [1i)
=3;@>zﬁm&+w)mwzﬂmx
2 #il|xf = X, ||
= H =3 >0,
This implies that condition (b) of Lemma 2.2 holds as well.
Define ¢ : Kerl x [0,1] — X by
(2, ) = —ppz + (1 — p)QNz,
where ¢(z) = (ay 2, -+ ,a;,)" .
When z € 9QN KerL,z = (xy,--+ ,x,)T is a constant
vector in " with > |a;| = H, It is easy to verify that
(z, 1) # (0,--+,0)T. Therefore,

When
with

Vi
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deg{QNz, QN KerL,0} # 0,

which means that condition (c) of Lemma 2.2 holds. Employing
Lemma 2.2, we conclude that system (1.2) admits at least one
w-periodic solution. This completes the proof.
Remark 3.1 In the process of discussing the priori bounds for
equation Lz = ANz, A € (0,1), the matrix’s theory is
employed, which is new and much of interesting. It is in this
sense that a new method to estimate the priori bounds is
proposed. The conditions ensuring the existence of periodic
solution of system (1.2) are new and interesting and much
different from the known results in the literature [1, 19].
Stability of system (1.2)
Exponential periodic attractor

In this subsection, by using some analysis techniques and
Lyapunov functional, we study the exponential periodic attractor
of system (1.2).
Definition 4.1.1 [34] System (1.2) has an exponential periodic
attractor if and only if there exists one (;—periodic solution
(T (t,¢*)) with initial value ¢* and for any solution (t. ¢)
with initial value ¢, there exist positive constant ¢x, /3 such that

|27 (£, )T — (27 (£, 6)7]| < e [|6" — g
Theorem 4.1.1 Assume that (A;) — (A4) hold. Further,

(A5) T'=C — Bisanonsingular M- matrix,

(Ag) 7(t) is continuous differential functions defined on
[0,50) such that 7/.(t) <1 for ¢,j = 1,2,---,n, where

B= (1I}l+n’\ﬁ)nxﬂT—mdx1<31<n{1 =y fE[Uu,}}C

is defined in theorem 3.1. Then system (1. 2) has an exponential
periodic attractor.
Proof. Suppose that

al(t. ) = (x1(t. @), 22(t, @), -+ aa(t, 0)) isan
arbitrary solution of system (1.2) and =7 (£, ¢*) is a w-periodic
solution of (1.2). Then from system (1.2), we can obtain that:
| i _1*H | [% n ' I
w = —¢i{t)(zi{t,0) - milt,0")) + Z;=1(fi(1’1(f1 9),
. ,;I?n_(t,@),xl(f - Til(t)~ O)ye Talt = Ti-n(t)e 0)) - f-i(xl(t:@*)a

Iy (f, (D) Il(f - T,‘l(t)g @*))‘ e ,;L‘,,,(f - T-in(f)- @*m

(41)
for t>0,i=1,2 ,'u.. For convenience, we denote
ui(t) = (1, (f’) — T ( *). Then, from (4.1) and { A,), we
have

D |ui(t)] < =;{t) it |+Z M;|u;(t |+Z\'“|11

On the other hand, accordmg to condltlon {As) and lemma 2.1,
there exists a positive constant vector ( PrspPa, e, p.,.,)T such

that
Z pi(M

pilc; — My,
J=1,3#i

- 7iilt) (4.2)

- 1VllT ) > 0

Let
xi(e) = pile — ¢ + My + NyFes )

+ZJ Lj# pj(wj? + \J?%tg }J )
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It is clear that x;(0) < 0. Since x; () is continuous on [0), 00)

and x;(¢) = 400 as £ — +oc, and d“( ) > 0, then there

exist constant £ > (0 such that
Gl =pl& - + M+ Nifenti )
+ Dby (Mt M) =0,
By choosing A = min{¢&}, &5, - - -
Wl = A= + M £ N
-I-EJ 1Héjpj (Mji+ Njife Jf) <)

fore =1.2,--- .n.
Let U;(t) = f,)”|u,(t)|,_ then it follows from (4.2) that
Al

DU(t) = he|us(1)] + Vsgn(us£)ul(t)
<M f) + ¢ (—cr:(t)\m(t_) + Lt Mifu )
‘I'EJ 1 K“rr'j“l (t _. Ti](tm
<= )fu ()He Y-t Milt)
e Y Nl =it

Define a Lyapunov functlonal as follows:

1Sy A

— "‘IJ
i=1 j=1 ij
where e,f( ) is the inverse function ofrr 74().

By calculating the derivative of V() along the solution of (1.2)
and from (4.3) and (4.4), we have

DYV < Ty il (A= €U + Yoy 2o e M +\
n i AT N; ( i
+z;':1Ej:lpfe,\r*\'ij‘uj(t_Tfj(f )HZ 1 Lot i )]
\ ( ij
_Z Z; 1-01 ' {73 ];| H(l_’ ())
Zr lf()’A c‘ )U ’ +Z EJ I'OJM (’
=) 1(91)‘ G +Z; M+ i EJ 10 er j Uit)

<0

L&}, we have,

(4.3)

y

Mluyls)ds  (45)

46
for { = (). Therefore, from (4.6) we obtain
V(t) < V(0) for all ¢ > 0.
(4.5) and (4 7) |mply that
) < Z (p? + Zp, N;;7e! w) sup |z(s,0) — z;(s, 0"
—7<s<0

Pt
n ro~ ArTE
{max;, <i<n Pi T ijl piN;j7€" 75 }, then

LetA = 111111{ o1, ,0 g -
_ 1
M=1

" zmmhehw
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I (t,0) = &' (¢, ") = Xz it 0)
<ge MY 1(Pa + 2 1 ilig7eT

X SUP_r<5<0 |$i(81 @) - Ii(‘S: 0 )|

< Me ™M SUP_7<4<0 ‘i[-',‘(S, Gﬁ) B 33,‘(5, @*H
< Me Mgy = (03)"|.
Therefore, system (1.2) admits an exponential periodic attractor.
This completes the proof.
Remark 4.1.1 Theorem 4.1.1 gives the sufficient conditions
ensuring the existence of exponential periodic attractor of (1.2),
which includes the stability of equilibrium point as its special
case. Similarly, one can derive the conditions of the existence
and stability of equilibrium point of (1.2).
Exponential convergence

In this subsection, we study the exponential convergence of
system (1.2).
Definition 4.2.1 [35] system (1.2) is said to be exponentially
convergent if there exist constants ¢v; > 0 and 4 > () such that
for any two solutions (z:(¢, ¢) and r( ) with initial values ¢
and #», respectively, the following inequality holds:

i (L, ) — (1, )|<(IE -0t

for all £ > 0 and |¢y,(s) — ¥u,; (8)| < @i =1,2,--+ ,n. If
x(t, 1) is a periodic solution, then this periodic solution is said
to be exponentially convergent.
Theorem 4.2.1 If (A1), (As2) hold and there exist constants
«; > 0,48 > 0suchthatforall £ > 0,7 =1,
(A7) ai(d —ei(t) + 220 aJ(’VLJ—r—fV,Je U)<0
Then system (1. 2) is exponential convergent.
Proof. Letx(t,¢) = (x1(t, @), - ,a,(t, $))7,
x(t, ) = (z1(t,9), - .on(t, )T be  two  arbitrary
solutions of (1.2) and u,( = wx;(t,¢) — x;(t, 1), then we can
obtain from system (1.2) and ( Ax) that
+ fim

D fult)] = synl{t)[ -},
oyt = mjlt), 0,

— i(t, 07|

(£,0).- [t 0).
;rﬂt n;lt),0)) - filzi(t.0),
:"rz(trl/] I]“‘ﬁjm l/] L}[t—ﬁ'(ﬂ U]]
‘C!(t”ur{:t:}HZ;  Millt)] + 25 Nt =52
[48)
Consider the following comparison system of (4.8), i.e.,

vilt) = —ci(t)ui(t) + Z Mijv;(t) Z Nijvi(t —7;(1)).

By the comparison theorem, we have

u; (1) <wift)  for >0 (4.9)
whenever |u; (s)| < v; ( ) $s<0,i=1,2,-
On the other hand, it follows from { A7 )that

—fe ™ > c()oedwzn Lo Mie
+ ) e ”JJ(”
Letx(f)—oe ot then

Xi(t) > +Zwu‘u +Zi\'u)u —7ij(t)).

Again employing comparlson theorem, we have

(4.10)



6161
st) <vilt)  for £>0 (4.11)
when v;(s) < yi(s)fors < 0,1 =1,2,--- ,n. (4.9) and
(4.11) imply that |u;(#)| < x;(t) = ce™  for ¢ >0

and |z;(s, @) — xi(s, )| < s <0,i=1,2,-
That is, system (1.2) is exponential convergent, ThIS completes
the proof.

An application of Theorem 3.1 and Theorem 4.2.1 yields the
following corollary.
Corollary 4.2.1 Suppose that (A;) — (A4)and (A7) hold true.
Then the periodic solution of system (1.2) is exponentially
convergent.
Corollary 4.2.2 Suppose that (A1) — (Az) hold. Further,
(As) t) + 2072 (M + Nij) < 0.
Then system (1.2) is exponentially convergent.
Proof. Actually, if { A5) holds true, then { A~ ) can be derived to
be true as well. The result can be obtained immediately from
Theorem 4.2.1.
Remark 4.2.1 Definition 4.2.1 gives a componentwise
exponential convergence estimate. It is stronger than
conventional Lyapunov stability, which implies globally
exponential stability of system (1.2), see [35, 36]. In addition,
(A7) involves coefficient function ¢;(¢) instead of its infimum
or supremum value as in most previous studies (further see
Proposition 5.2, Proposition 5.3, Proposition 5.5 and Proposition
5.6), which gives more flexibility in designing stable models.
Applications and an illustrative Example

In this section, we give applications and an example to
show the effectiveness of the main results.
For system (1.1), we assume that
(Ag) ci(t) > 0,a,(t ) F)U() I;(t) are continuous w -
periodic functions foré, y = 1,--- ,n or n -+ m.
(A10) ¢i: R — R is continuous and there exists positive
constant (#; > 0 such that|g;(v) — g:(v)| < G;|u — v|for
anyu,v € Rii=1---.nori=1,---,n+m.

We denote system (1.1) satisfying (A,) and (A,,) by

system (5.1), then by using Theorem 3.1 and Theorem 4.1.1, one
can obtain the following conclusion.

Proposition 5.1 Assume that and { Ay,) hold. Further,

(All) k>0,
(Ap) TF=C —
(Az) T

— ;e

G D* is a nonsingular M- matrix,
= (' — (GB*isanonsingular M- matrix, where
k= minlg,;é.“ s G z . +b+ )
— ool ¥ +
( = diag |Gy, Gy, Gn) D= (ng +bg'j)‘HX‘H'.
B = (a; + fbﬁ)ﬂx 2. O, 7 are defined as Theorem 3.1.
Then system (5.1) has an exponential periodic attractor.
From Theorem 4.2.1 and Corollary 4.2.2, it is clear that the

following two corollaries hold true.
Proposition 5.2 Assume that (Ag) and {Ay) hold. Further,

there exist constants «a; > 0.6 > 0 such that for all
t>0,e=1,2,--+,n,

(AM) (}?(() - (’,
Then system (5.1) is exponential convergent.

M orF
+ZJ Lo Gillag; (E)] + [y (t)]e™ ) < 0.
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Proposition 5.3 Assume that ( Ay) and (A4) hold. Further,
(A15)  —ajeilt)) + 300 aGillai ()] + 16i()]) < 0.
Then system (5.1) is exponentially convergent.

Next consider the following BAM neural network with
impulse and time-varying delays:

m+n m+n
nilt) = ~a{t)rlt) + ) aij(t)g; J“J( )+ Z bu
j=m+l j=m+1
X gilx;(t - T,J(m)))H() 3 . 52
1ilt) = ~ei{t)wilt) + Z fl--ij(f)gj(l“j(f)) + Z bilt)
: i
ot =m0+ B i=n Lo n
Similarly, one can derive the following conclusions.
Proposition 5.4 Assume that (Ag),(Ag) and {Ayy) hold.

Further,
(Alﬁ) k>0,

]

0 -G
A7) TV = A A A i
(Arr) (C—GD 0
M- matrix,

) is a nonsingular

. 0 C—-GB )\ . _
! = A n A is a nonsingular M-
(Ais) T ( C-GB 0 ) ‘

matrix, where

n+m
o= min§ mingeie, ¢ —Gi ), (o 0 +be) Milly41<i<pm €
J=ntl
m
Nt Ll
-Gi Z(Gij + bij)
=1
D= (af; + bf:,-)nx,,,, B= (“I + %bﬁ)nx” for
I=12---nj=m+1lm+2---n+m,
C dlag( STITA ‘-Cgﬁ-m)rG = dlag(Gan e :Gnﬂn)a

D = (GU 'I' bj}jm){wh B (a- + ib )mx:n for

z'=n+Ln+2,---,n+m.,‘,r—1¢ ,m, C,G are
defined in proposition 5.1. Then system (5.2) has an exponential
periodic attractor.

Proposition 5.5 Assume that {Ay) and {Ayy) hold. Further,

there exist constants «v; > 0, > 0 such that for all £ > 0,

7Ti T -+

(Arg) oi(d =)+ 3 Gillag ()] + |bij(1)|e’ ™) <0
j=m+1
fore =1,2,--- ,n,and
N m ) +
ai(6 = ci(t) + 3 a;Gillai; (8)] + [bi; ()]e”™) <0 for
i=1

i=n+1,---.,n+m.

Then system (5.2) is exponential convergent.
Proposition 5.6 Assume that (Ag) and {A4y) hold. Further, for

all £ > 0,

m—+n
(A20) —aici(t)) + 32 a;Gillai(t)] + [bi;(1)]) <0
J=m+1
fori =1,2,--+ ,n,and

— aici(t)) + i a;Gillaii ()] + [bij (1)]) <0
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fori=n+1,---
convergent.

Obviously, for system (5.1) and (5.2), |fr ) a,,(z‘ and
b;; (1) are constants, or b;;(¢) = 0, one can similarly derive the
sufficient conditions of the existence of the corresponding
periodic attractor and exponential convergence in cases of time-
varying delays and constant delays, they are omitted here. It
shows that the results obtained in this paper contain many
previously known results and are very general.

If delays are constant numbers, then (1.2) reads as
2i{t) = =cilt)ilt) + filwi(t), - walt), a(t = 7a),
1Ixa(t_ﬂn) +L(t) (5-3)

which is studied in [28]. By using Banach fixed point theorem,
the authors obtained the existence and global exponential
stability of the equilibrium point. However, from Theorem 3.1
and Theorem 4.1.1, we can derive the existence of exponential
periodic attractor of (5.3).
Proposition 5.7 Assume that (A;) —
Further,
(A21) T = C — Bisanonsingular M- matrix,
where B = (M;; + Nij)nxn, C is defined in theorem 3.1.
Then system (5.3) has an exponential periodic attractor.
Remark 5.1 The exponential convergence of system (5.3) and
the exponential convergence of periodic solutions of system
(5.1)-(5.3) can be derived similarly, they are omitted here.
Finally, an illustrative example is given to show the usefulness
of the main results.
Example Consider the following neural networks:

7(t) **Cl() 1)+ ault)gr(i(t)) + ana(t)ga(zalt))
bua(E)ga(xa(t = (1)) + bialt) gl alt = mialt)) 4 Li(F):
C(fJ ) +G?(f) 1(1(f)) + anlt)glo ())
(t)gl 1(f)))-|- bw(f 12 I)(f— ))) +[a[ ),
54
Take g1(u) = go(u) = S(|u+2| — |u—2[) for any
1w e R ThenGy = G5 = 1. Set

o) = 2+ snlértolf) = 3 - coslint,aylt)
sinlﬁfrt b ( ) _ sinlbrt (f) — 1-cos Ifimt b)m = Maal(t) =

.n 4+ m.Then system (5.2) is exponentially

(Ay) and {Ag) hold.

H’\m G'rt lﬁ_ cos 16mt X _ - 7\1111()1*[;? _
L e U il =

B r(t) = 7lf) = mlt) = mlt) = WJ() =

1+ snlf, y(t) =2 cos 167,

Then rl—l _} 2 a}:é, bﬁ:%, a.E:ll b =1,

G b el el

By simple calculatlon EF=L>07

4
13 3 3 _3
I = iﬁl ﬁ and [* = _81 é‘l . One
4 12 » 2 6

concludes from Lemma 2.1 that I" and "* are all nonsingular M-
matrix since there exist constant vectors

& =(1,1)T>0,& = (2,1)T > 0'such that
[&* >0, f*f* > (), respectively. Hence (A11) — (Ajs)
hold. It is clear that (Ag), (Ay) and (Ayp) hold as well.
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Therefore, by proposition 5.1,
exponential periodic attractor.
Conclusions

In this paper, the existence of the exponential periodic
attractor and exponential convergence of system (1.2) are
investigated. The main method employed here is Mawhin’s
continuation theorem of coincidence degree theory, Lyapunov
stability theory combining with comparison theorem. The main
results are based on continuation theorem , matrix theory, some
new estimation techniques for the priori bounds of the solutions
of Lz = ANz, A€ (0,1) and comparison theorem.
Particularly, the conditions ensuring the existence of exponential
periodic attractor and exponential convergence of system (1.2)
are obtained, which are new and interesting and much different
from the known results in the literature [1]. They complement or
improve the previously known results [1, 17, 19, 28]. Finally, an
illustrative example is given to show the effectiveness of the
main results.
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