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ABSTRACT
Different isothermal EOS, which expresses volume ratio as a function of pressure for
materials at given temperature has been discussed. During our computational investigation it

is observed that Holzapfel EOS does not satisfy the agreement of K. K; as calculated by

using Brennan Stacey EOS, Shanker EOS, and Vinet EOS. The critical test of EOS for
solids under extreme compressions has been discussed by evaluating the pressure and
volume derivative properties viz. isothermal bulk modulus and its pressure derivative,
according to the data calculated for NaCl up to extremely high pressure. Among the four
EOS viz Holzapfel EOS, Brennan Stacey EOS, Shanker EOS, and Vinet EOS, it is found
that, Holzapfel EOS is not suitable for calculating higher pressure derivative of isothermal
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Introduction

The exploration of matter at extreme conditions is a central
theme in a broad range of scientific disciplines (e.g. material
science, chemistry, physics and Earth and planetary science).
The application of pressure can induces both continuous and
discontinuous changes in atomic and electronic structure of a
material. Learning how atomic and electronic arrangements
change under extreme conditions, provide insight into the nature
of phase transformations, chemical reaction, and also evolution
in micro- and nanostructural components, such as crystallite
size, dislocations, voids, and grain boundaries. Once these
processes are understood, it will be possible to predict responses
of materials under thermo-mechanical extremes using advanced
computational tools. Further, this fundamental knowledge will
open new avenues for designing and synthesizing materials with
unique properties. These thermo-mechanical extremes will allow
the tuning of atomic structure and the varying nature of
chemical bonds to produce revolutionary new materials.

The properties of solids at high pressure and temperature
are very important for their application point of view. NaCl is an
important alkali halide that is used as a pressure gauge in
laboratory measurements of compression data. It is one of the
most widely used internal pressure standards in high-pressure
diffraction experiments owing to the availability of a large body
of experimental data. For instance, the equation of state for B1-
type NaCl has been investigated in several studies up to the limit
of its stability [1-8]. It is also known that the B1-type NaCl is
only stable up to a pressure of about 30 GPa, where the
occurrence of a pressure-induced phase transition from B1 type
(rocksalt) to B2-type (cesium chloride) as it has been reported
by different group of researchers. [9-15] Although it is
experimentally possible to study the B2-type NaCl at elevated
pressures, its equation of state has not been investigated well
yet, especially at high temperatures. This, therefore, limits the
use of NaCl as a pressure standard to relatively low pressures
and temperatures. Therefore, the P-V-T equation of state
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reported in this article will be fundamentally important for
extending its scientific and engineering applications including
its usefulness as a pressure calibrant.

The main objective of present paper is to reduce the gap
between theoretical and practical approach of investigations for
the solids at high pressure in context to NaCl crystal with only
moderate computations.

In present paper an attempt has been made to find suitable
EOS for calculating pressure P, bulk modulus Ky and its higher

order pressure derivatives K} and K; for NaCl crystal by

using four empirical isothermal EOS viz. Holzapfel EOS [16],
Brennan Stacey EOS[17], Shanker EOS [17] and Vinet EOS[17]
between the temperature range 300K-1050K.
Theory

The EOS have fundamental basis. Shock wave reduced
isotherms (SWRI) are commonly considered as most reliable
EOS data for the realization of a practical pressure scale.
Holzaplef considered a comparison of SWRI for different metals
and also the calibration of the ruby luminescence line shift
stresses as secondary pressure scale and discussed corrections
for the deviatory stresses, effects from uncertainties in the

theoretically derived Grd&eisen parameter, to derive an EOS
[16] as given below:

P=3K,x*(L—x )Jexp[f{L—x ) )
Where X:(\\//j and f :%(KQ, -3)

Brennan Stacey EOS derived, using the thermodynamic
formulation for the Grd&eisen parameter [18-19] is as follows:

S -

(3, -5)
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The Shanker EQOS derived using a modified exponential
dependence for the short range constant on volume [20] is as
follows:

A
3
3K0[V]
Vo

"=k )

Where y :{1—\\//—Jand t =(K(') —%j
0

Vinet EOS based on universal relationship between binding
energy and interatomic separation for solids [21, 22] is as
follows:

P = 3K, x 2(1—x)exp[r7(1— X)] 4)

{[1_1+12j(expty—1)+ y(1+ y‘f)eXP ty} @3)

t ot

Where 7= g(Ko —1)

Expression for isothermal bulk modulus corresponding to

equations (1), (2) and (3) obtained by using the
relationship K; = -V (d—Pj given as

dav );
K, :% fPx —Kox’5(4x —5)exp[f(1—x )] (5)

4 V . .8 V
ofrenle) s get) o

and
Ky = KX 2[L+ (i + 11— x)]exp {7 (1 — x)} ®)

The expression for first pressure derivative of isothermal bulk
modulus can be given as

. oK, 0K, oV
KT = = _
P OV oP

©)

Using expression (9) in equations (5), (6), (7) and (8), the first
derivative of isothermal bulk modulus K+ becomes

" fxﬂlp]l(fu]] o -genf-1 |

T

K, =P [y 4P i[K;}_?Jé
9 K, 3K, )|V, 3) 3

(10)

(11)

KT :EL_F 1_£ i[Ko_gj_{_g
9 K, 3K; )|V, 3) 3
(12)
and
_ 2
KTzl X(L—17)+ 27 fxi2
3| 1+ (x+1)1-x)
(13)

The corresponding expression for second order pressure
derivative of isothermal bulk modulus

. 0K, _ .
K; = P obtained from further derivation of (10), (11),

(12) and (13) are written as follows:

KoK= g PPy PR ) K
9 3K

3K, ) 3K, K, .

H(lﬁx“‘ —25x'5(KT —Z]}—;{Mx“‘ —125x‘5}]exp[f(l—x ]

(14)

KK, :16_16KT_V[K0_5j 1_£ A 1_% V(K(')_S]JFS
9 9K, V, IV 3K ) 3 KLY, 3) 3

(15)
B
3 Ki 13 [V, 3) 3|V, 3 3K
(16)
and
K, K-;-' _ X {X(l— 77)+ 277)(2 }{77(]_— 22X)—1} _1—ax
9 L+ (x + 1)1 - x)}
17

Results and Discussion

In the present work we have described four different forms
of EOS, equtions (1), (5), (10) and (14) corresponds for
Holzapfel EQS, equation (2), (6), (11) and (15) corresponds for
Brennan Stacey EOS, equations (3), (7), (12) and (16)
corresponds for Shanker EOS and equations (4), (8), (13) and
(17) corresponds for Vinet EOS. All the four EOS contains only

two parameters K, and K(') both at zero pressure at different

temperature. These values of K, and K(')have been
recommended by Anderson [23]. The value of input parameters
K, (GPa) and K(') given in the Table-1 are obtained from the
literature [24-26]. The values of pressure P (GPa) for NaCl
were computed for given increments of 'V /V, by using

equation (1), (2), (3)and (4) at different temperature ranges from
300K - 1050K.
Using the value of pressure P computed as above, the value of

isothermal bulk modulus K; has been calculated by using
equation (5), (6), (7) and (8). Substituting these values of P
and K in equation (10), (11), (12) and (13), the values of first

pressure derivative of Ky i.e. K} have been obtained. Further

substituting the values of P, K K+ in equation (14), (15), (16)
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and (17), second pressure derivative of Ky i.e. K; has been
calculated in terms of K K .

These calculated values of P, Ky, K, and K K, for NaCl at
different temperature shown in Table (2 — 7). The graphs plotted
between V/V, vs P, P vs K,, P vsK; P vs
— K, K, shown in fig. (1 - 24).

By presenting a comprehensive analysis for EOS in the limit of
extreme compression, Stacey [27-28] has given some basic

criteria which must be satisfied by an EOS for its validity and
applicability. We list these criteria as

\Y
(i) In the limit V_ — 0, the pressure should not remain finite
0
but it must approach infinity.
(if) The isothermal bulk modulus must increase regularly and
continuously with the increase in pressure such that

K; — oo in the limit of infinitely large pressure.

(iii) The pressure derivative of isothermal bulk modulus K}
must decreases progressively with the increase in pressure such
that K+ remains greater than 5/3 in the limit of infinitely large

. \Y
pressure i.e. P —ooand — —0.
0

(iv) KOK; must be negative and will decreases with increase

in temperature and — K; K; — Oas P — oo,
From the fig. (1 — 6), showing the graph P vs V /V, , it is

observed that the values of pressure calculated by using
equations (1 - 4) are in good agreement with each other in the
entire temperature ranges having a slight deviation at higher
temperature above 600K. Also from fig. (1 — 6) it is clear that in

Vv
the limit — — 0, the pressure should not remain finite but it
0
approaches to infinity. It is also observed that the amount of

pressure required for producing the same change inV /V0

decreases continuously with increase in temperature. This is
related to the fact that the bulk modulus becomes less and the
material becomes more compressible at higher temperature. It is
also clear from fig. (7-12) that bulk modulus increases with the

increase in pressure such that K; — oo in the limit of infinitely

large pressure, whereas it decreases with increase in temperature
but at higher compressions the rate of decrement in bulk
modulus with temperature becomes slow.

Bulk modulus is thus found to depend strongly on pressure as
well as temperature. From fig. (13-18) it is also clear that the
pressure derivative of isothermal bulk modulus decreases with

increase in pressure and when P —> oo, K} remains greater
than 5/3.

From fig. (7 — 24) it is observed that for Kj, K} and -

K, K, Holzapfel is distinguished from other three EOS i.e.

Brennan Stacey, Shanker , and Vinet as these are in good
agreement with each other among all the graphs while Holzapfel
curve is differ from them. The basic foundation of Holzapfel
EOS depends on single parameter. This one parameter EOS

[29 - 34], based on the assumption that under very strong
compression all solids approaches to the Thomas- Fermi state
has a certain degree of predictive capability. Thomas-Fermi state
is given by [34]

Z )3
P= 1003.6(—} (18)
\Y

5

Where Z and V are atomic number and molar volume
(cm®/mole) respectively. Stacey has emphases in a very
convincing way that analytical EOS describing the phase
transition from zero pressure to infinite pressure. The Thomas-
Fermi state is not valid mainly because parameters appearing in
such equations cannot remain unchanged through phase
transition.

The validity of equation (1-4) can also be checked by using
two well accepted constraints [27, 28]. The first constraint revels

that KOK; must be negative i.e. less than zero where as the

second constraint revels that the first pressure derivative of
isothermal bulk modulus at extreme compression must be

greater than or equal to 5/3 ie. K >5/3 .

The first set of constraints is based on the fact that K,

decreases with increase in the pressure, this has been supported
theoretically as shown in fig. (13-18).

For second set of constraints, Keane [35-37] and Stacey EOS
yields an identical relationship given as

KoK, =K, (Ko —K.)  (19)
Using the value of K, and K, from Table (2-7), it is

observed that the value of K_ /K yields a result ~0.9 which

is greater than 3/5 upto 600K for all the four EOS whereas
beyond 600K Holzapfel equation fails hopelessly to satisfy the

constraint K_ >5/3.
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Tablel: Values of Input parameters of Isothermal bulk modulus (K,) and its first pressure derivative (K’) at zero pressure for
NaCl at different temperature [24, 25, 26].

S. No. Temperature (K) Ko (GPa) K’
1. 300 24.0 5.35
2. 450 216 5.51
3. 600 19.0 5.73
4. 750 16.5 6.03
5. 900 14.1 6.40
6. 1050 11.7 6.85

Table 2: Values of P(GPa), Kt (GPa) K'r and KK"'+ calculated by using (A )Holzapfel EOS, (B) Brennan Stacey EOS, (C)

Shanker EOS and (D) Vinet EOS for NaCl at 300K.

VIVo P(A) P(B) P(C) PMD) KiA) KiB) Ki(C) KiD) Ki(A) Kr(B) KC) KD) KiK'r(A) KK'i(B) KiK'1(C) KiK'r(D)
1 0 0 0 0 24 24 24 24 535 535 535 535 -8.30 -9.04 -9.04 -9.30
095 141 141 141 141 3126 312 3127 3123 498 493 498 493 -6.41 -7.26 -7.25 -7.42
09 334 334 334 334 4056 4038 4058 4037 467 458 467 454 -5.07 -5.97 -5.94 -6.11
085 599 597 599 597 5256 5198 5257 5202 441 427 44 429 -4.07 -5.00 -4.96 -5.04
08 964 955 962 956 6818 6674 6809 6695 419 399 416  4.04 -3.32 -4.26 -4.20 -3.96
075 147 1445 146 145 8875 856 8835 8625 399 373 394 382 -2.74 -3.66 -3.59 -3.46
07 217 2117 215 213 1162 109.83 115 11144  3.82 35 375 362 229 -3.18 -3.10 -3.36
065 316 3043 31 307 1532 14114 1504 14468 3.66 328 356 343 -1.92 277 -2.70 -3.05

Table3: Values of of P(GPa), Kt (GPa), K't and KK"; calculated by using (A )Holzapfel EOS, (B) Brennan Stacey EOS, (C)
Shanker EOS and (D) Vinet EOS for NaCl at 450K.

VIVo P(A) P(B) P(C) PMD) KiA) KiB) KiC) KiD) Ki(A) KiB) KC) K(D) KiK't(A) KiK'+(B) KiK7(C) KiK'+(D)
1 0 0 0 0 21.6 21.6 21.6 21.6 5.51 5.51 5.51 5.51 -8.82 -9.41 -9.41 -9.82
0.95 1.28 1.28 128 127 2835 28.33 28.36 28.32 5.11 5.08 5.13 5.07 -6.76 -7.53 -7.52 -7.79
0.9 3.04 3.03 3.04 303 37.04 36.9 37.08 36.87 4.79 4.71 4.8 471 -5.31 -6.18 -6.15 -6.39
0.85 5.46 5.44 546 544  48.32 47.84 48.38 47.82 4,52 4.39 4,52 4.4 -4.25 -5.17 -5.13 -5.37
0.8 8.82 8.75 881 875 63.09 61.86 63.11 61.95 4.29 4.1 4.27 4.14 -3.46 -4.40 -4.34 -4.60
0.75 135 1331 134 133 82.63 79.89 82.45 80.31 4.08 3.83 4.1 391 -2.85 -3.79 -3.72 -4.01
0.7 20.1 19.6 199 19.7 108.8 103.19 108.1 104.42 3.9 3.6 3.8 3.7 -2.37 -3.29 -3.21 -3.54
065 294 2834 289 286 1445 1335 142.3 136.44 3.74 3.36 3.6 3.52 -1.99 -2.87 -2.80 -3.16
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Table4: Values of P(GPa), K1 (GPa) K'r and K{K"; calculated by using (A )Holzapfel EOS, (B) Brennan Stacey EOS, (C) Shanker

EOS and (D) Vinet EOS for NaCl at 600K.

VIVo  P(A) P(B) P(C) P(D) KiA) KiB) Ki(C) KiD) Kr(A) Kr(B) Kr(C) Ki(D) KK+(A) KiK'+(B) KK'+(C) KrK"(D)
1 0 0 0 0 19 19 19 19 5.73 5.73 5.73 5.73 -9.55 -9.93 -9.93 -10.50
095 1.13 1.13 113 113 25.2 25.19 25.22 25.17 5.3 5.28 5.32 5.26 -7.25 -7.89 -7.89 -8.30
0.9 2.69 2.7 2.7 2.7 33.24 3314 3331 33.09 4.96 4.89 4.98 4.88 -5.65 -6.46 -6.43 -6.76
0.85 4.89 488 489 487 4376 43.4 4389 4331 4.67 4.55 4.69 4.56 -4.50 -5.40 -5.35 -5.65
0.8 7.95 7.89 795 7.88 57.63 56.66 57.81 56.6 4.42 4.25 4.42 4.28 -3.64 -4.59 -4.53 -4.83
075 122 121 122 121 7613 7387 7625 74.82 421 3.98 4.19 4.04 -2.99 -3.96 -3.88 -4.20
0.7 183 1793 182 18 101.1 9631 1009  97.07 4.02 3.72 3.97 3.83 -2.48 -3.44 -3.36 -3.71
0.65 27 26.13 266 262 1354 12578 1341 127.93 3.85 3.48 3.78 3.63 -2.08 -3.00 -2.93 -3.30

Table 5: Values of of P(GPa), Kt (GPa), K'r and K{K"¢ calculated by using (A )Holzapfel EOS, (B) Brennan Stacey EOS, (C)
Shanker EOS and (D) Vinet EOS for NaCl at 750K.

V/Vo P(A) P(B) P(C) P(D) Kr(A) Kr(B) Kr(C) Kr(D) K(A) Kr(B) Kt(C) K'(D) KrK't(A) KiK't(B) KiK'r(C) KrK'r(D)
T 0 0 0 0 165 165 165 165 603 603 603 603 -1060  -1063  -1060  -11.60
095 099 099 099 099 222 2219 2222 2217 556 555 559 552  -7.93 -8.40 -8.39 -9.00
09 238 238 238 238 2067 2961 2976 2953 518 514 523 51  -6.12 -6.80 -6.81 -7.30
085 435 434 436 433 3953 392 3975 3913 487 478 491 476  -4.84 -5.70 -5.65 -6.04
08 743 709 714 707 5268 51.99 5306 51.75 461 446 464 447  -3.89 -4.80 -4.78 -5.15
075 111 1097 111 109 704 6869 7091 6847 438 417 439 421  -318 -4.20 -4.10 -4.46
07 167 164 167 164 9459 90.73 9506 90.84 418 39 416 399  -2.63 -3.60 -3.56 -3.93
065 249 2421 247 242 1281 120 128 12114 401 365 395 378  -2.20 -3.20 -3.12 -3.49

Table 6: Values of P(GPa), Kt (GPa), K'r and K+K"'+ calculated by using (A )Holzapfel EOS, (B) Brennan Stacey EOS,
(C) Shanker EOS and (D) Vinet EOS for NaCl at 900K.

VIVo P(A) P(B) P(C) P(D) Ki(A) Ki(B) Ki(C) Kr(D) Kr(A) K+(B) K+(C) Ki(D) KiK't(A) K:K't(B) K:K'1(C) KrK"(D)
1 0 0 0 0 141 141 141 141 6.4 6.4 6.4 6.4 -11.90 -11.50 -11.50 -12.90
095 085 085 0.85 0.85 193 1931 1933 1928 588 588 593 583 -8.79 -9.00 -8.99 -9.90
09 207 208 208 207 2621 2621 26.34 26.09 546 544 553 538 -6.71 -7.30 -7.26 -7.90
085 383 382 384 381 3546 3538 3578 351 512 506 5.2 5.01 -5.25 -6.10 -6.02 -6.53
08 6.34 6.33 6.37 6.29 47.94 4758 4855 471 484 472 4.9 4.7 -4.19 -5.20 -5.09 -5.53
075 996 99 10 9.83 6497 6388 6596 631 459 441 463 443 -3.41 -4.50 -4.37 -4.78
0.7 152 15.04 153 149 8852 8575 89.87 8506 438 412 439 419 -2.81 -3.90 -3.80 -4.20
0.65 229 2244 229 223 1216 11524 123 11506 419 385 416 3.97 -2.34 -3.40 -3.34 -3.73

Table7: Values of P(GPa), Kt (GPa), K'r and K{K"¢ calculated by using (A )Holzapfel EQS, (B) Brennan Stacey EOS, (C)
Shanker EOS and (D) Vinet EOS for NaCl at 1050K

VN, P(A) PB) PC) PD) KT(A) KiB) KiC) KiD) Ki(A) KiB) K(C) Ki(D) KiK'(A) KiK's(B) K:K+(C) K:K'r(D)
1 0 0 0 0 11.7 11.7 11.7 11.7 6.85 6.85 6.85 6.85 -13.60 -12.54 -12.50 -14.60
095 0.71 0.72 0.72 071 16.36 16.38 16.4 16.34 6.26 6.28 6.33 6.21 -9.80 -9.72 -9.71 -11.00
0.9 1.76 1.76 1.77 1.76 22.65 22.7 22.82 22.54 5.79 5.81 5.91 571 -7.42 -7.83 -7.80 -8.70
0.85 3.29 3.3 331 328 31.19 31.27 31.63 30.88 5.42 5.41 5.54 5.31 -5.75 -6.50 -6.45 -7.12
0.8 5.52 5.53 557 5.48 42.9 4291 43.8 42.16 5.11 5.04 5.22 4.97 -4.55 -5.52 -5.45 -5.99
0.75 8.79 8.79 8.81 8.67 59.14 58.78 60.71 57.56 4.85 471 4.93 4.68 -3.68 -4.77 -4.69 -5.17
0.7 136 1356 138 133 81.95 80.48 84.39 78.8 4.62 4.4 4.67 4.43 -3.02 -4.57 -4.10 -4.50
0.65 208 20.29 21 20.2 1145 11033 1179 108.44 4.41 411 4.42 4.2 -2.51 -3.68 -3.61 -4.02
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Fig.(1-6) :Plots of compressions V/V, vs P for NaCl by using equations (1-4) at different temperature.
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Fig.5 NaCl at300K

Fig.6 NaCL at 1050K
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Fig. (7-12): Plots of pressure P vs Kr for NaCl by using equations (5-8) at different temperature.
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Fig. (13-18): Plots of pressure P vs K. for NaCl by using equations (10-13) at different temperature.
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Fig.17 NaCl at 300K
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Fig. (19-24): Plots of pressure P vs — K, K, for NaCl by using equations (14-17) at different temperature.
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Fig.21 NaCl at 600K Fig.22 NaCl at 750K
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