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ABSTRACT

The solid transportation problem (STP) arises when bounds are given on three item
properties. The fuzzy solid transportation problem (FSTP) appears when the nature of the
data problem is fuzzy. This paper deals with the robust fuzzy solid transportation problem
based on extension principle under uncertain demands. The fuzzy solid transportation
problem is transformed into a pair of mathematical programs that is employed to calculate

the lower and upper bounds of the fuzzy total transportation cost at possibility level & . In

Keywords
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Robust fuzzy transportation problem,

this paper, we are interested in a robust version of location fuzzy transportation problem
with an uncertain demand using a 2-stage formulation: one with inequality constraints and
the other with equality constraints.

Extension principle,
Duality theory.

Introduction

The solid transportation problem (STP) was first presented
by Haley [7] in 1962, in which three kinds of constraints are
taken into consideration that is, source constraint, destination
constraints and conveyance constraint. The STP degenerates into
the classical transportation problem as the number of
conveyance is only one. In a solid transportation problem more
than one objective is normally considered. The solid
transportation problem (STP) may be considered as a special
case of LPP. In many industrial problems, a homogeneous
product is delivered from an origin to a destination by means of
different modes of transport called conveyances, such as trucks,
cargo flights, goods trains, ships etc. The STP was proposed by
Schell [14]. Bit et al. [3] used a fuzzy programming approach to
solve a MOSTP, Ida et al. [8] presented a neural network
method to solve a MOSTP. Furthermore there exists uncertainty
in practical STP's. In fact, uncertainty exists everywhere in the
practical world.

Solid transportation problem is a linear programming
problem stemmed from a network structure consisting of a finite
number of needs and arcs attached to them. For example, the
unit shipping cost may vary in a time frame. The supplies,
demands and conveyances may be uncertain due to some
uncontrollable factors. Since the solid transportation problem a
linear program, one straightforward idea is to apply the existing
fuzzy linear programming techniques [10, 12, 13] to the fuzzy
solid transportation problem. In this paper, we restrict attention
on fuzzy total transportation cost measure and develop a solution
procedure that is able to calculate the lower and upper bounds of
the objective value of fuzzy solid transportation problem, where
at least one of the parameters are fuzzy numbers. Based on
extension principle [18, 19, 20], the fuzzy solid transportation
problem is transformed into a pair of two-level mathematical
programs to calculate the bounds of the objective value at
possibility level & . Jimenenz and Verdegay [9] solved both
interval and fuzzy solid transportation problems via an extension
of auxiliary linear program proposed by Chanas et al. [5].
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The method of Julien [10] and Parra et al. [12] is able to
find the possibility distribution of the objective value provided
all the inequality constraints are of > type or < type. In robust
optimization, one divides approaches into two groups,
depending on the decisional context. The first context can be
identified as the single-stage context, where the decision-maker
has to select a solution before knowing the real value of each
uncertain parameter. Generally the single-stage approaches
provide the worst case solutions (Soyster [15]) that are very
conservative and far from optimality in real-world applications.
In this research, we propose a new approach for robust linear
optimization that retains the advantages of the linear framework
of Soyster (1973). More importantly, our approach offers full
control on the degree of conservation for every constraint. In this
paper a new method is proposed for solving fuzzy solid
transportation problems by assuming that a decision maker is
uncertain about the precise values of the transportation cost,
availability, demand and conveyances of the product. To
illustrate the proposed method a numerical example is solved
and the obtained results are compared with the results of existing
methods. So the proposed method is very easy to understand and
to apply on real life transportation problem for the decision
makers.

This paper is organized as follows. In section 2, solid fuzzy
transportation and Robust solid transportation problems are
presented. In section 3, fuzzy total transportation cost is
formulated based on the extension principle is presented. In
section 4, Robust location transportation problem and its
solution is presented. In section 5, we use an example to
illustrate the difference between inequality - constraint and
equality - constraint problems. Finally, some conclusion is
drawn from the discussions.

Solid Fuzzy Transportation Problem
Consider a transportation problem with m supply nodes and
n demand nodes, in that S; > O units are supplied by supply

node i and &; > Ounits are required by demand node j. Let
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€, denote the units of this product that can be carries by k

different modes of transportation called conveyance, such as the
land transportation by car or train, flight and ocean shipping.
Associated with each link (i, j, k) from supply node i, demand

node j and k, there is a unit shipping cost C;; for transportation.

The problem is to determine a feasible way of shipping the
available amount to satisfy the demand that minimizes the total
transportation cost.

Let X, denote the number of units to be transported from

supply i, demand j and conveyance capacitye,. The

mathematical description of the conventional transportation
problem is:

m n I
Z = min > 3> > Cy Xy

i=1 j=i k=1

subject to

n I

ZZXUk < s, fori=12,.,m

i=1 k=1 (2.1)
) m |

szijk > &;,for j=12,..,n

i=1 k=1

Sl

Xijw = €, for k =1,2,...,1

v

1 j=1

Xp = 0, V ijk.

—

Intuitively, if any of the parameters Cyy , S;, or &, or €, is

fuzzy, the total transportation cost Z becomes fuzzy as well. The
conventional transportation problem defined in (2.1) then turns
into the fuzzy transportation problem.

Suppose the unit shipping cost Ciji » supply S;, and demand
§j,
They can be represented by the convex fuzzy numbers,

and conveyance capacity €, are approximately known.

convex if gz (A% + (L= A)%,) > min{ uz(x), (%)}, 0<A<L

é.jk, §i, Zj and Ek respectively. Note that a fuzzy set A is

Let He Mg s M3 , and He, denote their membership
functions. We have,
Cijk = {(Cijk’ /U{;ijk (Cijk )) | Cijk < S(Cijk )}
S = (s 15 (s)]s €S}
Ay = {6 1z (516, €S(A))}
E. = {Eou @) eS(EN}

where S(éijk), S(§i), S(Zj)and S( Ek) which denote the
universe sets of the unit shipping cost, the quantity supplied by
i supplier and the quantity required by jth customer through

k™ conveyance respectively. The fuzzy solid transportation
problem is of the following form:
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— m n | —
Z = min > > > CyXy
i—1 j=1 k=1
subject to
n 1 —_
szijk < S, fori=12,....m
J i k= (2.2)
m 1 —
DD Xy = A, for j=1,2,...,n
i=1 k=1
S>3 xu =< Eg, for k=1,2,..,1
i—1 j—1
(X5 = 0, V i.jk.

Without loss of generality, the entire unit shipping costs,
supply quantities and demand quantities, and conveyance
capacities are assumed to be convex fuzzy numbers. In this
model, as crisp values can be represented by degenerated
membership functions which only have one value in their
domains.

Robust Solid Transportation Problem

We consider the following transportation problem: a
commodity has to be transported from each of m potential
sources, to n-destinations through conveyance I. The sources

capacities are C,, i = 1,2,.,m and the demand at the

destinations are A, j = 1,2,...,n . Let E, denote the units of

the product that can be carries by k different modes of
transportation called conveyance. We assume that the total sum
of the capacities at the sources is greater than or equal to the sum
of the demands at the destinations through conveyance k. The
fixed and variable costs of supplying from source i = 1, 2,...,m

are O j and C; respectively. The cost of the transporting one
unit of the commaodity from source i to destination j by means of
the conveyance k is C;, . The goal is to determine which sources

to open (I;), the supply level S; and the amounts X to be

transported such that the total cost is minimized. The
mathematical formulation of the nominal transportation problem
is the following linear program (T):

m n |
(M) = min >cs + .o + Z Ciijk Xiji
i=1 i=1 i=1 j=1 k=1
subject to
n |
ZZ Xg < Si) for i =12..m
j=1 k=1

k=
m n
z z Xy < 8, for k=12 ..1
s <Cr

i [ ri 6{0,1}

Xy 20, Vi, jk. (23)

Furthermore, it should be noted that the decision maker has
to decide in two steps: first, the warehouses have to be located
and filled and after, once the demands are known, the routing of
commodities is decided. According to this context, the
transportation part of the problem has a significant importance
when deciding of the location part.
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In practice, the customers’ demands are often estimated, at
the stage of construction of warehouses. To be realistic, it is
common to assume some uncertainty on these demands. We
define the uncertainty set as being interval numbers for each one

of them. Formally, the jth customer demand 5J- belongs to
[J; —5'1-, J, +$j]where 0; 20 represents the nominal
value of §j and 5']- > 0 its maximum deviation. Clearly, each

demand 5j can take on any value from the corresponding
interval regardless of the values taken by other coefficients. We
denote (Tb)the location transportation problem for a given

o€ [5 — 5, 5+ 5‘] with a nonempty feasible set. Finally, we

denote opt(T ?) the optimal value (bounded value) of (T ) for

agiven O .
Because of the context of our problem, we apply a 2-stage

robust approach to the uncertain problem (T‘S). In fact, we

recall that the decision maker has to size the capacities before
knowing the demands, and once these demands are revealed, he
has to satisfy them. Thus, according to this context, we define

the I, and s; variables as first stage decisions, while the

X;j variables represent the recourse variables or the second

stage decisions. Total costs of all the decisions should be
minimized. Furthermore, the decision maker wants to take
decisions based on a realistic scenario and avoid the worst case
demands. The model chosen to represent the uncertainty set is
the one suggested by [1, 6, 17]. This model is a natural
adaptation of the original Bertsimas and Sim approach (see [2,
4]), in which a parameter I, called the budget of uncertainty, is
defined. The value of I  represents the maximum range of the
uncertain demands that can simultaneously deviate from their
nominal values. As the uncertainty is on the right hand sides
(demands), I" belongs to [0, n]. For I" =0, every right hand side
is equal to its nominal value, while I" = n leads to consider the
problem with the greatest demands.

The aim of setting the parameter I'in the robust
formulation is to restrict the demands that are greater than the
nominal ones. Hence, according to its predictions, the decision
maker is free to choose any value of I in the interval [0, n] and
solve the 2-stage robust problem. Then he can decide to open the
sources and fill the warehouses, while the actual demands are
not known yet. Nevertheless, when the demands are revealed,
the decision maker must satisfy them, even if they are larger
than those expected. Thus, we assume the total recourse

hypothesis: given a solution S; and r, a solution for the

transportation problem exists whatever are the demands. This
problem may concern, for example, the installation of power
plants, where the worst demands must be handled.

Solid Fuzzy Total Transportation Problem:
Define the & - cuts of C-J-k, S, A and E, as:

(Cijk)a = [(Cijk):;’(cijk)li] = [min{cijk € S(di/?k) | Heg, (Cijk) > a},

Cijk

maX{Cijk € S((%Ok” Hep (Cijk)za]

Cijk

(8. =[8)5.(8)21 = [min{s. € S99 1 (s > 2. maxd{s € SO u(s) > al
Si 5

(8, = 4,081 = [min, < S 1, 6) > ). maxds) ()1 u,(6) 2]

(E), =[E)5. ()21 =minde, € SED | 1, (&) > o}, maxde, € SED] i e)>al.

These intervals indicate where the unit shipping cost, supply,
demand, and conveyance lie at possibility level ¢. Suppose we
are interested in deriving the membership function of the total
transportation cost Z . The major difficulty lies on how to deal
with the varying ranges of the unit shipping costs, the supply
quantities, demand quantities and conveyance capacity. One idea
is to apply Zadeh extension principle [18, 19, 20].
Based on the extension principle, the membership function 5
can be defined as:
2) = SUPMIn, (6, 16(5). ), s (6) ¥, J k|2 =206, 5, &),
€808

@1

where Z(c, s, O ,e) is defined in Model (2.1). If the o -cuts of

Z atall o values degenerate to the same point, and then the
total transportation cost is a crisp number. Otherwise, it is a
fuzzy number. In equation (3.1), several membership functions

are involved. To derive 5 in closed form is hardly possible.
According to (3.1), Hs is the
Of'uéi,-k”ui”ulj and pe Y, J, k. We

minimum

need ftg, (Cy) =, Mg, (s))za, M, (6))za pg (&) 2a,
and atleast one 4z (Cji): Hs (s), ﬂl.((sj)’ He, ), Vi, jk,
equal to « such that z = Z(c,s, 0 &) to satisfy 45 (2) =a.
To find the membership function g5 it suffices to find the left
shape function and right shape function of 4 which is

equivalent to finding the lower bound Zg';and upper bound
ZY of the a —cuts of Z . Since Z - is the minimum of Z(c, s,

5,e)and Z. is the maximum of Z(c, s, & ), they can be
expressed as:
Z, =min{Z(c,s,6,e)| (Cijk)z < Gy S(Cijk)l;, (S)s <8, <(S)2,

(A))q <6, <(A)),. (B <e <(E), ,Vijk}

Z, = max{ Z(c,s,6,6)] (Cijk)L Sy < (Cijk)u (S, <5 <(S).

(A)); <5, <(8) (B, <8 <(B), Y ik}
Two Level Mathematical Programs
|

min Zmlcisi + iaﬁ*iizcijkxijk
i i1

i=1 i=1 j=1 k=1

7t = min subject to (3.2)
(Cg )< g < (Cy ) Sh i
Gt L e
(Aj)e <5, <(A)s no
(Ba<ec<(EJL ik |20 D %y 28, for j=12,.,n

i ixijk <e, fork=12,.,1
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m m m oo |
Z C\S\ +Z §|n+zzz cl]k ik
i=1 i=1 [ERENE
Subject 1o
|
2= max ZZ Xp €8, for i=12.., m (3.3)
(Ci )< e <(C ) " k|:1
(S)s <5 <(8), . :
W <s <o) YO w2 d, for j=12..
(B e < (B, vi gk |11+
m n
Y < for k=12, |
=l =l
X 20

At least one Cy,, S;, 5j or €, must hit the boundary of

ijk
their o -cuts to satisfy £4; (Z) = . A necessary and sufficient
condition for Model (3.2) and (3.3) to have feasible solutions is

m n | n
Zsi 2251' and Zek 2251- In the first level of
i=1 j=1 k=1 j=1

Model (3.2) and (3.3), s; ,5j and e, are allowed to vary in the
range of

(50552 LAt (A))? Janal(E)5 . (B)Y Jrespect
ively. However, to ensure the transportation problem of the
second level to be feasible, it is necessary that the constraint

m n | n

Zsi > 251 and Zek 2251’ be imposed in the first
i= j=1 k=1 j=1
level. Hence, Model (3.2) and (3.3) becomes:

m m m n |
min D cs, + OS5+ 2 D> CuXy
i=1 i=1 i=1 j=1 k=1
subject to
L . n |
L = min D3 X <, fori=12,.. (3.4)
( ) Cj < (Uk) j=lk=1
(S)R<S<(5) m | )
(a)): <0 <o) D %y 28, for j=12,...,n
(Ey); <& <(E )U i=1 k=1
i S>i 5 m n
g = zzxijk <g, fork=12..1
z': ang i=1 j=1
g 2
k= . j=1 Xijk ZO
Vijk
m m m n |
min Y cs; + Y 56+ 2 Y CXy
i=1 i-1 i=1 j=1 k=1
U subject to
Z,= max | |
(Cy)s <cy =< (Cy )Y |2 Xy <8, fori=12,..,m
(Si); < sl < (Sl)g Itk
(Aj)s <5, <(A))y o g )
(E:); Se; S(E:)g ;Hxijkzﬁj, for j=12,...n
Sj = O m n
%: %J 20K <y fork=12,..1
Zek > 25] i=1 j=1
\kv/:li'j’kal i 20, vi, j, k. (35)

Model (3.4) and (3.5) will be infeasible for any o level if

Zm:(si)l; < Z(A )eco _Z(E )i+ In other words, a

fuzzy transportatlon problem is fea5|ble if the upper bound of
the total fuzzy supply is greater than or equal to the lower bound
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of the total fuzzy demand. To derive the lower bound of the
objective value in Model (3.4), we can directly set Cijc to its

lower bound (Cijk); Vi, J,K to find the minimum objective
value. Hence, Model (3.4) can be reformulated as:

m 0 non
;Ci Si%@rﬁzzzcm Xig

i=1 j=1 k=1
subject to
no |
L _ . X, <8, for i=12,..,m
= min (2L
Glss< ) |3 d '
hes, <0 (22 2 8 for j=L 2
(E)s <e <(E)Y |l k=t
$2y & L
il; Jz:l | Z].Zl Xijk S ek' for k:1’2 yerey |
n i
e >y §
= ; i X, >0, Vi, j,k
e U (3.6)

Since Model (3.6) is to find the minimum of all the
minimum objective values, one can insert the constraints of level
1 into level 2 and simplify the two-level mathematical program
to the conventional one-level program as follows:

ZL

m m m n 1
min D" c;s; + > 5 + > > > (Cy ) 5 X

i—1 i=1 i=1 j=1 k=1
subject to
n 1

S Xy <5, fori=12,..m

j=1 k=1
m I
> > Xy =5, for j=1,2,.., n
i=1 k=1
Zinjksek,forkzl,Z ..... 1
i=1 j=1
zsi 2251
i=1 ji=1
>, =>e
i=1 k=1
(SHL =s, =(8))y.i=12,...m
(AL =5, =(ANY.1=12,..,n
(EL =e =(EY =12,..,1
X =0, Vi, j, k.

3.7)

This model is a linear program which can be solved easily.
In this model, since all Cy, have been set to the lower bounds of
He, (Cyy) = athis
s (Z) =« as required by (3.1). To solve Model (3.5), the
dual of the level 2 problem is formulated to become a
maximization problem to be consistent with the maximization
operation of level 1. It is well-known from the duality theorem

of linear programming that the primal model and the dual model
have the same objective value. Thus, Model (3.5) becomes:

their o -cuts, that is, assures
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m n |
i=1 j=1 k=1
subject to
UV, - W <G
Z'=  max for i=12.. m (38)
(Ch)e <cq <(Cy ) .
(sijk)ﬁss‘ik(si)fJk for j=12,.,n
(8y)z <6, <) _
EL <t <[E,) for k=12, 1
25‘2261 u|lvjv —0
il et
‘ 9k22(51 v'!]sk)
k=1 j=1
Vi jk
since (Cy)s <Cy <(Cy)? , Vi, j,k. In Model (3.8),

one can derive the upper bound of the objective value by setting
C;j to its upper bound (Cijk)U Vi, J,K because this gives
the largest feasible region. Thus, we can reformulate model (3.8)
max — Zs,uI +Z5v +Zeka

as: subject to

Z,= max

(3.9)

— U V) =W, S(Cijk)laJ

(Si)e <5< (i) fori=12,., m
(A-)a 55 <(Aj)g L

(Ek) <nek <(Ek)u for j=12.... n
zslzzé} for k =12,.., |

iTl j:nl Ui, Vi, Wy >0

=25 Vi, j.k.

k=1 j=1

Y oi,jk

Now, since both level 1 and level 2 perform the same
maximization operation, their constraints can be combined to
form the following one-level mathematical program:

m n |
ZY = max— ) sU 4+ D 5V, + Y e W,
i1 = k=1
subject to
UtV - W, S(Cijk)g
m n (3.10)
28 226
i-1 =1
| n
e =20
k=1 j=1
(Si); < § = (Si)zv i=1..m
(A). <6, < (A)s,i=L..n
(Eda < & < (B, k=1..1
Ui, Vv, W, >0,Vi,j,k.

This model is a linearly constrained nonlinear program.
There are several effective and efficient methods for solving this

problem. Similar to Model (3.7) since all C;; have been set to

the upper bounds of their ¢ —cuts, that is, ffg, (Cj) =aas

required by (3.1). Problems (3.4) and (3.5) are assured to be
feasible if the lower bound of the total fuzzy demand is smaller,
than the upper bound of the total fuzzy supply, i.e.,
n |
S < zxsno and 3 (Ao < D (E)umo-
k=1

j=1 j=1
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If this condition is not satisfied, then the problem will be
infeasible. In this case, a fictitious supply point m + 1 with an
amount of

S = i(A,’)I&:o - i(si)zzo and

j=1 i=1

i(AJ—);:O - Z(Ek)z:o ’

just like the conventional transportation problem can be assumed
to make the problem feasible. The amount to be shipped from
the fictitious supply point is the shortage of that demand point.

For two possibility levels «a;and «,such that
0 < o, £ a, £1 the feasible regions defined by ¢, in
Models (3.7) and (3.10) are smaller than those defined by c,,.
Consequently (Z)'a‘[1 > (Z)(';[2 and (Z)Z1 > (Z)L;Z: in
other words, the left shape function is non decreasing and the

right shape function is non increasing. This property, based on
the definition of ‘‘convex fuzzy set’’ [20], assures the convexity

of Z. If both Z. and Z. are invertible with respect to,

%

then a left shape function L(z) = (Z;)(’l) and a right shape
function R(z) = (Z.) )& can be obtained. From L(z) and R(z),

the membership function 45 is constructed as:
L(Z), (Z) oo <2=(Z)

u=41 (Z)ga=<2=(Z)y,
R(2), (Z)en =2=(Z)0s0

Robust location Transportation problem

The robust location transportation problem, denoted by
T, o5 (') is to choose the sources to open (with the I; variables),
and the amounts to store (with the S; variables) such that the

worst demand in the uncertainty set is satisfied with minimum
cost. The robust problem is the following:

min ch +Z:5,rI + opt (R(s, I))
Trob(r) = -
subject to
s; = G
isi = B
s, = 0, r [0A], 1)
N~ A
where B = 251 +;and opt (R(s,I')) represents  the

j=1
optimal value of the recourse problem:

min
" I
xS, i=la,m
1 %L
i
ST gkzd, =158
F-l &-1
max
ety
n n m i
R(s, Ty > xm fep, k=11 T cwX
=1 =]
i=1,.,m
J=1L..n
k=11
Xge 20,

4.2)



7401

with the uncertainty set U(I") is defined by
u) = {a“eiR” 10 :5J. +zj5j, j=1..,n, zeZ()}@4.3)

Z(F):{ZE%”:Zn:szF,OSZJ.SLj:1,...n j (4.4)
=l

m
The constraint Zsi > B where B is given by (4.1) is due to
i=1
the total recourse considered in our formulation, and the
assumption of satisfaction of the greatest demands. At optimality
opt(R(s,I")) represents the transportation cost for a fixed
capacity level s and I" worst deviations. Considering (4.2) and
(4.3) rewrite recourse problem R(S,I") as

min
n ]
33 g <si=1..m
j=1k=1
m | -
max DD X 26, +0,z5, j=1...,n
i=1 k=1
n m__n m__n |
z. <T, X <€, k=1..,1 Ciin Xii
R(s,I") =472 ! ;jzl i “ ;j:l; e
0<z;<1, i=1..m,
=1...,n j=1...,n
k=1..,1
X = 0.
By strong duality theorem, one can replace the

minimization problem by its dual in the recourse problem as:
(since the problem is feasible for all demands)

- . !
max —zm: s U, +Zn: 5V, +Zn: S ViT - ) BW,
i-1 1 = )

subject  to

—-U +V. - W <C
Q(S, F) i j k ijk
n
2,<T
j=1

0§zj£1

U, V;, W, 2 0, i=1,.,mj=1..nk=1..1
where U;, V;, W, are dual variables. The recourse problem

Q(s,IN) is of quadratic form. Now robust location
transportation problem can be written as

min Zm:cisi + Zm:& r, +opt (Q(s, IN)

subject to
s. < Cir

1
m
>'s;, = B
i=1
s, 20, r €[0]],
which is the minimization of a convex function under linear
constraints.

T Irob (F)

Numerical Examples

Example 1. To illustrate the proposed approach, consider a
transportation problem with one fuzzy shipping cost, two fuzzy
supplies, three fuzzy demands and two fuzzy conveyance

S. Narayanamoorthy and P. Anukokila’/ Elixir Appl. Math. 44 (2012) 7396-7404

capacities. Supply 1 and Demand 3 are trapezoidal fuzzy
numbers and the remainders are triangular fuzzy numbers. The
problem has the following form:

Z=min 20 X, +40 X, +60 X, +60 X,,+50 X +30 X, +(70,80,90) X,y,
+10 X,1,+50 X, +50 X5 +40 X,0+50 Xy,
subject  to
Xlll+ X112 + X’lZl+ X122 t X131 + X132 < (40 ! 60 ' 70 ' 80 )
)(211+ X212 t X221 t XZZZ + X231 + X232 < (70 ' 90 ' 100 )
X111+ X112+ X211+ X212 2 (40 ' 50 ' 70 )
Xigr + Xipg + Xogr + Xogp 2 (20,30,40 )
Xigr + Xigp T Xoar + %oz 2 (10,20, 30, 60)
Xlll + X121+ X131+ X211+ X221+ XZSl < (40 ' 50 ' 60 )
X112 + X122 t X132 + X212 + X222 + X232 < (70 ' 90 ! 100 )
Xill ! X112 ! XlZl ' X122 ' X131’ X132 ! X211 ' X212 ! X221' X222 ' X231 ! X232 2 0

The total supply is S, + S, = (110,150,160,180) and the total
demand is A, + A, + A, = (70,100,110,170), and the total

capacity E = El + EZ: (110,150,170).
Since S N A M E # ¢. According to Models (3.7) and (3.10),

conveyance

the lower and upper bounds of Z at possibility level ¢ can be
solved as:
ZE=min (S, + S,C,) + (Oif + Soby + Soly) +20 X3y + 40 X, + 60 Xy,
+ 60 X, + 50 X3 +30 X5, +(70,80,90) X,; +10 Xy,
+50 X, +50 X,,, +40 X5 +50
subject to
Xlll + X112 + X121 + ><122 + X131 + X132 = Sl
Xle + X212 + X221 + X222 + X231 + XZSZ < SZ
Xip + Xip + Xo11 + Xp1p 26,
Xig1 + Xiop + Xop1 + Xp0p 25,
X1 + Xizp + Xog1 + Xo3 2 G5
Xia1 + Xia1 + Xigg + Xorg + Xop1 + Xogy <€
Xiiz + Xizp + Xigz + Xp1p + Xppp + Xo3p <€,
$$+S, =20,+6,+0,
e +e 206,+05,+07,
40+ 20a < s, <80 — 10
70 + 20 < s, <100 — 10&x
40 +10a < 6, < 70 - 20
20 +10a < 5, < 40 —10a
10 + 10a < 8, < 60 — 30«
40 + 20a < e, < 70— 10a
70 + 20 < e, <100 — 10cx

x232

Xlll’ x112 l)(121 ’ X122 ' X131’ X132 ' X211‘ X212 ’ X221’ x222 ’ X231’ X232 = O'
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ZY = max —su,
subject to
—-u, +v,; —w, <20

— S,U, +OV, + SV, + OV;—ew, —e,Ww,

-u, + v, —w, <40

-u, + Vv,—w, <60

-u, + v, —w, <60

—-u, + v, — w, <50

- u + v, —w, <30

-u, + Vv, -w, <(90 — 10«)

- u, +v, —w, <10
- u, +Vv, —w <50
- u, +Vv, —w, <50
—u, +v; —w <40
- u, + v, — w, <50
S, +S,20 + 05, +5,
e +6 =20 + 0, +5,

40+20a <'s, < 80 —10a

70 + 20a <5, <100 — 10c
40 + 10a < &, < 70— 20c
20 + 10a < 5, < 40 —10c

10 +10a < 9, < 60-30c
40+20c < & < 70-10c
70+ 200 < e, < 100-10c

Uy, Uy, Vi, Vy, Vg, W, W, 0.

4000

soupe

Fig. 1 Inequality Constraints

A mathematical programming solver Lingo [11] is used to
solve the above mathematical programs. Table. 1 lists the o -
cuts of the total transportation cost at eleven distinct ¢ values:

0.1,0.2,..., 1.0. The « -cut of Z represents the possibility that
the transportation cost will appear in the associated range.
Specifically, the & = 1.0 cut shows the total transportation cost
that is most likely to be and the & = 0 cut shows the range that
the total transportation cost could appear. In this example, while
the total transportation cost is fuzzy, it’s most likely value falls
between 2600 and 2900, and its value is impossible to fall
outside the range of 1700 and 4800. The curve labeled
“‘Inequality-constraints’” in Fig. 1 is the membership function

M5 of this example.

For the a = 0 cut on, the lower bound of Z* = 1700
occurs at
X =1 % =80 ,x,=20 v 6,=40,6,=20,
§,=10, s, =80,5,=100 ,¢e,=170
and the other decision variable are 0. The upper bound of
Z*=4800 occurs at
U, =0,u,=0ad v, =2,v, =5, v, =4 wih
6,=17,6, =40, 6,=260,e,=70,c¢e, =10
At the other extreme end of « = 1, the lower bound of Z*

*

=2600 ocours at X, = 20, X5, = 50, X;,, = 20 with
0, =50, 0, =30, 6, =20,e, =60, e, =90, s, =70, s, =90,
and the other decision variables are 0. The upper bound of
Z*=2900 occurs
ats, =50 ,5,=90 ,6,=50 ,0,=30 ,6,=30 ,¢,=60 ,e,=90
and the other decision variables are 0. Notably, the values of the
decision variables derived in this example are also fuzzy.

Equality Constraints

In the preceding section, the transportation model being
considered has inequality constraints. The total supply must be
greater than or equal to the total demand to assure feasibility. In
this section, we discuss the transportation model with equality
constraints:

m n |
Z =mind Y Y ek

i1 =i k=l
subject to
no |
Y ¥ xy =5, for i=1,2,..,m
=Lk (5.1)
m |
Y Y% =6, for j=12,..,n
i=1 k=1
Y Y% =g, for k=12,..
i1 j-1
Xy 20, ¥ ijk

This model is feasible if and only if
m

n | n
2s=2 0 2 e=)0;
i=1 j=1 k=1 j=1

When the shipping costs, supplies, and demands are not
known exactly, we have the following fuzzy solid transportation

problem:
- . m n | __
Z = min D> Cy X
i=1 j=i k=1
subject to

n -
DD Xy =S, fori=12,..,m
=1

e (5.2)
m | -

D> Xy = Aj L for j=12,...n

i=1 k=1

> xy = E,, for k=12,

i=L j=1

Xy >0, V ik

Similar to the discussion of the inequality-constraint case,

the lower and upper bounds of Z at possibility level & can be
solved from the following pair of two-level mathematical
programs:
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noad Example 2. Suppose the inequality constraints are replace by
in Z G+ ZI: +2;2 Ciie equality constraints:
L _ . subject  to Z=min 20 x ,, + 40X, + 60X, + 60 X, + 50 X .
Za - mln

(Cy <y < (Cy)a Zn: I Xy =S, for i=1,2,..,m + 30 X g + (70,80, 80) %y + 10X 5 +50 X 5
(S)p<si<(S) [

(A5 <8;<(A))y + 50 X + 40X 5 + 50 X 5

m
E)t<e <(E)Y, |22 % =0, for j=1,2,..n (5.3) subject  to
m n i=1 k=1 '
zsi = 261 Vi Z”‘:Z": f k=1 2 | XKgp ¥ X gt X+ X + Xy ¥ Xy = (40,60,70 180)
i i1 X, =€, for k=1 2,.,
iek = ZHJ(S- vojk [ ! Xon T X + Xt X+ X gy + X 5 = (70,90,100)
= . i
= X 2 0. Xy * Xy + X + Xp, = (40,50,70)
m ol X + X g +)(221"')(222:(20130140)
min Y68 + )L 6R+Y D ) Gy X + X + X+ X = (10,20,30, 60)
=L i=1 j=1 k=L
subject o X + X+ X g+ X+ X + X = (40,50,60)
U N X + X+ X+ X gy + X g + X o = (70,90,100)
Z, = maX JZ;; Y= § for i=1,2,.,m X1 Xiio 0 Xaor s Koo Xagr o Xago o Xoia s Koo Xopr s Xogp s Xogr s Xy 2 0.
ESJ;L): C"i(_s(?dk) . Based on Model (5.5) and (5.6) the lower and upper bounds of
i)a <5<y . ~
(A1) <0< (8 )y Y K= 4, for j=1,2,.n the & -cut of Z can be derived by solving the following pair of
E Lg <(E. )Y, i=1 k=1 H .
(ik)a Z (Ee - (5.4) mathematical programs:
= >80 Vij
i i ;; K = o for k=12,., 1 ZE =min(s,C, + 5,C,) + (S1, + Syl + Syly) + 20X, + 40X, + 60X, 5,
e = Z(s,- v ojk 30 +60X,5, + 50%,5, + 30X, 5, + (70,80,90)X,,, +10%,,,
e i = +50X,, + 50Xy, + 40Xy, + 50 Xy,
The corresponding pair of one-level mathematical program is subject to
Z L _ X1t X Xigr  Xigp + Xz + X3, = S
" " moon Xo11F Xa12 + Xop1 F Xogp + Xoz1 + Xp3, =S
min Zcisi + Z5i n + ZZZ(CUK D) Xijk Xip1+ Xipp + Xor1+ Xppp =0
i=1 i=1 i=1 j=1 k=1
subject to X1+ Xiop + Xo01 + X2 =6,
iz'lx _s for i —1.2 m Xig1 F Xigo + Xpa1+ X3 =55
= v T X1+ Xppr + Xyar + Xopn F Xoor + %oy =€
iz‘:xijk — 5] ) for j :1’2'___’ N X112+X122+X132+X212+X222+X232 =e2
i—1 k=1 S +5S, =51+§2 +§3
S>> Xy =€, for k =1,2,..,1 e+e, =0,+05,+3
P i 40+ 20a < s, <80 — 10
28 =295, 70 + 20a < 5, <100 —10cx
pp= =
n 1 40+10a <6, <70 - 20
2.5, =28 20 +10 < 5, < 40~ 10
(St = =(s)HY,i=12,....m 10 +10a < 6, <60 — 30
(ADE saj =AY, i=12,....n 40 + 200 <€, <70 —10a
(E))L =e. =(E)Y.k=1,2,...,1 70 + 20 < e, <100 -10
Xijk = O’ h4 i’ j’ k' Xlll‘ X112’X121’ X122’X131’ X132'X211‘ X212’X221’ X222’X231’ X232 20
2, =max -su -su,. +Eév +E v . +F v, —ew —e.w
subject  fo
(55) —u +v, -w, 2020
—u, +w, -w, 2 40
£ k] i —u, +v, -w £80
ZE = max ?Siux"'zdjvj Zekwk —u, +¥,-w, 260
il -1 k-1 —u, +v, - w 30
subject to —u v, - w £W
H!.J,vj_wkg(cw)z —u v o-w, S (0 -10a)
-u,+ v -w, =10
is,- =dej- —u, v - w €350
iml =1 -u, + v, - w, =30
1 N —uw, 4+ ¥, - w240
Zek =Z§J, —u, + v, - w, =30
kel =1 s+, =6, +46, +6
.3< .o .U'= e +e. =48 +4, +4&
(S’); =% (S’)“U’ i=lo.m (5.6) M+ Me<s €30 -10a
(b, 2 6; 2 (A0, J=L.,n M+ W £s, £100 -10a
0% % S @b grmeziin-ne
wuv w20, V5 Lk 0 +10a 8 S6) -Ma
D+ Wate 70 -10a
Mo+ Wa £ £100 -10

LU, v, W w20
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Fig.2 Equality Constraints
Table 2 lists the bounds of the total transportation cost at eleven
a-cuts. The curve labeled Equality constraints in Fig. 2 is the

membership function uZ of this example. For o greater than
0.6, the problem is infeasible. In other words, the maximum
degree to which the constraints could be satisfied is equal to 0.6.
It is also worthwhile to note that the membership function of the
objective value of this example is contained in that of Example
1. The reason is simply because equality constraints are more
restrictive than inequality constraints.

At o = 0, the lower bound of the objective value is 2500,
OCCUrring at Xq11 = 20, X130 =20, X212 = 50, X551 = 20 with 8; = 70,
8, =20, 83 =20ands; =80,s,=90, E; =40, E, = 70. The upper
bound is 4800, which occurs at 8; = 70, 5, =40, 83 =60 and E; =
70, E; = 100. At o= 0.6, the a-cut is a single point 3720.
Conclusion:

Transportation models have wide application in logistics
and supply chain for reducing the cost. The solid transportation
problem considers not only the supply and demand but also the
conveyance capacity to satisfy the transportation requirements in
a cost effective manner. This paper develops a procedure to
derive the robust fuzzy transportation problem under certain
demands to find the membership function of the fuzzy total
transportation costs. The idea is based on the extension
principle. In robust optimizations a part of the decisions must be
taken before knowing the real values of the uncertain parameters
and another part, called recourse decision is taken when the
information is known. In this paper, we are interested in a robust
version of the location fuzzy transportation problem with an
uncertain demand using a 2-stage formulation. Two different
types of the robust fuzzy transportation problem are discussed:
one with inequality constraints and the other with equality
constraint.
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linear

Table. 1 The & -cuts of the transportation cost at 11 & values for Example 1

o 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
7 L 1700 1790 1880 1970 2060 2150 2240 2330 2420 2510 2600
a
Z u 4800 4640 4480 4320 4160 3950 3720 3490 3260 3060 2900
(24

Table. 2 The & -cuts of the transportation cost at 11, & values for Example 2.

(04 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

7 L 2500 2690 2880 3070 3260 3450 3270 inf inf inf inf
a

7 u 4800 4640 4480 4320 4160 3950 3720 inf inf inf inf
a




