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Introduction

In this paper, we prove the existence of mild solutions for
the following first order partial neutral functional
integrodifferential equations with state—dependent

delay:

< [x(0) — gt x)] = Ax(9) + [ B(t— s)x()ds +H{t,x(t - p(x(8)))),
te]=[0,b], (1.1)

x(t) =¢(Dt € [-1,0], (1.2)

where A is the infinitesimal generator of a strongly
continuous semigroup of bounded linear operators in a Banach

space X, B(t), t €] is abounded linear operators, g:] X C— X and
f: ] X X — X are given functions. Here C = C([—r,0],X) is
a Banach space of all continuous functions d: [-r,0] = X
endowed with the norm |||l = supfd(8):—r = 6 < 0},
Also, for =& C([-rb], X), we have x, EC for
t € [0,b], x,(68) =x(t+ 8) for 6 € [—r,0]. Here x.(-)
represents the history of the state from time t — 1, up to the

present time, P is a positive bounded continuous function on X

and r is the maximal delay defined by

r = sup plx).
xeX

The nonlinear integrodifferential equation with resolvent
operators served as an abstract formulation of partial
integrodifferential equations which arises in many physical
phenomena [12,13,30]. The resolvent operator is similar to
the semigroup operator for abstract differential equations in
Banach spaces. However, the resolvent operator does not satisfy
the semigroup properties, see for instance [8,26 ].
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Functional differential equations with state—dependent delay
appear frequently in applications as models of equations and for
this reason the study of this type of equation has received great
attention in last few years, see for instance

[2,3,7,10,17,18,19,20,23] and the references therein.
For more details on differential equations with state—dependent
delay, we refer the reader to the handbook by Canada et al.[6].

On the other hand, neutral differential equations arise in
many areas of applied mathematics and for this reason these
equations have been investigated extensively in the last few
decades. There are many contributions relative to this topic and

we refer the reader to [21,22, 24], the handbook [31]. The
literature related to ordinary neutral differential equations is very
extensive, thus, we refer the reader to [16] only, which contains

a comprehensive description of such equations. Similarly, for
more on partial neutral functional differential equations and

related issues, we refer to Adimy and Ezzinbi [1], Hale [15],
Wu et al.[31] for finite delay equations, and Hernandez et al.

[21] for unbounded delay.

Recently, much attention has been paid to the existence
results for the partial functional differential equations with state—

dependent delay such as [22,23, 24,32] and the references
therein. Motivated by the works [26,28], the main aim of this
paper is to establish some existence results for the problem
(1.1) — (1.2) by using resolvent operators and Krasnoselski —

Schaefer’s type fixed point theorem with semigroup theory. Our
main results can be seen as a generalization of the works in

[8,26,28] and the above mentioned partial functional
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differential equations with state—dependent delay.

This paper is organized as follows. In section 2, we recall
some notations, definitions and some Lemmas which are used
throughout this paper. In section 3, we use the Krasnoselski-
Schaefer’s type fixed point theorem to prove the existence of

mild solutions for the problem (1.1) — (1.2).

Preliminaries

In this section, we give some notations, definitions and
some results on resolvent operator that will be used to develop
the main results.

Let (X, [I-]) be the Banach space, the notation L{X,Y )
stands for the Banach space of all linear bounded operators from
Xinto Y, and we abbreviate this notation to L{ X} when

X =Y. R(t), t =0 is compact, analytic resolvent operator

generated by A.
Assume that

( A; ) Ais a densely defined, closed linear operator in a
Banach space (3, II-11) and generates a G, —semigroup T(t).
Hence D(A) endowed with graph norm |x| = |||l + |[Ax]|
is a Banach space which will be denoted by (Y, [|-]]).

(A,) {B(t) : t €]} is a family of continuous linear
operators from (Y, [I-1l) into (X, |I-[I). Moreover, there is an
integrable function ¢ = [0,b] — R™ such that for each VEY,
the map t = B(t)v belongs to W1 (], X ) and

d
HEB[WH <cdlyl yeY, te].

Definition 2.1 A family {R(t) : t = 0} of continuous linear

operators on X is called a resolvent operator for
E = Ax(t) + f;B[t— s)x(s)ds,

if:

( R; ) R(0) = I(the identity operator on X),

(R, ) Forall x € X, the map t = R(t)x is continuous from

Jto X,

( Ry) Forall t £], R(t) is continuous linear operator on Y,

and for all ¥ € Y, the map t = R(t)y

C(1,Y) N C'(],X) and satisfies
ZR(9)y = AR(y + [ B(t— s)R(s)yds

= R(t)Ay + [ R(t —s)B(s)yds.
To prove the main results, we need the following theorem.
Theorem 2.1([26]) Let the assumptions ( A, ) and ( A, ) be

satisfied. Then there exists a constant H = H(b) such that
IR(t+ h) — R(W)R(Dll o < Hh, for all
o=h=t<h,

where L(K] denotes the Banach space of continuous linear

belongs to

operators on X.

Next, if the Cy —semigroup T(-) generated by A is
compact (that is, T (t) is a compact operator for all t >0), then
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the corresponding resolvent operator R(-) is also compact (that
is, R(t) is a compact operator for all t >0) and is operator norm
continuous (or continuous in the uniform operator topology) for
t>0.

Next, we give the basic definitions and lemmas which are
used throughout this paper.

Let A:D(A) — X be the infinitesimal generator of a
compact, analytic resolvent operator R(t), t= 0. Let
0 € p(A), then it is possible to define the fractional power
(—A)® for 0 << @ =1, as closed linear operator on its

domain D(—A)®. Furthermore, the subspace D{—A)% is

dense in X, and the expression
=l = II(—A)*xll, x € D(—A)*"

defines a norm on D(—A)®,
Furthermore, we have the following properties appeared in
[29].
Lemma 2.1 The following properties hold.
() 1f 0= f <& =1, then X; = Xg and the embedding
is compact whenever the resolvent operator of A is compact.
(ii) For every 0 < @ = 1 there exists C, = 0 such that

I(—A)*ROI<E, o0<t<b.

x
Theorem 2.2 ([5]) Let F4, F, be two operators satisfying:

(a) Fy is contraction, and

(b) F is completely continuous.

Then either

(i) the operator equation F,x + F,x = x has a solution, or
(i) the st E= {x € X:0F, (2) + hFpx = x} is
unbounded for A € (0,1).
Lemma 2.2 [21] Let v(-), w(-):[0,b] — [0,20) be
continuous functions. If w(] is nondecreasing and there are
constants 8 = 0, 0 = & << 1 such that

v(t) < w(t) + 8 [F—22_gs,

o |:t_s}‘_—II

te],
then

v(f) < 2T rmgi(%)i w(D,
i=o

for every t € [0, b] and every n € N such that nat == 1, and

F[] is the Gamma function.

Existence Results
In this section, we shall present and prove our main results.
First, we define the mild solution for the problem

(1.1) — (1.2).

Definition 3.1 A function x: [—r, b] — X is called a mild
solution of the problem (1.1) — (1.2} if %(t) = &(t) on
t € [—r,0], the restriction of =(-) to the interval | is
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s € [0,t), the
AR(t—s)g(s,x.), is integrable and the integral equation

continuous, and for each function

x(t) = R([6(0) — g(0,6)] + gt %) + [ AR(t— 5)g(s,x,) ds
+ f; R(t—s) f: B(s —1)g(t,x_)drds
+ [TR(t—s) f(s,x(s — p(x(s))))ds,

te]

is satisfied.
In order to prove the main results, we list the following
hypotheses.

( Hy) ([see lemma 2.1]) A iis the infinitesimal generator of

a compact analytic resolvent
operator R(t), t = 0 and 0 € p(A) such that

IR <M, IB{t)Il <M, forallt = 0 and

|(—a)"Fr(t—9)|| = gﬁ_—ﬁ 0<t<bh

( H, ) There exist constants 0 < < 1, Cy, ¢4, €5, L such
that g is Xg-valued, (—A)Pg is
continuous, and
D [|~APe )| = cllzllc+ e,
xEC,

te]

(ii) [|(—A)Pa(tx,) — (—4)Pg(t x,)
te], x €C, i=1,2with
|(=2)7F][ = M, and

.—gbF
C, = LE{MD +L‘;—}=:: 1,

( Hy) The function f: ] X X — X is Caratheodory that means

that f is measurable with respect to the first argument and
continuous with respect to the second argument.
(H,) There exists a function p &€ LY(J, R*) and a

continuous nondecreasing function

| = Lgllxl_ xgllcy

Y : [0,00) = [0,00) such that
[£(t, u)| < p(e)w(llull), for every t € ], and for each
u € X with
b o2 P
5
Boks [ () < [ =,
o w(s)
D B K,

where

b £,C, _ghP
K, =5 OO+ 0 + M1+ M) + 2555
K. = —EE"C“_ I{E = i

= M M
n—1 B i
B = oX2r@) e rep N (KB
o B 1
=0
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and M =1 —¢c,M, — ¢,M,M,b*M,
Theorem 3.1 If the assumptions [ Hy ) — ( H, ) are satisfied.
Then the problem(1.1) — (1.2)
has at least one mild solution on [— r, h].

Proof: Transform the problem (1.1) — (1.2} into a fixed

point problem. Consider the operator
F: C([—r,b],X) — C([—r,b], X) defined by

o), te[-r0],

()1 = R()[4(0)-g(0,0)] +(tx.) + j‘ AR(t- 5)gls,)ds
f;R(t S]f B(s—1)g(tx ) duds
+IRE-9) foas-pb@))es  tel,

From hypothesis ( Hy ), ( H, ) and Lemma 2.1, the following
inequality holds:

IAR(t—5)g(s,x,)l < [| (-2 #R(t— 5)]| [ (-A)°e(s.x,)|
< = lalixllc+ el

Then from Bochner theorem [33] it
AR(t —s)g(s,x_) is integrable on [0,t).
Now we decompose F as F = F; + F, where

follows that

0, te [-1,0],
PO R (0g00,0) +2l65) + [ ARG-9)gls5)ds,  te]
and
(1), t€ [-1,0],
Fx() =1 RO(0)+ [[R(t~s) [;B(s~)g(r,) drds
-I-fuI R(t-s) f[s,x(s—p[x(s])))ds, te].

We claim that the operators F4 and F satisfy all the conditions
of the Theorem 2.2 on [—r, b].

First we show that F is contraction on C([—r,b],X).

Let %, ¥ € X. From hypothesis (H; ) and (H, ), we have

IFyst)-Roy(9l < lgtex) - o)l + | ARG 5o x) - ls )]s
< lg(tx) — syl + “f; AR(t-s)[g(s,x.) —g(s.y.)] ” ds

= | (—A) BLllx, — vl +
Lellx, = villc [y o5iopds

EMDLgllxt - :I‘Ftllf_' +

c,_gbP
Lellx, =y llc =5—

c,_ghF
A A

Taking supremum over t,
IF,x—

Foyll = Collx—ll,
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._gbF
where C, = LE{MQ +°—‘E|3—} < 1.

This shows that F is contraction on C{[—r,b], X).
Next, we show that the operator F5 is completely continuous on
C([—r,b].X). First we prove that F, maps bounded sets into
bounded sets in C{[—r,b], X).

It is enough to show that for any q == O there exists a

positive constant ) such that for each
XEB = {x€ C([-rbl.X): lIxllc = g}, we have
F,(x) € B;. For each te], we
have

F,x(t) =R (94(0) + [[R(t—s) [ B(s - 1)g(r,x,) drds
+ _I'; R(t—s) f[s,x[s — p(x(s]]j)ds

Then
IFx ()] < IR ©ll(0)]l + f; IR(E~s)ll S 11B(s — )lllg(t,,)ldeds

+ [oIRG =)l |f(s.x(s— p(x(s)))) | ds.

From hypothesis { Hy J — ( Hy ), we have
JEx9 < MO0+ MM e+ s+ [p( - o)

< M, ()11 + MM M,b*[e;q + ¢;] + Myi(q) f; p(s)ds
=5

Thus for each x € B, we have [|F;x(t)llc = 8.

Next, we show that F5 maps bounded sets into equicontinuous

setsin C{[—r,b],X).

Let0 < 5, <5, =b, for each
x€ B, = {x € C([-rbl.X):lIxllc = q} and let € =0
be given. Now, let 54, 5; € J with 5, = 5.

Then, we have

IF,x(sy) — Fox(s)ll = lIR(sy) — R(s ) b(0)]]
| [5 R(s, — ) — R(s; )] [ B(s — Dg(rx,)duds|
+ |_r:_E[R( s, —s) —R(s, — s]]f; B(s —T]g(’r,x,t]d’tds“

+ HJ:’* R( s, —s) f; B(s —t)g(t,x_) drds ”
5 IR
+ 15 R~ )~ Rs, ~ (s x(s— x| ¥

5, —5) = R(s, — )]f(s,x(s — p(x(s))) )ds]|

+ ”_I":‘ R(s, —s) f[:s,x[s — p[x[s]]]]ds ”
IR(s,) — R(s )0l
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+ MM;b [=7F[IR(s

— ) = R(s; = 9)lly ey lIxc Ml + c;]ds
+ MMy [ IR(s; —5) = R(s; = 8) g eyl e+ c;]ds
+ MDM1M2h.r::[C1”xr”c + c,lds

+ _r:"_E||R[ s, —s) — R(s, — S]"LEKTJ

p(s]ﬂ;[‘x[s — p[x(s]))Dds

+ 1% IR (s =)= Rls, = 9lop@w s (s = p(x(3)) )| s
+ M, _I':‘ p[s]q.r[‘x (s — p[x(s]))‘}ds

=

+MM,b f;"_ IR( sy —s) — R(s5 — 8)ll e [e19 + c,]ds

+M I"WL.]::_Ir MIR(s; —s) = R(s; — s)ll [ + ¢, 1ds
+M,M; M, b_]r [c,q+ c,]ds

+W(q) _r;L_E”R( sy —s) — R(s; — Sj”]_(x} p(s)ds

+ () [* IR(s; —s) = R(s; — s)llxp(s)ds

+ M, W (q) f:‘ p(s)ds.

From the Theorem 2.1 (see also [25, 26,_Theorem 3.1; Theorem
2.5]), we deduce that the right hand side of the above inequality

tends to zero as 5, — 54 goes to 0 and £ sufficiently small.

Thus the set {ng: XE Hq} is equicontinuous. Here we

consider only the case 0 <C 54 << 5, = b, since the other

cases 5, = s, = 0or 5, =0 = s, = bare very simple.
Next, we show that F is continuos.

Let {x, } be a sequence in X such that X, — %. Then

IIF,x, (t) — F, x(t)]l

|

ot

—g(t,x_)]dtds u

R —3) [ f[s X, [s]j]) [s X(s— p(x[s)j])}ds”

< f;”R(t— 5) ||f;||B[s —Dllllg(t.x,.) — glt.x,)|l drds
+ [TIRCe— )| (5%, (s

—pl(x, (s]]]) — f(s,x[s — (x[s]]])“ds
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From hypothesis ( Hy ), the continuity of p and by Lebesgue
dominated convergence theorem, the right hand side of the
above inequality tends to zero as 11 —* 2. Thus

IF, %, (£) — F, x(£)]| = 0 as n— oo,
Next we show that F; maps B, into precompact set in X.

Let 0= t=<h be fixed and let € be a real number
satisfying0 <~ € <~ t. Forx € Bq, we define the operators

(F5x)(t) = R(t) D)-I-ft "R(t —s]f B(s—1)g(r,x_)drds

+ f;—eR(t— s)f(s,x(s — p(x(s))))ds
=R()$(0) + R(e) [ “R(t—s—¢) [7B(s —1)g(rx,)drds

+R(e) f;_E R(t—s—€) f[s,x(s — p(x(s])])ds

and
[F x}(t] R(t)#(0) -I-NI“1t “R(t —s]f B(s—1)g(t,x )drds

t_
+ fu "R(t— s]f[s,x[s — p(x(s]]])ds.
From the Theorem 2.1 and the compactness of the
operator R(€), the set V.(t) = {[Fi‘?x] (t):x e B, } is
precompact in X, for every €, 0 << € == . Moreover for each
x € B, and by Theorem 2.1, we have

| (FE)(t) — (Bsx) (0|

= ”R(E] f;_E R(t—s—¢) f; B(s —t)g(t,x_)dtds
- f;_e R(t—s) f: B(s— t)g(tx_ )drds ”

+ [|RE@) [oRCE — 5 — &) £(s, (5 — p(x(e))))ds
— fl;:—E R(t— s]f(S,XES — p(x[s:]:]:])ds ”

< Hf;—eg(eja(t— s—€) J7B(s—g(rx.)drds
- f;_E R(t—s) f; B(s— t)g(t,x_ )dtds

+ ‘lf;‘ER[EjR[t— s — &) f(s, x(s — p(x(s))) )ds
_ fl;:—E R(t— s]f(S,XES — p(x[s:]:]:])ds ”

< [T IR(ER(- 5 - ) — R(t— )y [1B(s—7) (s ) duds

+J; IR(DR(— 5= ) = Rt=5) g [ (5, x(5 -~ o

())))|ds

< et [71B(s 1) llg(r, x,)lldvds + et [}/f(s,x(s— p(x(s)))) .
So the set V_(t) = {(fo} (t):x € B, } is precompact in X

by using total boundedness. Applying this idea again and
observing that

1(Fox)(t) — (F) (D)l

< £R6-5) { Bls - s - [ Re-5) [} Bls -]

+ f;R(t— 5) f(s,x(s - p(x[s]]j)ds— f:_ER(t— s]f(s,x(s - p(x[sj)])ds”

< [T _IR(t—s)Il [7IB(s — )llllg(x,x,) ldrds
+ [ IRt = )| £(s,x(s — p(x(s))) | ds

L[J(‘x(s —p(x(s])]‘)ds

[eia+ eplds + Myw(Q) [ p(s)ds.

< MyM;M;b Lt_e[clllxr”f: tolds+M; f:_e p(s)

< MyM;M,b [*

Therefore,
I(Fox)(t) — (F5x) (DIl = 0as € > 07,
and there are precompact sets arbitrarily close to the set
{(sz] (th:x e Bq}. Thus the set {(ng:] (t):x € Hq} is
precompact in X. Therefore from Arzela-Ascoli Theorem, we
can conclude that the operator F 5 is completely continuous.

In order to study the existence results for the problem
(1.1) — (1.2), we introduce a parameter A € (0,1) and
consider the following auxiliary system

< Ix(9) Aglt %)) = Ax(9) +2 [;B(t ~s)x(s)ds + (e, x(t-p(x(2))),
te] = [0,b], (3.1)
x(t) = ¢(t), te[-r0].

Then by Definition 3.1, the mild solution of the above system
can be written as

o0, e[l

R(9[0(0)+1g(0,0)] +gltx) + A} ARt )g(sx) ds
-I-lftR t-s ISB(S—T)g(T,XT) duds
-I-PLf R(t-s) f[s x(s—p(x(s ))])ds, tE].

The following Lemma proves a priori bounds for the above
defined system.

Lemma 3.1 If hypotheses (H,) — (H,) are satisfied, and let
%(t) be a mild solution of the above system {3.1), then there
exists a priori bounds K > 0 such that [|x.ll. <K t£] K

depends only on b and on the functions p(*) and W(-).
Proof. From the above discussion we have

Fx)(0)=




7263

Ix(9) < IRENDIOO) + 15(0.6)11+ lgltx)ll + [IAR(- s)els.x,)ds

+ IR =9Il SIB(s —Dllllg(r,x,) lldrds
+ f;”R(t_ s)I||£(s,x(s — p(x(s))))||ds

M, [le(0)1l + lg(0, ®) ] + || (=A)F|llelixllc + <, I B

+f ot allle el A7 lley =l

+M, f;p(s]Lp(‘x (s — p[x[:s:]))‘)ds

<M, 16(0) 1+ 12(0.6) 1]+ Mycy Il + Mgey +6,C,p [ g

.C,_ghP , .
+ T 4 MM MybPe 1l + MgM, M, b2,

+M, f;p[s:]lpu:c (s — p[x[s])}D ds
Since —r = s — p[x(s]) = s for each s £ | and consider
the function L defined by

w(t) = sup{lx(s)l:—r < s<t},
0= t=<h,
Fort € [0,b], we have

u(t) = My[llo(0)ll + g0, )] + Myeyu(t) + Mye, +¢,Cyg f;%ds

.C._ghFf , .
+ “—Eﬁ— + MM, M,b%c, u(t) + MyM,M,b?c,

+M, [Fp(s)w(u(s))ds
(D)1= Mae, ~MoM,Myb'e,] <M [I0(0)1+ 1g(0,p)I]+ Myc[1 + M;Myb* ]

+ :1&_ ‘|' c Gy E.r

Let ustake M=1- MDC1 -

} |3t:ls-I-I\v’I fp s]tl;[ (s])
MM, M,b*c,, then

Caby g E
u() < 2,110 + g0 O) + Mycy[1+ ;M7 + 2582 I

E._C.__E
M

_|_

¢ ds+ 2 [ p()u(u(s))ds

pied

—pds + K; ) p(s)w(u(s))ds

<K, +K, [;-

where

a Cally _ hﬂ
k=2 M1[||¢(0]||+||g(0,¢j||]+Moc2[1+M1M2h¢]+L_EL},
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] M,
K,=-—+=f K,=-%

< M M’

By using Lemma 2.2, we obtain

u(6) £ By (K; + Ky [y p()W(u(s))ds),

g i
Let us take the right hand side of the above inequality as v(t),
then

where

n—1
= ¥I(r@) 5% /r(ap) Z (bi
B

i=0

v(0) = B,K,, u(t)=v(t), t €] and
v'(8) = BeKzp(Dw(u().
Using the nondecreasing character of yr , we get
vi(t) = HDKap[tjtl.r[v(‘t]), te].
This implies that for each t € ], we have

vit) b oo
ds
—— < B,K;

ds
JR"ch ins)d“”w(szj'

ThIS implies that v[tj =Z @0, So there is a constant K such
that v(t) =< K, te], and hence =l = p(t)
= v(t) =K t €], where K depends only on b and on the
functions p(-) and W(-). Consequently, by Theorem 2.2, the
operator F has a fixed point in C{[—r,b],X). Thus the IVP

(1.1) — (1.2) has a solution on [—r,b]. This completes the

proof.
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