Available online at www.elixirpublishers.com (Elixir International Journal)

Discrete Mathematics

Elixir Dis. Math. 45 (2012) 7814-7816

A. Vethamanickam et al./ Elixir Dis. Math. 45 (2012) 7814-7816

0 — Modularity in the lattice of weak Congruences
A. Vethamanickam' and A. Veeramani?

'Department of Mathematics, Kamarajar Government Arts College, Surandai - 627 857.
Department of Mathematics, H. H. The Rajah's College (Autonomous B*),Pudukkottai - 622 001.

ARTICLE INFO

Article history:
Received: 19 January 2012;

ABSTRACT
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Introduction

The study on weak congruences in algebras have started in
the seventies by H. Draskovicova[8], M. Kolibiar, F. Sik, T. D.
Mai[15] and others, in the name of quasicongruences. Also,
reflexive, symmetric relations called tolerances play an
important role in algebra and applications. This concept occurs
in automata theory[1], biology questions[21], linguistics[10] and
it is used for some “inaccuracy” in abstract algebra.

Since then so many authors have made contributions to the
weak congruence theory. For example, one can refer to [2], [4],
[6], etc.

Several authors have attempted to characterize the structure

of an algebra =4 in terms of its lattice of weak congruences
Cu(=3). For example, Gradimir Vojvodic and Branimir Seselja
proved that for an algebra , C,(=A) is modular if and only if (i)

<A satisfied the CEP and CIP (ii) Con <A and Sub <A are

modular[20]. In the case of a lattice L, Andreja Tepavcevic[17],
etc., has proved that C,(L) is semimodular if and only if L is a
two-element chain. These result motivated us to look for which
Cuw(L) satisfy still weaker condition 0-modular.

Preliminary Notes

An algebra is a pair (=, F) where <A is a non-empty set
and F is a set of finitary operations on <. A weak congruences

relation on A is a symmetric and transitive relation p on <A
which satisfies the substitution property namely, for each n-ary
operation f; © F, whenever a;pb;, j =1, 2,...n...fi(ay, a,...,a,)

p fi(by, by,...,bn), @, b E A, j=1,2,....n.
In other words, a weak congruence relation on =A is a
symmetric and transitive sub algebra of <A %, The set of all weak

congruence relations on <A denoted by C,(<) becomes an
algebraic lattice under the set inclusion[20].
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The diagonal relation & = {(x, x) | x € L} is always a co-
distributive element in a weak congruence lattice,
i.e., for all p, € C,(<A), the following holds:

ANPVO)=(AAp)V(AND)
The filter [A) = AT = {© € C,(<4) | ©® > A} is isomorphic to
the lattice of congruences Con =A, and the ideal (A] = Al =
{® € C,(=A) | ® < A}, consisting of all the diagonal relations is
isomorphic with Sub <A, under the mapping p — {x | x p x}[20].

The atoms are always join-irreducible and the co-atoms are
always meet-irreducible in any lattice. If L is a chain then
Sub(L) is Boolean[13]. In C,(L), Sub(L) is atomic[13]. It is
easily seen that Con(L) is Boolean in the case when L is a
chain[13].
We use the following notations throughout the paper:

Cw(L) is the set of all weak congruences on a lattice L.

Sub(L) is the set of all sublattices of L.
Con(L) is the set of all congruences on L.

Definition 2.1. A poset (P, =) is called a chain if any two
elements in P are comparable . That is, for any two elements a,
bE P either a=b or b < a, hold good. We denote an
n-element chain by L.

Definition 2.2. An equivalence relation & (that is, a reflexive,
symmetric, and transitive binary relation) on a lattice L is called
a congruence relation on L iff (ag, bg) € @ and  (aj, b)) E &
imply that (ap May, by A b)) €8 and (apVay, by V) ES
(Substitution Property).

Definition 2.3. [20] A binary relation & on a lattice L is called a

weak congruence relation, if it is a symmetric and transitive
binary relation satisfying the substitution property, that is

a by a by €L, (8 b)E@and (a, b)E @
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imply that (ag /v ag, by A by) € & and (a,V ay, by v by) € 8.
Definition 2.4. [5] A lattice L is said to be 0 — modular if
whenever x <yandy A z=0thenx = (xVy) Az

We produce below the lattice structures of weak
congruences of chains up to four elements.
1.The lattice of weak congruences Cw(L2) of a two-element
chain L2 is givenin

Fig. 1[17].
CW(BZ)
Fig. 4
AN Theorem 2.5. C,,(L) is 0 — modular if and only if L is a chain.
Proof: Let L = L, be an n-element chain of the form
04X ==X ... = X = 1.
Let ®,, ©®, € CW(Ln) and ©; < 0,. Let O € CW(Ln) such that
0, NO;=g.
CIZMEE;le) To prove that: (®,V ©3) A ©,=0,.
2 The lattice of weak congruenées Cu(Ls) of a three-element Since a weak congruence relation on any algebra =4 is a union
chain Lgisgivenin  Fig. 2[17]. of squares of some subalgebras of =4 including one element
/‘ subalgebras, we can assume that ®; and @, are of the form ®; =
. \ {ar, a2 U {@e1 ae)-( Qs A} and O = {ay,
\ / ay,...,a 4, al+1,---,al+m}2 v {(ak+1: A1) -( Apts, ak+s)y {(ak+s+1y
2 \ , Arst1)s - o( Ak, a-k+n)}-
‘ Without loss of geberality we can assume that a; < a, <....<ax <
A1 < Aes < & <...<apm. Since O, N O = @, O3 contains no
] ’, element of ©,.
. ‘ : So, ©; is of the form @3 = {by, by,....b}* U {br1, brsr),....(brss,
b)}, where by,  by...b, bun..bwe €& {an...a
Cuw(L3) Qs+ > A1+my k1 - 5 Bkcrss AksLy Aken )t
Fig.2 Now without loss of generality let us assume that b; < b, <...<
3.The lattice of weak congruences C,(L,) of a four-element brg < ...<br. We have three cases.
chain L, is given in Fig. 3. Case(i) ax < bys1.
/\ Case(ii) byt < a;.
Case(iii) a; < b, < ag1 < a for some p and g, such that
' p € {r+l,...,r+t}, 1 < q < k- 1. From case(i) we get a; < by, for
every i =1,2,...kandj=1,2,...r+1,... r+t
Then @11\-" @3 = @1 U @3. Clearly, (@11'I«III @3) N @2 =
(@1 U@g) n @2: @1.
Case(ii) is similar to case(i).
Case(iii) a; < @, <....<ap <bp <@g <...<a < Ak <...< s <
a....< +m-
Then ©,V 03 = 0, U 03 U {(by, a)(a, by) /j=1, 2,....k.}. So,
(0, V O3) A O, = Oy. Therefore, in all the three cases we have
Cu(Ls) established that the 0 — modularity condition is true in Cy(Ly).
_ Fig.3 S0, Cy(Ly) is 0 — modular.
4.T_he Iatt!ce _of w<_eak congruences Cw(B,) of a rank 2 Boolean Conversely, Cy(L) be 0 — modular. Suppose that L is
lattice By is given in Fig. 4. not a chain. Then there are at least two elements x; and X, in L

such that x; is not comparable with x,.

Let L; = Sublattice of L generated by {X;, X}
Let © = {( xi, x)}, © = {(0, 0), ( %1, X))} and
O3 = {( X2 X2)}. Now O,V @3 = & , [B, A; T2 Sub(Ly),

4, is the top element in SubL,.
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So, LY ®,= @,. That means, C,(L) is not 0 — modular.

Our assumption is wrong. Therefore, x; < x,. Therefore, L is a
chain. m

Remark 2.6

Cw(B,) is not 0 — modular. For, C,(B,) is not 0 — modular and
Cw(B,) is a sublattice of C,,(B,). Therefore, C,(B,) is also not 0
— modular. Similarly, C,(Ms) and C,,(Ns) are not 0 — modular.
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