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Introduction

There are many concepts of universal algebras generalizing
an associative ring (R; + ; .). Some of them in particular,
nearrings and several kinds of semirings have been proven very
useful. An algebra (R ; +, .) is said to be a semiring if (R ; +) and
(R ; .) are semigroups satisfying a. ( b+c ) = a. b+a. ¢ and
(b+c) .a= b.a+c.aforall a, band cin R. A semiring R is said
to be additively commutative if a+b = b+a for all a, b in R. A
semiring R may have an identity 1, defined by 1. a=a=a. 1
and a zero 0, defined by O+a = a = a+0 and a.0 = 0 = O.a for
all ain R. After the introduction of fuzzy sets by L.A.Zadeh[22],
several researchers explored on the generalization of the concept
of fuzzy sets. The concept of intuitionistic fuzzy subset was
introduced by K.T.Atanassov[1,2], as a generalization of the
notion of fuzzy set. The notion of fuzzy subnearrings and ideals
was introduced by S.Abou Zaid[18]. In this paper, we introduce
the some theorems in intuitionistic fuzzy subsemiring of a
semiring.
1. Preliminaries:
1.1 Definition: Let X be a non—empty set. A fuzzy subset A of
Xis a function A: X — [0, 1].
1.2 Definition: Let R be a semiring. A fuzzy subset A of R is
said to be a fuzzy subsemiring (FSSR) of R if it satisfies the
following conditions:
(it)  pa(x+y) = min{ua(x), pa(y)},
(i) paxy) = min{ pa(X), pa(y) 3, forall xand y in R.
1.3 Definition: Let R be a semiring. A fuzzy subset A of R is
said to be an anti-fuzzy subsemiring (AFSSR) of R if it satisfies
the following conditions:
() 1AGCHY) < max{ pa(), ma®)

(i)  pa(xy) <max{ pa(X), pa(y) }, forall xand y in R.
1.4 Definition [5]: An intuitionistic fuzzy subset (IFS) A in X is

defined as an object of the form A ={(X, pa(X), va(X)) / xeX},
where pa : X — [0,1] and v : X — [0,1] define the degree of
membership and the degree of non-membership of the element
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xe X respectively and for every x e X satisfying 0 < pa(X) +
VA(X) <1

1.1 Example: Let X= {a, b, c} be a set. Then A= {(a, 0.52,
0.34), ( b, 0.14, 0.71), { ¢, 0.25, 0. 34) } is an intuitionistic fuzzy
subset of X.

1.5 Definition: If A is a intuitionistic fuzzy subset of X , then
the complement of A, denoted A is the intuitionistic fuzzy set
of X, given by A°(X) = {< X, va(X) , pa(X)>/x € X }, forall x
e X.

1.2 Example: Let A={(4a,0.7,0.1),(b,06,0.2)( ¢ 0.2,
0.3) } is a fuzzy subset of X ={a, b, c}. The complement of A is
A°={{(a,0.1,0.7)(b,02,06) (c,03,02)}.

1.6 Definition: Let A and B be any two intuitionistic fuzzy
subsets of a set X. We define the following operations:

() AnB ={{x, min{ pua(x) , pe(¥)}, max{ va(x) , ve(x)}) },
forall x e X.

(i) AuB ={{x, max{ ua(x), us(x)}, min{ va(x) , ve(x)} )
}. forall x € X.

(N OA = {(X pa(X),1-pa(X)) Ixe X} ,forall xin X.

(iv) OA = {{(X 1-va(X) ,vaX)) Ixe X} ,forall xin X.
1.7 Definition: Let R be a semiring. An intuitionistic fuzzy
subset A of R is said to be an intuitionistic fuzzy subsemiring
(IFSSR) of R if it satisfies the following conditions:

() pa(x+y)2min {pa(x), pa(y)},

(i) palxy) = min{ pa(x), pa(y) },

(iif) va(x +y) <max { va(x), va(y) },

(iv) va(xy) <max{ va(X), va(y) }, forall xand y in R.

1.8 Definition: Let A and B be intuitionistic fuzzy subsets of sets
G and H, respectively. The product of A and B, denoted by
AXxB, is defined as AXB = { { (X, ¥), uaxa(X,y), vaxa(X,y) ) / for
all xin G and y in H }, where pags(X, y) = min{ pa(x), us(y) }
and vaxe(X, ¥) = max{ va(x), va(y) }-

1.9 Definition: Let A be an intuitionistic fuzzy subset in a set S,
the strongest intuitionistic fuzzy relation on S, that is a
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intuitionistic fuzzy relation on A is V given by py(X, y) = min{
HA(SX)I pa(y) } and vy(X, y) = max{ va(x), va(y) }, for all x and y
inS.

1.10 Definition: Let (R, +, - ) and ( R, +, - ) be any two
semirings. Let f : R — R' be any function and A be an
intuitionistic fuzzy subsemiring in R, V be an intuitionistic fuzzy
subsemiring in f(R) = R', defined by py(y) = pa(x) and

sup

xef1(y)
wiy) = f va(X), forall xinRand y in R'. Then A is called
xef (y)
a preimage of V under f and is denoted by (V).
1.11 Definition: Let A be an intuitionistic fuzzy subsemiring of
a semiring ( R, +, - ) and a in R. Then the pseudo intuitionistic
fuzzy coset (aA)® is defined by ( (apa)® )(X) = p(@)ua(x) and (
(ava)?)(X) = p(a)va(x), for every x in R and for some p in P.
2. Properties of intuitionistic fuzzy subsemiring of a semiring
r
2.1 Theorem: Intersection of any two intuitionistic fuzzy
subsemiring of a semiring R is a intuitionistic fuzzy subsemiring
of R.
Proof: Let A and B be any two intuitionistic fuzzy subsemirings
of a semiring R and x and y in R. Let A=(X,pa(X),va(X))/ xeR}
and B={( x, pus(X), vg(x)) / xeR }and also le C= A n B = { (X,
He(X) velx )/ xeR}where  min{pa(x),pe(X)}=pc(x)
and max { va(X) , ve(X) } = ve(X) .Now, pc (X +y ) = min {
HA(X*Y) , pe(xty ) 1= min { min { pa(X, pa(y) }, min { pus(X) ,
pe(y) 3 3 = min { min { ua(x) , pe(x) 3 min{pa(y).pe(y)}} =
min { pc(x), ue(y)}- Therefore, pc(x +y) = min { pc(x), pe(y) },
for all x and y in R. And, pc(xy)=min{pa(xy),us(xy)}>min{
min{ pa(X), ualy) 3, min { pe(x), pe(y)} = min{ min { pa(x),
re(X) 3 min { pa(y), ne(y)}}= min{ pc(x), pc(y)}. Therefore,
pe(xy) = min{ pc(x), pe(y)}, for all x and y in R. Now, ve(X +y
) = max { va(x +Y), vg(x +y) } <max{ max { va(x), va(y) },
max { ve(x), ve(y)}} = max{ max{ va(x), va(x) }, max { va(y),
ve()}} = max { vc(x), vc(y)}. Therefore, ve(x + y) <
max{vc(X), ve(y)}, for all x and y in R. And, v¢(Xy) = max {
VA(Xy)l \/B(Xy)}S max{maX{VA(X)v VA(y) }v max { VB(X)!
ve(y)}}= max{ max { va(x), va(X) }, max { va(y), ve(¥)}} =
max{ vc(X), vc(y) }.Therefore, ve(xy) < max{ vc(X), ve(y) }
for all x and y in R. Therefore C is an intuitionistic fuzzy
subsemiring of R. Hence the intersection of any two
intuitionistic fuzzy subsemirings of a semiring R is an
intuitionistic fuzzy subsemiring of R.
2.2 Theorem: The intersection of a family of intuitionistic fuzzy
subsemirings of semiring R is an intuitionistic fuzzy
subsemiring of R.
Proof: Let { V;: iel} be a family of intuitionistic fuzzy

subsemirings of a semiring R and let A= _mIVi .Letxand y in
R. Then, p(x+y)= |2T pi(X+y)= |2T min{pvi(X), pvi(y)
}= min { |2T uvi(X), |2T wvi(y) = min { pa(x), pa(y) -
Therefore, pa(x + y) > min{pa(X),na(y)}, for all x and y in R.
And, pa(xy) =inf pcey) = INF ming pi() , paicy) 3 = ming
llnf pvi(X), llnf pvi(Y)} = min{ pa(x), na(y)}. Therefore, pa(xy)
> min{ pa(X), pa(y) }, for all x and y in R. Now, va(X +Y) =

V.Saravanan et al./ Elixir Appl. Math. 46 (2012) 8552-8556

S_up wi(X +y) < supmax { vi(X), vwi(y) 3= max { Sup vyi(x),

iel iel iel

S_up wi(y) }= max{ va(X), va(y) }. Therefore, va(x + y) <

iel

max{ va(x), va(y) }, for all x and y in R. And, va(xy) =
sup wilxy) < supmax{ wi(X), wi(y) }= max{ SUup vyi(x),

iel iel iel

SUP wi(y) 3= max{ va(x), va(y) }. Therefore, va(xy) < max{

iel
va(X), va(y) }, forall x and y in R. That is, A is an intuitionistic
fuzzy subsemiring of a semiring R. Hence, the intersection of a
family of intuitionistic fuzzy subsemirings of R is an
intuitionistic fuzzy subsemiring of R.
2.3 Theorem: If A and B are any two intuitionistic fuzzy
subsemirings of the semirings R; and R, respectively, then AxB
is an intuitionistic fuzzy subsemiring of R1xR.,.
Proof: Let A and B be two intuitionistic fuzzy subsemirings of
the semirings R; and R, respectively. Let x; and X, be in Ry, y;
and y, be in R,. Then (X4, y1) and ( Xy, ¥») are in RixR,. Now,
Haxe [(X1,Y1) + (X2, Y2)]=Haxe ( X1+ X, Vit Vo) = min { pa(Xs+ X;
), we( Yat Y2 ) }= min{ min{ pa(X1), pa(x2 ) }, min{ps(ys),
pe(y2)3}= min{ min { pa(x1), pe(ys) 3, min { pa(xz), us(y2) 3=
min{ paxe (X1, Y1), Haxe (X2, Y2) }. Therefore, pace [ (X1, Y1) +
(X2, ¥2) 1 = min { paxe (X1, Y1), Baxe (X2, ¥2) }AlSO,  pase [(Xa,
Y)(X2, ¥2) 1 = paxe ( XXz, Y1y2) = min { pa( XXz ), pe( yiy2) }2
min { min { pa(x1), paxz) }, min{ pa(ys), ne(y2) 3= min{ min
{ pa(x1), palyr) 3 min{pa(xz), pe(y2) 3= min{pas (X, Y1),
Haxe (X2, Y2) }-Therefore, ua [ (X1, Y1)(X2, ¥2) 12 min{uace (Xa,
Y1), Haxe (X2, Y2)} Now, vae [(X1, Y1) (X2, Y2)l=vase ( X1 + Xp,
yit ¥z ) = max{va(XitXz ), ve( Y1t Y2 )}< max{ max{ va(xi),
va(xz ) 3 max{ve(y), ve(y2) }}= max{ max{va(x), ve(y1)},
max{ va(x2), ve(y2) }}= max{ vae (X1, Y1), vae (X2 ¥2) }-
Therefore, vaxe [ (X1, Y1) + (X2, ¥2) 1 < max{ vae (X1, Y1), Vaxe
(X2, ¥2) }- Also,  vaxe [ (X1, Y1)(X2, ¥2) ] = vaxe ( XXz, Y1Y2 )=
max { va( XX ), ve( yiy2 ) }< max { max
{va(x1),va(x2)} max{ve(y1),ve(y2) }}=max{max{va(xi),ve(y1)},
max{va(X2), ve(y2)}= max{vaxe(X1,y1),vaxs (X2, ¥2)}. Therefore,
Vaxg [(X1,Y1)(X2,Y2)|<max {vaxs (X1, Y1), Vaxs (X2, ¥2) }. Hence
AXB is an intuitionistic fuzzy subsemiring of semiring of R;xR,.
2.4 Theorem: Let A be an intuitionistic fuzzy subset of a
semiring R and V be the strongest intuitionistic fuzzy relation of
R. Then A is an intuitionistic fuzzy subsemiring of R if and only
if V is an intuitionistic fuzzy subsemiring of RxR.
Proof: Suppose that A is an intuitionistic fuzzy subsemiring of a
semiring R. Then for any x=(x;,X, ) and y=( y;, ¥, ) are in RxR.
We have, py (X+y) = pv [(Xe, X2) + (Y1, ¥2)] = pv(Xat Y1, X2+ Y2
) = min { pa(Xs + y1), pa( Xa+ y2)3= min { min { pa(xa), pa(ys)
3 min { pa(x2), paly2) 3} = min { min { pa(x1), pa(xz) }, min
{pa(y1), pa(y2)}} = min{ py (X1, X2), pv (¥1, ¥2) 3= min { py
(X), v (y) }- Therefore, py (x +y) = min { py (x), pv (y) }, for
all xand y in RxR. And, py (Xy) = pv [(X1, X2) (Y1, Y2)I = pv(
XiY1, X2¥2) = min { pa(Xay1), pa(X2y2) 3= min { min{ pa(xy),
Ha(ys) 1 min{ paxz), pa(y2) 3= min{ min { pa(x1), pa(x2) },
min{ pa(y: ). paly2) } } = min{pv(xe,X2), uv(yny2)}= min{py
(), mv(Y)}-Therefore, py(xy)> min{uy (X), uv(y) }, for all x and
y in RxR.We have, vy (x+y) = vy [(X1, X2)+(Y1, Y2)]I= v( Xit Y1
Xot Yz )= max {va(Xit Y1), va(Xet Y2)}< max {max {va(xy),
va(yr) }, max { va(xz), va(y2) } }= max{max { va(x1), va(x2)},
max { va(y1), va(y2) } }= max{ vy (X1, X2), vv (Y1, y2) }= max{
w (X), v (Y)}. Therefore, vy ( x +y) < max{ vy (X), vy (y) }, for
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all x and y in RxR.And, vy (Xy)= vy [(X1, X2)(Y1, Y2)]=vu( X1y1
XaY2) = max { va(Xiy1), va(Xay2) }< max { max{ va(X1), va(y1)
3 max{ va(x2), va(y2) } }= max{ max { va(xs), va(xz) }, max{
Va(Y1), va(y2) 1= max{ vy (X1, X2), Vv (Y1, ¥2) }= max{ vy (X),
vy (¥) }. Therefore, vy (xy) < max{ vy (X), vy (y) }, for all x and
y in RxR. This proves that V is an intuitionistic fuzzy
subsemiring of RxR.

Conversely assume that V is an intuitionistic fuzzy
subsemiring of RxR, then for any x = (X1, Xp) and y = (yy, ¥,) are
in RXR, we have min{ pa(X: + y1), pa(Xe+ ¥2) } = pv( Xt y1,
Xo+ Y2) = pyv [(X1, X2) + (Yo, Y2)] = pv (X +y) = min{ py (X), py
W3= min{ py (X1, X2) , v (Yo, ¥2) 3= min{ min{ pa(x1), pa(x2)
3omin { pa(ys), pa(y2) 3 3 IF palat yi) < palXet ¥a), pa(x) <
pa(X2), palyr ) = palya), we get, pa(xit yi) =
min{pa(Xy),ualyl)}, for all x; and y; in R. And,
min{pa(X1y1), Ma(Xay2) }F=rv(XaY1 , XaY2 ) = uvl(Xe, X2) (Y1, ¥2)] =
py (X y) 2 min{ py (X), pyv ()}= min{ py (X1, X2), v (Y1,
y2)}= min{ min { pa(x1), pa(x2) 3, min { pa(ys), paly2) } 3. If
Ha(XYD) < pa(XaY2), Ba(X1) < pa(X2), palyr) < pa(y2), we get
pa(X1yr) = min{ pa(Xy), pa(yy) }, for all x;and y; in R. We have
max{ va(Xit+ y1), va(xat ¥2) } = vwiXit Y1, Xot Y2) = v [(X1, X2)
+ (yn, ¥2)] = v (x+ y) < max{ vy (X), vv (V)}= max{vy (x1,
X2),vv(Y1,Y2) }= max{ max{ va(x1), va(xz) }, max{va(yi), va(y2)
T I valat y1) = valkat ¥a2), va(Xe) = va(X2), va(y1) = val(ya),
we get, va(Xi+ Y1) < max{ va(X1), va(y1) }, forall x,and y; in R.
And, max {va(X1y1),va(X2y2)}= v Xiy1, X2y2) = vwl(X1, X2) (Y1,
y2)I= vy (xy) < max{ vy (X), vv (¥)}= max{ vy (X1, X2), vv (Y1,
y2)}= max{ max { va(x1), va(xz) }, max { va(y:), va(y2) } }. If
VA(X1Y1) = va(XaY2), va(X1) = va(X2), valy1) = va(Y2), we get
va(Xey1)< max{ va(X1), va(ys) }, for all x;and y; in R.

Therefore A is an intuitionistic fuzzy subsemiring of R.

2.5 Theorem: If A is an intuitionistic fuzzy subsemiring of a
semiring (R, +, - ), then H= { x / xeR: pa(X) = 1, va(x) = 0} is
either empty or is a subsemiring of R.

Proof: If no element satisfies this condition, then H is empty. If
x and y in H, then pa( X +y) > min { pa(x), ua(y)}= min{l, 1}
= 1. Therefore, pa(x +y) = 1. And pa( xy) = min { pa(x),
pa(y)}= min{1, 1}= 1. Therefore, pa( xy) = 1. Now, va( X+y) <
max { va(X), va(y) }= max { 0, 0 } = 0. Therefore, va( X+ y) =
0. And va( xy) < max { va(X), valy) }= max { 0, 0}= 0.
Therefore, va( Xy) =0. We get x+y, xy in H. Therefore, H is a
subsemiring of R. Hence H is either empty or is a subsemiring of
R.

2.6 Theorem: If A be an intuitionistic fuzzy subsemiring of a
semiring (R, +, - ), then

(i) if pa(x+y) = 0, then either pa(x) = 0 or pa(y) = 0, for all x
andyinR.

(ii) if pa(x+y) = 1, then either pa(x) =1 or pa(y) = 1, for all x
andyinR.

Proof: Let x and y in R. (i) By the definition pa(Xx=y ) > min {
ua(x), pa(y) 3

which implies that 0 > min {pa(X), u a(y) }. Therefore, either
ua(X) =0 or pa(y) = 0.

(i) By the definition pa(x+y) < max { pa(X) , pa(y) }, which
implies that 1 < max{pa(X),u a(y) }. Therefore, either pa(x) =1
or pa(y) = 1.

2.7 Theorem: If A is an intuitionistic fuzzy subsemiring of a
semiring (R, +, - ), then H= { { X, pa(X) ) : 0 < pa(X) < 1 and
va(X) = 0 } is either empty or a fuzzy subsemiring of R.
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Proof: If no element satisfies this condition, then H is empty. If
X and y satisfies this condition, then va( x+y) < max { va(x),
va(y) }=max {0, 0 }=0. Therefore, va(x+y) =0, for all x and
y in R. And, va(xy) < max{ va(X), va(y) }= max { 0, 0} = 0.
Therefore, va(xy)=0, for all x and y in R. And, pa(X+y) > min
{pa(X), pa(y)}. Therefore, pa(x+y) = min { pa(x), pa(y) 3, for
all xand y in R. And, pa(xy) = min { pa(x), pa(y) }
Therefore, pa(xy) = min { pa(x), pa(y) }, for all x and y in R.
Hence H is a fuzzy subsemiring of R. Therefore, H is either
empty or a fuzzy subsemiring of R.

2.8 Theorem: If A is an intuitionistic fuzzy subsemiring of a
semiring (R, +, - ) then H = { {( X, pa(X) ) : 0 <pa(x) < 1} is
either empty or a fuzzy subsemiring of R.

Proof: If no element satisfies this condition, then H is empty. If
x and y satisfies this condition, then pa(x+y)=min{pa(x),pa(y)}-
Therefore, pa(x+y)=min { pa(x), pa(y) 3}, for all x and y in R.
And pa(xy)zmin{pa(X),ua(y)}. Therefore, pa( Xy) = min {
pa(X), pa(y) }, for all x and y in R. Therefore, H is either empty
or a fuzzy subsemiring of R.

2.9 Theorem: If A is an intuitionistic fuzzy subsemiring of a
semiring (R, +, - ), then H = { (X, va(X) ) : 0 < va(X) < 1} is
either empty or an anti-fuzzy subsemiring of R.

Proof: If no element satisfies this condition, then H is empty. If
x and vy satisfies this condition, then va(X+ V)<
max{va(x),va(y)}. Therefore, va(x+y)< max{va(x),va(y) }, for
al x and y in R And va(xy)<max{va(x),va(y)}.
Therefore,va(xy)<max{va(x), va(y) }, for all x and y in R.
Hence H is either empty or an anti-fuzzy subsemiring of R.

2.10 Theorem: If A is an intuitionistic fuzzy subsemiring of a
semiring ( R, +,), then DA is an intuitionistic fuzzy subsemiring
of R.

Proof: Let A be an intuitionistic fuzzy subsemiring of a
semiring R. Consider A = {{ X, pa(x), va(x) ) }, for all x in R,
we take DA =B ={ (X, ug(X), va(x) ) }, where pg(x) = pa(x),
ve(X) = 1- pa(x). Clearly, pg(x+y) > min { pg(x), pg(y) }, for all
x and y in R and pg(xy) > min { pg(X), ps(y) }, for all xand y in
R. Since A is an intuitionistic fuzzy subsemiring of R, we have
pa( x+y ) > min { pa(X), pa(y) 3}, for all x and y in R, which
implies that 1- vg(x+y) > min { ( 1- vg(x) ), ( 1- ve(y) ) },
which implies that vg( x+y ) < I—min {(1- vg(x)),( 1~ vs(y) ) }=
max {vs(X), va(y) }. Therefore, vg(x+y) < max { vg(X), vs(y) },
for all x and y in R. And  pa(xy) > min{pa(X),pna(y)}, for all x
and y in R, which implies that 1-vg(xy)>min{( 1- vg(X) ), (1-
ve(Y)) }which implies that vg( xy ) < 1— min { ( 1- vg(X) ), ( 1-
ve(y) ) } = max {vg(x), ve(y) }. Therefore, vg(xy) < max {
ve(X), ve(y) }, for all x and y in R. Hence B = A is an
intuitionistic fuzzy subsemiring of a semiring R.

Remark: The converse of the above theorem is not true. It is
shown by the following example:

Consider the semiring Zs={ 0, 1, 2, 3, 4 } with addition
modulo 5 and multiplication modulo 5 operations. Then A ={ ¢
0,0.7,0.2), (1,05, 0.1), (2, 0.5, 0.4), (3, 0.5, 0.1), (4, 0.5, 0.4)
} is not an intuitionistic fuzzy subsemiring of Zs, but DA ={ (0,
0.7,0.3),(1, 05, 0.5), (2, 0.5, 0.5), (3, 0.5, 0.5), (4, 0.5, 0.5) } is
an intuitionistic fuzzy subsemiring of Zs.

2.11 Theorem: If A is an intuitionistic fuzzy subsemiring of a
semiring ( R, +,- ), then OA is an intuitionistic fuzzy subsemiring
of R.

Proof: Let A be an intuitionistic fuzzy subsemiring of a
semiring R. That is A = { {( X, pa(X), va(x) ) }, forall x in R. Let
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0A =B = { (X, pa(X), va(X) ) }, where pug(x) = 1-va(X), ve(x) =
va(X). Clearly, vg(x+y) < max{ vg(x), va(y) }, for all x and y in
R and vg(xy) < max{ vg(x), ve(y) }, forall xand y in R. Since A
is an intuitionistic fuzzy subsemiring of R, we have va(x+y) <
max{ va(X), va(y) }, for all x and y in R, which implies that 1-
pe(x+y) <max { ( 1- pg(X) ), ( 1- ps(y) ) }.which implies that
pe(xty) = 1- max { ( 1- pa(x) ), ( 1- ps(y) ) }= min { pg(x),
us(y) }. Therefore, pg(x+y) > min{ug(X),us(y)}, for all x and y
in R. And va(xy) < max { va(X), va(y) }, forall x and y in R,

which implies that 1-pg(xy) <max { ( 1-ps(X) ), (1-us(y) ) }.
which implies that pg(xy) > 1— max { (1-ps(X) ), (1-us(y) ) }=
min { pg(X), ps(y) }. Therefore, pg(xy) > min { pg(x), ps(y) },
for all x and y in R. Hence B = OA is an intuitionistic fuzzy
subsemiring of a semiring R.

Remark: The converse of the above theorem is not true. It is
shown by the following example:

Consider the semiring Zs = { 0, 1, 2, 3, 4 } with addition modulo
5 and multiplication modulo 5 operations. Then A ={{ 0, 0.5,
0.1), (1, 0.6, 0.4), (2, 0.5, 0.4), (3, 0.6, 0.4), (4, 0.5, 0.4) } is not
an intuitionistic fuzzy subsemiring of Zs, but 0A ={ (0, 0.9,
0.1) (1, 0.6, 0.4),¢2, 0.6, 0.4), (3, 0.6, 0.4), (4, 0.6, 0.4) } is an
intuitionistic fuzzy subsemiring of Zs.

2.12 Theorem: Let (R, +, . ) be a semiring and A be a non
empty subset of R. Then A is a subsemiring of R if and only if B

=< ¥ Xa > isanintuitionistic fuzzy subsemiring of R, where

X » is the characteristic function.

Proof: Let (R, +, . ) be a semiring and A be a non empty subset
of R. First let A be a subsemiring of R.Take x and y in R. Case
(i): If x and y in A, then x+y, Xy in A, since A is a subsemiring

of R 7a(X) =2a() =2a(+y) =74 (xy) =1 and 1, (x)
=Xa®) = Za (H) =74 () = 0. S0, z,(c+ y) > min
{xa®, xaly) } for all x and y in R,
Xaxyyzmin{ y, (X), ¥, (¥} for all in R.
S0, 7 » (x+y)<max{ 7, (<), 7, () }. for all x and y in R,

Xaxy)<max { ¥, (X), ¥ ()}, forallxandyinR.
Case (ii): If x in A, ynotin A (orxnotin A,y in A), then x+y,

Xy may or may not be in A, ¥, (X) =1, ¥, (y) =0 (or y,()
=0, () =1, Zp(+) = 2, () =1 (or 0) and 7, () =
0, Za () =1(0r 2, (=1 24 ) =0), Zn (+) = 7 (¥)=
0 (or1). Clearly y , (xty)>min{ ¥, (X), ¥ » (¥)}, for all x and
yinR, ¥, (xy)>min{ ¥, (X), ¥, (y) }, forall xandy in R, and
Z_A(X +y) < max {;(_A(x), ;(_A(y) }, for all x and y in R.

;(_A(xy) < max {Z_A (X), xa ()}, forallxandyinR.
Case (iii): If x and y not in A, then x+y, Xy may or may not be in

A X ()= Za0)=0, 24 (H) = 2o (xy) =LorOand 7, (x)
= a0 =L Za (X+Y) = 7, (xy)=00r 1. Clearly y, (x+y) >
min { o (X), xa(y) } forall xand yinR and y, (xy) > min
{24(), Za()}forallxandyinR,and g, (x+y) <max
{2, A} forall xandyinR g, (xy) <max { x,

X and vy

V.Saravanan et al./ Elixir Appl. Math. 46 (2012) 8552-8556

(x), ;(_A (y) }, forall x and y in R. So in all the three cases, we

have B is an intuitionistic fuzzy subsemiring of a semiring R.
Conversely, let x and y in A, since A is a non empty subset of R,

0, Y A= 2= 1. XA () = ga(y) = 0. Since B=
<Xa ;(_A> is an intuitionistic fuzzy subsemiring of R, we have
XX + y)zmin{ ¥ » (X), ¥ 5 (Y)}=min{1,1}=
1 ya&xy>min{ ¥, (X), xo () }= min{1,1}=1. Therefore
Za 0= 2 O9)=1. And, 7, (x+ y) < max{ 7, (), 7 O)
}=max{0,03=0, y, (xy)<max { ¥, (X), Za (¥)}=max{

0,0} =0. Therefore y, (X +Yy) = yx,(Xy)=0.Hence x +y
and xy in A, so A is a subsemiring of R.

In the following Theorem o is the composition operation of
functions:

2.13 Theorem: Let A be an intuitionistic fuzzy subsemiring of a
semiring H and f is an isomorphism from a semiring R onto H.
Then Acf is an intuitionistic fuzzy subsemiring of R.

Proof: Let x and y in R and A be an intuitionistic fuzzy
subsemiring of a semiring H.

Then we have, paof )(X+Y)=pa(f(x+y))=pa( f(x)+ f(y) ) > min {
Ha(f(X) ), pa( ()} = min{(pacH)(X),(pact )(Y)}, which implies
that (uaef )(ey)=min {(uacH(X), (mach) (¥) 3. And (pacf)(xy) =
ual FO9) ) = pal fORy) ) > min { pa () ), pal fy) ) 1>
min{(pacf  )(X),(nacD(y)}, which  implies that (pacf
)xy)Zmin{(puacf )(X), (uacf )(y) }. Then we have, (vaf
)XHY)=va(f(xty))=va(f(x)H(y) ) < max { va(f(x) ), va(f(y) ) }<
max{(va°H(X),(vacD)(y)}, which implies that (vacf)(x+y)<
max{(va-H(x), (va°f )(y) }. And(vash)(xy) = va(f(xy)) =
vaf(y) < max {va(f()).vaf(y))} < max {(vaH(X),
(vachH)(y) }, which implies that (vaef )(xy) < max { (va°f )(X),
(vaef Xy) }. Therefore ( Aef ) is an intuitionistic fuzzy
subsemiring of a semiring R.

2.14 Theorem: Let A be an intuitionistic fuzzy subsemiring of a
semiring H and f is an anti-isomorphism from a semiring R onto
H. Then A-°f is an intuitionistic fuzzy subsemiring of R.

Proof: Let x and y in R and A be an intuitionistic fuzzy
subsemiring of a semiring H.

Then we have, (pacf)(X+y) = pa(f(x+y)) = pa( fiy)t(x)) =
min { pa( f(x) ), paCf{y) ) 1= min { (uacf )(X), (uacf)(Y) },
which implies that ( pacf )(X+y)>min  { (na°f)(X), (Lacf)(Y)
} (et )(xy ) = pa( f(xy) ) = pal fiy)f(x) ) = min{pa( f(x) ),
pa( f(y))}= min {(uacf )(X), (ua°f )(y) }, which implies that (
pact )(xy) = min {(pacH)(X),(racD)(Y)}. Then we have, (vaef )(
xty) = va(f(x+y) ) = va( f{y)+f(x) ) < max { va(f(x) ), va( f(y)
) 1< max { (vaof )(X), (vacf )(y) }, which implies that (vacf )(
xty) <max { (vaof)(X), (vaeT)(y) }.(vacf)(xy) = va( f(xy) ) =
VA( f()f(x) ) < max { va( f(X) ), va( f(y) ) }< max { (vaof )(X),
(vaof )(y) }, which implies that (va°f )(xy) < max { (va°of) (X),
(vaof) (y) }. Therefore A-f is an intuitionistic fuzzy subsemiring
of a semiring R.

2.15 Theorem: Let A be an intuitionistic fuzzy subsemiring of a
semiring ( R, +, . ), then the pseudo intuitionistic fuzzy coset
(aA)P is an intuitionistic fuzzy subsemiring of a semiring R, for
everyainR.

Proof: Let A be an intuitionistic fuzzy subsemiring of a
semiring R. For every x and y in R, we have, ((apa)®)(x+Yy)=

P@ua( X+ y )= p(a) min { ( pa(X), ua(y)}= min { p(@)ua(x),
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p@pay)}= min{ ( (apa)® )(x), ( (ama)® )(y) }. Therefore,
((apa)”)(x+ y) = min{((apa)”)(x),((@pa)’) (V)3 Now, ((apa)’)( xy
)=p@paC xy) = p(@min{pa(X),pua(y)}= min { p(a)ua(x),
p(@)ua(y)}= min {((ana)’)(x), ( (aua)®)(y) }. Therefore, ( (apa)’
)(xy) = min { ((apa)’)(X), ( (apa)®)(y) }. For every x and y in
R, we have, ((@ava))(x+y)=p(a)va(x+y)<
p@)max{(va(x),va(y)}=max{p(a)va(x), p(a) valy) } = max { (
(@va)®)(x), ((ava)”)(y) }. Therefore, ((ava)”)(x+y)< max{(
(@va)®)(®), ( (@va)®)(y) 3. Now, ((ava)’)(xy) = p(a) va( xy) <
p@max{va(x), va(y)}=max{p(@)va(x), p@)va(y)}=max{ (
(@ava)® )(X), ( (@ava) )(y) }. Therefore, ( (ava)®)( xy) < max { (
(@ava)®)(X), ( (ava)’)(y) }. Hence (aA)P is an intuitionistic fuzzy
subsemiring of a semiring R.
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