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Introduction  

Pasquill and Smith (1983) obtained the worst case results 

when the ratio of the vertical to lateral dispersion coefficients 

didn’t depend on downwind distance. Simulation of 

photochemical smog in the Melbourne air shed: worse case 

study was studied by Hess (1989). A simple prediction formula 

for maximum ground level concentrations from coning plumes 

was investigated by Laless et al. (1977). The effect of the plume 

rise and wind speed on extreme value of air pollutant 

concentration was studied by Essa et al. (2006). The hermitized 

concentration from advection diffusion equation using linear 

form of the eddy diffusivities was obtained by Essa et al. (2007). 

Modeling extreme concentrations from a source in a turbulent 

flow over a rough wall was found by Zheng et al. (2007). 

 In this paper, the worse case of the hermitized ground level 

concentrations at centerline is estimated and the result is 

extended to a plume which is trapped between the ground and 

elevated inversion layer. The critical of the wind speed, plume 

height and downwind distance are estimated. The results of the 

maximum concentrations are applied using meteorological data 

of a plant stack located in, Inshas, Egypt. 

Maximum Concentration 

An analytical solution of the mathematical model for 

hermitized atmospheric dispersion of a pollutant was obtained in 

the steady-state form of advection-diffusion equation with 

linearly varying eddy diffusivities from a continuously emitting 

point source (Essa et al. (2007)). The ground level concentration 

along the plume centerline for hermitized advection diffusion 

equation from a height source is obtained as follows: 
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where Q is the emission rate, U is the wind speed at stack height, 

H is the effective height of the emission  which equals (hs+ ∆h); 

hs is the stack height and ∆h is the plume rise, and α,  β and γ are 

the turbulence parameters depend on the stability. 

To obtain the maximum concentration, differentiate 

equation (1) with respect to “x”, and equal the result with zero, 

the maximum downwind distance is obtained as follows: 

   max 2x H                                                     (2) 

In order to get the maximum value, estimate
2 2/C x  , and 

substitute with equation (2), as follows: 
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By substituting the values in Eqn (3), a negative value for the 

second derivative is obtained; then, the downwind distance and 

the concentrations are maximum values.  

 The maximum ground concentration along the plume 

centerline is obtained as follows: 
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 Since the plume rise is ∆h=3woD/U (Briggs, 1969), where 

wo is the exit velocity of the plume and D is the inside diameter 

of the stack. The effective height H is written as: 

 H=hs+ 3woD/U=hs+ A/U                                             (5) 

where A=3woD, A is a number which depends on the exit 

velocity and diameter of the stack.  

In unstable conditions, the empirical relations for turbulence 

parameters based on convective velocity w* (Arya, 1999) is 

estimated as: 

 α=β =0.31(w*/U)
 2
; γ=0.16(w*/U)

2
                              (6) 

where w* is the scale convective velocity. Also the intensity 

parameters α, β and γ   for stable conditions depend on the 

friction velocity u* (Sharan et al. 1998) are estimated as: 

      α=β =3.61(u*/U)
 2
;   γ=0.16(u*/U)

 2
                         (7) 

To obtain the maximum wind speed, Differentiate equation 

(1) with respect to “U”, and equal the result with zero. The result 

with the positive value is estimated as follows: 
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           Umaximum=
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Then the maximum effective height is given as follows: 

        Hmaximum=hs+A/U=hs+Ahs/3A=4hs/3                  (9) 

Substituting from equations (8), (9) and (7) respectively in 

equation (4), the maximum ground concentration along the 

plume centerline in stable conditions is given as follows: 

                                  
                                                                                   (10)    

Also, by substituting from equations (8), (9) and (6) respectively 

in equation (4), the maximum ground concentration along the 

plume centerline in unstable conditions is obtained as follows: 

                               
                                                                                      (11)     

Worst Trapped Concentration 

If one considers that the plume is trapped under the stack of 

a point source, the ground level concentration along the plume 

centerline is written as (Ragland 1976): 
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where Zi is the height of  inversion layer. The maximum 

concentration is happened if the plume rise is just up to the 

inversion layer; hence, Eqn (12) is obtained as: 
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Where Zi=hs+A/U, Taking /iC x  =0, the maximum 

downwind distance is calculated as follows: 

                  max 2 ix Z                                                    (14) 

Then the maximum ground level concentration along centerline 

due to inversion layer is  

     (15)                                         

The above formula is just half of the previous result estimated in 

(Eqn (4)), where Zi equals the effective height H if the plume 

rise is just up the inversion layer. The results of the critical wind 

speed and effect height have values as same as for non-

Gaussian. Notice that the maximum concentration depends on 

the height of inversion layer and the effective height. 

Case study 

It is useful to apply the derived normalized concentration 

C/Q on a plant stack located in Inshas Cairo, Egypt. A 

continuous Ventilation system is provided with the plant to the 

surrounded areas. The total ventilation rate which is emitted 

from the plant stack of 43 m height, 1 m internal diameter, and 

exist velocity 4 m/s was 39965 m
3
/hr.  

     The calculated values of u*,  xmaximum and normalized 

concentrations C/Q   for neutral, stable and unstable conditions 

is presented in Tables (1), (2) and (3) respectively. The last 

column in the three Tables is given in 48 hours where, the usual 

continuous operation time of the plant.  The variations of the 

normalized concentrations are shown in the right column of 

these Tables. 

      For the maximum case concentrations, the trapping type 

plume is obtained by multiplying the concentrations of Eqn. (4) 

by a factor of half. The ratio between trapping and non-Gaussian 

concentration is estimated as follows: 

      max
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Table (1)  Wind speed, friction velocity, and the 

concentration at the axis of the plume in neutral classes. 

U (m/s) 

 

u* (m/s) C/Q *10 -6  sec/m3 

5.27 0.33 77.17 

5.31 0.33 77.17 

5.34 0.34 72.70 

6.37 0.4 52.53 

5.17 0.32 82.07 

4.45 0.28 107.20 

5.1 0.32 82.07 

4.81 0.3 93.38 

5.3 0.33 77.17 

4.86 0.31 87.45 

5.36 0.34 72.70 

5.19 0.33 77.17 

5.41 0.34 72.70 

5.54 0.35 68.61 

5.2 0.33 77.17 

5.61 0.35 68.61 

5.79 0.36 64.85 

6.27 0.39 55.26 

5.93 0.37 61.39 

6.01 0.38 58.20 

5.41 0.34 72.70 

5.75 0.36 64.85 

5.26 0.33 77.17 

 

Table (2)  Wind speed, friction velocity, and the 

concentration at the axis of the plume in stable classes. 

u (m/s) 
 

u* (m/s) C /Q *106  

sec/m3 

4.43 0.32 82.07 

3.81 0.27 115.29 

4 0.29 99.93 

4.92 0.35 68.61 

3.7 0.27 115.29 

3.57 0.26 124.32 

3.64 0.26 124.32 

3.45 0.25 134.47 

3.6 0.26 124.32 

3.8 0.27 115.29 

3.99 0.29 99.93 

3.89 0.28 107.20 

3.75 0.27 115.29 

3.98 0.29 99.93 

3.47 0.25 107.20 

4.06 0.29 99.93 

4.3 0.31 87.45 

4.31 0.31 87.45 

4.02 0.29 99.93 

4.11 0.3 93.38 

3.94 0.28 107.20 

3.86 0.28 107.20 

3.67 0.26 124.32 
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Table (3) Wind speed, friction velocity, and the 

concentration at the axis of the plume in unstable classes. 

U (m/s) 

 

w* (m/s) C /Q *107 

sec/m3 

5.5 1.33 162.13 

4.7 1.28 175.04 

5.0 1.29 172.34 

6.1 1.37 152.80 

4.6 1.27 177.81 

4.4 1.25 183.55 

4.5 1.26 180.64 

4.3 1.24 186.52 

4.5 1.26 180.64 

4.7 1.27 177.81 

5.0 1.29 172.34 

4.8 1.28 175.04 

4.7 1.27 177.81 

5.0 1.29 172.34 

4.3 1.25 183.55 

5.1 1.3 169.70 

5.4 1.32 164.60 

5.4 1.32 164.60 

5.0 1.29 172.34 

5.1 1.3 169.70 

4.9 1.29 172.34 

4.8 1.28 175.04 

4.6 1.26 180.64 

Fig. (1) Shows that the polynomial of degree two is fitted 

well with data in unstable, neutral and stable conditions 

respectively. The maximum value concentration has maximum 

value in stable condition; the most values of the maximum 

concentration is happened in stable condition and minimum 

values is obtained in unstable condition. The values of the 

maximum normalized concentration are 134.47*10
-6

 sec/m
3
 at 

x=81.3m, 107.20*10
-6

 sec/m
3
 at x=81.6m and 186.52*10

-7
 

sec/m
3
 

 
 at x=81.3m in stable, neutral, and unstable conditions 

respectively. 

 The fitting equations in neutral, stable, and unstable 

conditions are obtained as follows:  

(Cmax/Q) neutral =-70.25 (xmax)
2
 +11422.5 xmax  -464231         (17) 

(Cmax/Q) stable=-76.6282 (xmax)
2
 +12449.3 xmax -505525        (18)                              

(Cmax/Q)unstable =-9.39673 (xmax)
2
 +1522.26 xmax-61474.8     (19)                            
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Fig.  1.  Variation of the maximum concentration over 

emission rate (Cmax/Q) with the maximum downwind 

distances (xmax) in all stabilities. 

The ratio of maximum ground-level trapping to non-

Gaussian maximum concentration with H/Zi
 
is shown in Fig. (2), 

the dimensionless of ground-level trapping to non-Gaussian 

concentration in stable condition is larger than neutral and 

unstable conditions respectively. The fitting of the ratio 

increases in stable condition from 0.05 to 0.08 but in neutral and 

unstable conditions the ratio is little bit which increases from 0.0 

to 0.005. 
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Fig.  2. The variation the ratio of ground-level trapping to 

non-Gaussian concentration via non-dimensional distance. 

 The maximum ground-level normalized concentration, wind 

speed, effective height and downwind distance are tabulated in 

Table 1 through atmospheric stability conditions. The maximum 

normalized concentrations have the largest value in stable 

condition, then neutral condition and the minimum value of 

maximum concentration is happened in unstable case.  

Table 1. Maximum normalized concentration for non 

Gaussian plumes model. 
Stability C/Q sec/m3 Umaximum (m/s) Hmaximum (m) Xmaximum(m) 

Neutral 107.20*10-6 4.45 57.3 81.03 

Stable 134.47*10-6 3.45 57.3 81.03 

Unstable 186.52*10-7 4.3 57.3 81.03 

Conclusions 

The maximum concentration has maximum value in stable, 

then neutral and unstable conditions respectively. The fitting of 

maximum concentration is found as a polynomial of order two 

degrees which is fitted well with data in neutral, stable and 

unstable conditions. The values of the worst normalized 

concentration are 134.47*10
-6

 sec/m
3
 at x=81.3m, 107.20*10

-6
 

sec/m
3
 at x=81.6m and 186.52*10

-7
 sec/m

3
 

 
 at x=81.3m in 

stable, neutral, and unstable conditions respectively. 

 The maximum concentration for trapping plume is obtained 

by multiplying the maximum ground level concentration along 

the plume centerline by a factor half. 

    The dimensionless of ground-level trapping to non-Gaussian 

concentration in stable condition is larger than in neutral and 

unstable conditions. The fitting of the ratio increases in stable 

condition from 0.05 to 0.08 but in neutral and unstable 

conditions the ratio is a little bit which increases from 0.0 to 

0.005 
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