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ABSTRACT

Graham and Sloane [7] introduced the harmonious graphs and Singh & Varkey [11]
introduced the odd sequential graphs. Gayathri and Hemalatha ( [2], [1]) introduced even
sequential harmonious labeling of graphs. In [3], we extend this notion to k-even sequential
harmonious labeling of graphs and further studied in [4-5]. Also we have introduced k-odd
sequential harmonious labeling of graphs in [6]. Here, we investigate some results on k-even

sequential harmonious labeling of graphs.
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Introduction

All graphs in this paper are finite, simple and undirected.
The symbols V (G) and E(G) denote the vertex set and the edge
set of a graph G.

The cardinality of the vertex set is called the order of G.
The cardinality of the edge set is called the size of G. A graph
with p vertices and g edges is called a (p, q) graph.

In [2], Gayathri and Hemalatha say that a labeling is an
even sequential harmonious labeling if there exists an injection f
from the vertex set V to {0,1,2,...,2q} such that the induced
mapping f* from the edge set E to {2,4,6,....2q} defined by

£ () f(u)+ f(v),if f(u)+ f(v)iseven
f(u)+ f(v)+1,if f(u)+ f(v)is odd

A graph G is said to be an even sequential harmonious
graph if it admits an even sequential harmonious labeling.

Here, we have introduced k-even sequential harmonious
labeling by extending the above definition for any integer k >1.
We say that a labeling is an even sequential harmonious labeling
if there exists an injection f from the wvertex set
V to{k-1, k, k+1,..,k+29-1} such that the induced mapping f*
from the edge set E to {2k,2k+2,2k+4, ...,2k+2q-2}defined by

£ () f(u)+ f(v),if f(u)+ f(v)iseven
f(u)+ f(v)+1,if f(u)+ f(v)is odd

A graph G is said to be an k-even sequential harmonious
graph if it admits an k-even sequential harmonious labeling. In
this paper, we investigate some results on k-even sequential
harmonious labeling of graphs.

Throughout this paper, k denote any positive integer > 1.
For brevity, we use k-ESHL for k-even sequential harmonious
labeling.

Main Results
Definition:
By a graph P? we mean the graph obtained from P, by

n
joining each pair of vertices at distance 2 in P,

are distinct.

are distinct.
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Theorem:

The graphP? ,(n > 3) is a k-even sequential harmonious
graph for any k.
Proof:

Let the vertices of P’be {vi :1<i<n } and the edges of
P?be {ViVix: 1<i<n}
U { Viviso: 1<i<n-2 } which are denoted as in Fig. 2.1.

v L] LS ¥n

Fig. 2. 1: P?with ordinary labeling
We first, label the vertices of P? as follows,
Define f: V (P?) — {k-1, k, k+1,.. k+2g-1} by
f(vi) = 2(i-1)+k-1 1<i<nm

Then the induced edge labels are

" (Vivis) = 4i-4+2k 1<i<n

" (Vivieo) = 4i+2k-2 1<i<n-2
Clearly, the edge labels are even and
f(E)={2k,2k + 2,2k +4,.,2k +2q—2} .
Hence, the graph P?,(n > 3) is a k-even sequential harmonious

distinct,

graph for any k.
2-ESHL of P} is shown in Fig. 2.2.
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1 4 7 ] 5 12 T 16 [ 20 1T
Fig. 2. 2: 2-ESHL of P? .
Theorem:

The graph P.* K,° (m > 2) is a k-even sequential
harmonious graph for any k where * denote the wreath product.
Proof:

Let the vertices of P,* K,© be {ui, v I<i<n}and the
edges of P,* K,© be
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{UiUi+1.' 1I<i< n-l} ) {ViVi+l SI<i < n-1 } |\ {UiVi+1.' 1<i<nm-
1} U { UiV I<i <n-1}which are denoted as in Fig. 2.3.
¥ L ¥n1 ¥n

uy i By Iy
Fig. 2.3: P,* K,° with ordinary labeling
We first, label the vertices of P,* K,  as follows:
Define f: V (Po* K,°) — {k-1, k, k+1,.. k+2g-1}by
1<i<n
4(i—1)+k -1 when i is odd
) ={ 00
4i —8+kl
4i—-2+k wheniisodd.
f (Vi ) =N ..
4i—4+k wheniiseven.

Then the induced edge labels are:
fr (UiUi+1) = 8i-8+2k 1<i<n-1
" (Vivis1) = 8i+2k-2  1<i<n-1
8i—4+2k ;wheniisodd
f(uvi,) :{8'

i—6+2k ;wheniiseven

8i—6+2k ;wheniisodd
f(ui+1vi): . ..

8i—4+2k ;wheniiseven
Clearly, the edge Ilabels are even and
f7(E)={2k,2k + 2,2k +4,.,2k +2q— 2} .
Hence, the graph P,* K,° (n > 2) is a k-even sequential

harmonious graph for any k.
4-ESHL of Ps* K, is shown in Fig. 2. 4.

6 14 8 22 14 30 16 38 22

when i is even

distinct,

6 11 24 12 32 19
Fig. 2. 4: 4-ESHL of Ps* K,©
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Definition:

The graph sparklers P,@ K., , (m, n > 2) obtained by
joining an end vertex of a path to the center of a star.
Theorem:
The graph sparklers P@ Ky, (m, n >2) is a k-even sequential
harmonious graph for any k.
Proof:
Let the vertices of sparklers P,@ Ky, , be {u; :/<i <m+n } and
the edges of
sparklers P,@ Ky, ,be {Uilir1: 1<i <m-1} U {UpUisy - m<i <
m-+n-1} which are denoted as in Fig. 2. 5..

1

Fig. 2.5: Ph@ Ky, with ordinary labeling
We first, label the vertices as follows:
Define f: V(Pn@ Ky ) — {k-1, k, k+1,..,k+2g-1}by
f(u) =k+i-2 1<i<m

f(u) = 2i+k-m-2 m+] <i<m+n

Then the induced edge labels are:

fr (uiui+1) = 2i +2k-2 1<i<m-1

* (Uplis1) = 2i+2k-2 m<i<m+n-1.
Clearly, the edge labels are even and
f(E) ={2k,2k + 2,2k +4,.,2k + 29— 2} .
Hence, the graph sparklers P,@ Ky, (m, n > 2) is a k-even
sequential harmonious graph.
5-ESHL of P¢ @ K5 is shown in Fig. 2. 6.
4 10 5 12 6 14 7 16

-
L > - -

distinct,

Fig. 2. 6: 5-ESHL OF P¢@ Ky 5
Definition:

A twig TW(P,) ,(n > 3) is a graph obtained from a path by
attaching exactly two pendant edges to each internal vertex of
the path.

Theorem:

The graph twig TW(P,) ,(» > 3) is a k-even sequential
harmonious graph for any k.

Proof:

Let the vertices of TW(P,) be {ui, v wj:/<i<n & I<j <
n-2 } and the edges of TW(P,) be { (UiUi+1) , (Vilir1) , (Willj+1):
1<i <n-2}which are denoted as in Fig. 2. 7.

¥ Ly n-2
i Il I i
.I 2 1 P
Wi wa o L -2

Fig. 2. 7: TW(P,) with ordinary labeling
We first, label the vertices as follows:
Define f: V(TW(P,)) — {k-1, k, k+1,..,k+2g-1}by
f(u) =k+i-2 1<i<n
f(v) = 2n-2+k+3(-1) 1<j<n-2

fw) = 2n+k+3(G-1) [<j<n-2
Then the induced edge labels are
" (Uiljs1) = 2i+2k-2 I1<i<n-1

7 (Viliz1) = 2n + 4(i-1)+2k-2 1<i<n-2
" (Wilis1) = 2(n+1) +4(i-1)+2k-2  I<i<n-2
Clearly, the edge labels are even and
f*(E) ={2k, 2k + 2,2k +4,.,2k + 29— 2}
Hence, the graph twig TW(P,) ,(n > 3) is a k-even sequential
harmonious graph for any k.
3-ESHL of TW(Ps) is shown in Fig. 2.8.

distinct,

11 149 17
14 18 212
‘2 6 13 8 '4 10 '5 12 E
16 20 24
13 16‘ 19‘

Fig. 2. 8: 3-ESHL of TW(Ps)
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Theorem:

The graphC,e nK,, (n = 2)
harmonious graph for any k.
Proof:

Let the vertices of C;e nK, be {u; ,v;j ;1<i<3 & I<j<n
Yand{e ; ISi<3&I<j<n} U {(uvy); ISi<3&I<j<n
} be the edges of C, e nK; which are denoted as in Fig. 2.9.

is a k-even sequential

Va1

viz

Fig. 2. 9: C, e nK, with ordinary labeling

We first, label the vertices of C, e nKas follows:
Define f:V (C,e nK;) — {k-1, k, k+1,..,k+29-1}by

fu)=kl; f(u)=k+l; f(ug)=k+2;

f(vij) = k+2(-1)+(2n-1)(i-1)+6 I<i<3 & I<j<n
Then the induced edge labels are:

" (&) = 2i+2k-2

" (uivi)) = 2k+2(j-1)+2n(i-1)+6 I<i<3 & I<j<n
Clearly, the edge labels are even and distinct,
f(E)={2k,2k + 2,2k +4,.,2k + 29— 2} .
Hence, the graph C,e nK,, (n = 2) is a k-even sequential
harmonious graph.
4-ESHL of C,e 4K, is shown in Fig. 2. 10.

1<i<3

21 23

Fig. 2. 10: 4-ESHL of C, e 4K, .

Theorem:

The graph Tpme , (nMt = 2)
harmonious graph.
Proof:

Let the vertices of Tomebe {ui , vj wi;1<i<t , I<j<n &
1<1<m jand
{(Uitisg) , (U1v) , (Uwy) ; ISi<t-1, I<j<n & I<]<m}be the
edges of T, which are denoted as in Fig. 2. 11.

is a k-even sequential

¢ °

y ®

Fig. 2.11: T,y with ordinary labeling
We first, label the vertices of T, as follows:
Define f: V (T my) — {k-1, k, k+1,..,k+2g-1}by

f (u;) =k+i-2 1<i<t
f(vj) = 2t+2j+k-4 I<j<n
For 1</<m,
Fw)= 2n+t+2(1-1)+k -1 whentiseven
YUlon+t+21+k-3 whentisodd

Then the induced edge labels are:

f (UiUi+1) = 2i+2k-2 1<i<t1
f+ (UiVj) = 2(t+J-1) +2k-2 15] <n
" (uw) = 2(t+n+l-1)+2k-2  1<I<m

Clearly, the edge |labels are even and distinct,

f(E) ={2k,2k + 2,2k +4,.,2k + 29— 2} .

Hence, the graph Tnn:, (h,mt > 2) is a k-even sequential
harmonious graph for any k.

6-ESHL of T35 is shown in Fig. 2. 12.

Fig. 2. 12: 6-ESHL of T3se
Theorem:

The graph CH,,, (h > 3) is a k-even sequential harmonious
graph for any k where CH, is a closed helm without central
vertex.

Proof:

Let the vertices of CH, be {u;j ;1<i <n & 1<j <n jand the
edges of CH, be _

{Uitivy) s ISi<n &I<j<n} U {¢g =(Uj, Ujn); 1<i<
n &1<j<n-1} U
{e) =, U ) ; 1<i<n } which are denoted as in Fig. 2. 13.

Fig. 2.13: CH, with ordinary labeling
First we label the vertices of CH,, as follows:
Define f: V (CH,) — {k-1, k, k+1,..,k+2g-1}by
Case (i) : When i is odd.
The vertices labels are as follows,
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f(ui;) = 2(-1)+2n(i-1)+k-1 1<j < @n+1)/2, ifnis odd
& 1<j<(m+2)/2, if niseven.
f(Ui (n+3)/2) = f(Ui (n+1)/2) +k n is odd.
(Ui (neay2) = T(Ui (ne22) k-2 nis even.
f(Uij) = f(Uij_1)+k -3 (n+3)/2<j<n,ifnisodd
& (n+4)/2 <j<n, ifnis even.
Then the induced edge labels are
4j—4+4n(i-1)+2k 1<j<(n+1)/2,ifnisodd
1<j<n/2, if niseven
" (eay2) +2k—4  j=(n+3)/2,if nisodd
fr(el)=1 f*(e,,)+2k j=(n+2)/2,if niseven
f*(ej,)+2k—-6 (n+3)/2<j<n,ifnisodd
(n+2)/2<j<n,ifniseven

Case (ii) : Wheniiseven.
The vertex labels are as follows:
f(ui)) = 2(n+1)+2(j-1)+2n(i-2)+k-1 1<;<(n-1)/2,if nis odd.
1<j<n/2,ifniseven.
n is odd.
nis even.
(n+3)/2 <j<n-1,ifnisodd.
(n+2)/2 <j<n-1,ifniseven.

f(Ui (ne1y2) = F(Ui 1) + K
f(Ui (n+2)2) = F(Uin2)+K - 2
fui) = f(uij)+k -3

f(uin) = f(Ujn1)+k -4 .

Then the induced edge labels are:

An+4j+3+4n(i—2)+2k 1< j<(n-1)/2,if nisodd
1< j<(n=-1)/2,if niseven
j=(n+1)/2,if nisodd
j=(n+2)/2,if niseven

(n+1)/2< j<n-1if nisodd

(n+2)/2< j<n-Lif niseven

£ (efpyyn) +2k -4
f*(eij): f*(ein,z)+2k ;
fr(e|,)+2k-6

fr(e))+2k -4
Clearly, the edge labels are even and distinct,
f*(E) ={2k, 2k + 2, 2k + 4,., 2k +2q — 2} Hence, the graph CH,,

(n >3) is a k- even sequential harmonious graph.
2-ESHL of CH, is shown in Fig. 2. 14.

Fig. 2. 14: 2-ESHL of CH,
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