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To analyze metallic structures, properties of metals are easily available, but for composite
Keywords structures properties of composite material are not readily available. Composite material is
Elastic properties, nothing but a laminate made from number of different lamina, and the properties of laminate
Micro-Mechanics Approach, depends on properties of lamina.
Isotropic lamina. The material properties of composite are required for carrying out stress analysis and fatigue

analysis which in turn predicts the life of component. Objective of present work is to study
the behavior of composite materials. This investigation deals with lamina composed of
polymer matrix and carbon fibers. The aim of this study is to determine following properties.
e Elastic properties, thermal properties and strength properties of transversely isotropic
lamina by all methods of Micromechanics.

o Properties of orthotropic lamina using Method of Cells.

o Verifying the results predicted by Method of Cells with the other micromechanics
methods like Composite Cylinder Assemblages (CCA) method, Rule of Mixture, Halpin-
Tsai, Chamis method and Zing-ming Huang method.

© 2012 Elixir All rights reserved.

Introduction E - EtEm

Micromechanics is the study of composite material behavior YT OVLEr + VB
wherein the material is assumed homogeneous and the effects of
the constituent materials are detected only as averaged apparent
properties of the composite materials.

Methodology:

Fiber reinforced composites are often selected for weight-
critical structural applications because of their high specific
stiffness and strength. For determining the properties of
transversely isotropic lamina following methods are used. Where,
Mechanics of Material Approach (Rule of Mixture)
The relevant elastic properties are obtained as given below
a)Young’S modulus of e]asticity: Fiber longitudinal Poisson’s ratio
The first modulus of the composite material is determined, when Vm = Matrix Poisson’s ratio
subjected to loading along fiber direction as below,

—-(Eq.2)

Where,

Et=Young’s modulus of lamina in transverse direction.

b) Poisson’s Ratio in L-T plane:

The major Poisson’s ratio is obtained by the same approach that
used in analysis of E1

Vip = ViVe + VvV, - (Eq.3)

V12 = Poisson’s ratio of lamina in one two plane
Vi _

Vim = Matrix Volume fraction

= EV; + EpV,

E Vi + EmVi - (Eq.1) Vi _
where, = Fiber Volume fraction
Ei=Young’s modulus of elasticity of lamina in longitudinal ¢) Shear modulus in L-T plane: )
direction. ¢) The Inplane shear modulus is determined as
E+=Young’s modulus of fiber. Gy = L
Em=Young’s modulus of matrix. VG + Vi G ---- (Eq.4)
V;=Fiber volume fraction where,
V,=Matrix volume fraction G=Shear modulus of lamina in L-T plane

The apparent Young’s modulus of the composite material in Gpn=Shear modulus of matrix
the direction transverse to the fiber, with assumption the same G¢=Shear modulus of fiber
transverse stress is assumed to be applied to both the fiber and V¢=Fiber volume fraction
mat Vn,=Matrix volume fraction
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Halpin-Tsai Method
This is an interpolation method which is an approximate

representation of more complicated micromechanics results. The

relevant elastic properties are obtained as given below are

presented by Jones [1], the expressions for axial Young;s

modulus (E1) and axial Poisson’s ratio are generally accepted

results of rule of mixture. The Halpin-Tsai equations are equally

applicable to fiber, ribbon, or particulate composite:

a)Young’s modulus of elasticity:

The first modulus of the composite material is determined in the

fiber direction when subjected to loading along fiber direction.

B = EV: + BV —- (Eq.5)

Young’s modulus of elasticity:

The apparent Young’s modulus of the composite material in the

direction transverse to the fiber, is as given below

A+ ExnxVi)xEy
1-7n7xVs

E =
---- (Eq.6)
Where,
) = (Ey /Em) -1

(Eq /Eq) + ¢
Constant £= Measure of fiber reinforcement of composite
material

10

& =1+ 40vi
b) Poisson’s Ratio in L-T plane:
The major Poisson’s ratio is obtained by the same approach that
used in analysis of E1
Ve = ViV, + v,V - (EQ.7)
¢) Shear modulus in L-T plane:
The in plane shear modulus is determined as
(L + ExappxVg)xGpy

G, =
It 1 - npxVi

---- (Eq.8)
Where
(G, 1G,) - 1
- (Gf /Gm) + g
Composite Cylinder Assemblages (CCA)
Assumptions made in CCA are as follows:
1) All fibers have same radii.
2) Perfect bond between fiber and matrix.
3) Neglect the matrix between cylinder and assuming
axisymmetric loading.
4) Fibers are linear elastic transversely isotropic material, and
matrix is isotropic material.
5) Fiber properties like Young’s modulus, shear modulus,
Poisson’s ratio, coefficient of thermal expansion and density in
longitudinal and transverse direction are: --

B Bt Guer Vier» Ve %p % Pt
Matrix Properties: -- Em:Vm: Om: Pm
Fiber Volume Fraction: --Vf

m

| G i — -

Figure .1Composite Cylinder Assemblage [2]
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a)Matrix volume fraction:

Vi =1- V¢

b)Fiber transverse Poisson's ratio:
Eq
2Gy

¢) Matrix bulk modulus:
Em
Km=5-7 5y
3x(1-2v,)
d)Fiber transverse bulk modulus:

-1

Vir =

K. — =t
tf = S/ A
3 - 2vy)
e) Matrix shear modulus:
E
Gy = -1 —
" 21+ vp)

f)Young’s modulus of elasticity of lamina :
The first modulus of the composite material is determined in the
fiber direction when subjected to loading along fiber directionis
as below.

LAY

B = EVn + BiVs +
{vm Ve o1

Ky Kom G

Young’s modulus of elasticity

The apparent Young’s modulus of the composite material in

the direction transverse to the fiber, with assumption the same

transverse stress is assumed to be applied to both the fiber and
matrix.

 AKyGy
= — ot
Ktb + mXGt(Jr)

J ---- (Eq.9)

---- (Eq.10)
g) Shear modulus of lamina (indicates upper bonds):
nll+ aVe)'llp + AVr) — Vs (Vo) A

G+ =6
© [+ a(vi)lp - Vi) — 3 Vo) 5

h) Transverse bulk modulus of lamina:
_ KoKyt + GV + Kigg (Ko + GV
O (Kat + Gl + (Ko + GV

Constant (m)

--(Eq.11)

4KV
=]
Constant A

1
'81_3—4vm

m=1+

Constant 22

1
ﬂZ B 3 - 4Vf
Constant @
o = B 1P
1+ 96
Constant #
_r+hs
yol S 1
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Constant
Gut
Gm
i)Axial Poisson’s ratio:
The major Poisson’s ratio is obtained by the same approach that
used in analysis of E1

1 1
Vig — V)| — — A%
(Itf m)[Kbm Ktbf] mV f

Vig = ViV + iV +
[ Vi Vi 1
+ +

Kpt  Kom Gm] ---- (Eq.12)

j)Transverse Poisson’s ratio:

Vs = Kip — MGy

K + MGy - (Eq.13)
Where,
Gt(—) ~ Lower transverse shear modulus

\4i

1 4 Vi
y —1 1+

k) Axial shear modulus of lamina:
The in plane shear modulus is determined as
Gy = G GpVm + Gy (L + V)

Gp(l + Vi) + GyVy

Giy = Gm|1 +

---- (Eq.14)
1) Transverse shear modulus of lamina:
The 2-3 plane shear modulus is determined as

o o Brat 1o+ V) - 3078
- ~m
[0+ a0l - Vi) - 3V, )%
m) Axial thermal expansion coefficient of lamina:

- a —oam (31-2w) 1
R s S
Kbt Kbm --- (Eq.15)
Where,
Constant @1

OTI = (Zme + 0!|fo
S

Constant 'k,

1 _Vm Vi

R + [

Ki Kom  Kur

n)Transverse thermal expansion coefficient:
a -0 (3 30- gy (I)

[ 11 }LZKm B K

ﬁ Kbm

(Z2=&+

---- (Eq.16)
Where,
Constant e
Et = aqVp + oyVs
1

Constant K
I = me + V7f
Kt Kom Kibf
Chamis Method

Chamis [4, 5] method is used to calculate lamina elastic
properties. Fiber properties, matrix properties and fiber volume
fraction are input to this method. The elastic properties can be
found out as:
a) Calculation of matrix volume fraction:

Vi =1 -V
Where,
Vm = Matrix Volume fraction

V' = Fiber Volume fraction
b) Calculation of fiber transverse Poisson’s ratio:

E
Vi = _q
2Gyy
c) Calculation of matrix shear modulus:
E
G =——m
" 2(+v,,)

d) Calculation axial Young’s modulus of Lamina:
B = EiVs + EgVn o (Eq17)

e) Calculation of Poisson’s ratio of Lamina in one two plane:
iz = VigVy + VoV

---- (Eq.18)
f)Calculation of Poisson’s ratio of lamina in two three plane:
E
V23 = —= -1
2Ga3 ----(Eq.19)

Where,

V23 = Poisson’s ratio of lamina in two three plane

Ea — Young’s modulus of lamina in direction two

G23 = Shear modulus of lamina in two three plane
g)Calculation of transverse Young’s modulus of lamina:

Em

BRA Y

E2=

- (Eq.20)

h) Calculation of shear modulus or modulus of rigidity of lamina
in |-t plane:
GI‘ﬂ

L[, )

i) Calculation of shear modulus or modulus of rigidity of lamina
in t-t plane:

Gp =

---- (Eq.21)

G

L [1 - G%m] —(Eq.22)

J) Calculation of longitudinal tensile strength of lamina:

Xy = Vi X - (Eq.23)
Where,

Xt = Tensile strength of lamina in direction one

Gy =

Vt = Fiber volume fraction

XIf = Fiber longitudinal tensile strength
k) Calculation of transverse tensile strength of lamina:

Y, = {1— (o —vf)[l— E%ﬁﬂxtm

Where,

"t = Tensile strength of lamina in direction two

- (Eq.24)

v . .
f = Fiber volume fraction

Em — Matrix Young’s modulus

E .
= Fiber transverse Young’s modulus
Xm = Matrix tensile strength
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I) Calculation of longitudinal compressive strength of lamina:

KXo = Vi Xt ---- (Eq.25)

Where,

Xe = Compressive strength of lamina in direction one

Vf — - -
= Fiber volume fraction

Xet = Compressive strength of fiber
m) Calculation of transverse compressive strength:

Y = {1 - (v )[1 - E%ﬁ chm

Where,
Yo = Compressive strength of lamina in direction two

- (Eq.26)

Vt = Fiber volume fraction
Em = Matrix Young’s modulus

E; . s
= Fiber transverse Young’s modulus

Xem = Matrix compressive strength
n)Calculation of axial shear stress in one two plane:

57 [1‘ e ‘V')(l_ G%mﬂsm - (E.27)

Where,

$12 = Shear strength of lamina in one two plane
Vi = Fiber volume fraction

Gm = Matrix shear modulus

i = Fiber longitudinal shear modulus

Sm = Matrix shear strength
0) Calculation of transverse shear strength:

6
v
Where,

$23 = Shear strength of lamina in two three plane

Sp3 = m

---- (Eq.28)

Y . .
' = Fiber volume fraction

Gm = Matrix shear modulus

Gt = Fiber transverse shear modulus

Sm = Matrix shear strength

p) Calculation of density of lamina:
p = ptVi + PmVm

Where,

P = Density of lamina

Pt = Fiber density

---- (Eq.29)

Pm = Matrix density
V't = Fiber volume fraction

Vm = Matrix volume fraction

g) Calculation of coefficient of moisture expansion of lamina
in direction one:

E
B = (ﬁr; m A)
| Pm
Where,
A = Coefficient of moisture expansion of lamina in

direction one

Bm = Coefficient of moisture expansion of matrix

Em = Young’s modulus of matrix

£ = Density of lamina
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B = Young’s modulus of lamina in direction one

#m = Density of matrix
r) Calculation of coefficient of moisture expansion of lamina in
direction two:

m
B2 = @x vm)p VTn)ﬁ L ™o
P ---- (Eq.30)
Where,
P2 = Coefficient of moisture expansion of lamina in direction
two

Ym = Poisson’s ratio of matrix

B™ = Coefficient of moisture expansion of matrix
P = Density of matrix

™ = Density of matrix
Y12 = poisson’s ratio of lamina in one two plane

s)Calculation of coefficient of thermal expansion of lamina in direction one:

_ Via B + VmamEn
= E1

---- (Eq.31)
Where,

o1 = Coefficient of thermal expansion of lamina in direction
one

It = Coefficient of thermal expansion of fiber in longitudinal
direction

EIf = Fiber Young’s modulus in longitudinal direction

“%m = Coefficient of thermal expansion of matrix

Em = Young’s modulus of matrix

E1 = Young’s modulus of lamina in direction one
t) Calculation of coefficient of thermal expansion of lamina in
direction two:

VivmnE
oy = oV + amvm[u f¥m Ifj

! - (Eq.32)
Where,
<2 = Coefficient of thermal expansion of lamina in direction

two

%t = Coefficient of thermal expansion of fiber in longitudinal
direction

B = Young’s modulus of lamina in direction one

“m = Coefficient of thermal expansion of matrix

Ym = Poisson’s ratio of matrix
Zheng-ming Huang Method

Zheng-ming Huang is a method which is used to calculate
elastic properties of transversely isotropic lamina.

Fiber properties, matrix properties and fiber volume fraction
are input to this method. The elastic properties can be found out
as given by Zheng-ming Huang [6,11]:

a) Young’s modulus of lamina in direction-1:

E =V, By +VinEn - (Eq.33)

b) Poisson’s ratio of lamina in 1-2 plane:
Vie =V Vig Vi Vin

---- (Eq.34)
¢) Young’s modulus of lamina in direction — 2:

(Vi + Viaug)(Vs + Vindzo)
(Vi + Vi) (ViS5 + adlnSB) + ViV (S8 - SpiJae (Eq.35)
Where,
Constants &3 82.83.84 gre calculated as shown below

E, =
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(Slfz —Sg)x(aﬂ—azz)
(sii—sii)

a,, =853 =a,, :O.Sx[lwt%]

tf

Q3 =8, =

Coefficients of stiffness matrix are calculated as shown below,

1
Szfz =7E
tf
1
Sy =——
22 Em
1
SS=—
' Etf
1
SATE,
m
V
S1fz=_i
Elf
v,
gm__"m
12 Em
1
sm=—
11 E

d) Shear modulus of lamina :
(th +Gm)+Vf (th _Gm)

G, =G, x
| (Gir +Gm) =V (Giy —Gm) - (Eq.36)
e) Shear modulus of lamina :
Gy — 0.5(V¢ + Vimazy)
Vi (Szfz - Szfs) + Vimags (S5 — S5)
---- (Eq.37)
Where,

Method of Cells (MOC)
The major contribution to the Method of Cells is by
Aboudi [7, 8].

He has developed this theory to predict properties of lamina.
The prediction of ultimate stresses of unidirectional fiber
composites under complex loading  system  using
micromechanics approach has been presented [9].

Aboudi and Pindera [10] extended this method to generate
initial yield surfaces unidirectional and cross-ply metal matrix
composites.

For Theoretical Formulation of Determination of Properties
of Transversely Lamina a computer program in FORTRAN 77 is
developed for determination of Elastic properties, thermal
properties, and strength properties of lamina using
micromechanics approach by method of cells, Halpin-Tsai
method.

Results:
Results are represented in graphical form as follows:
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Conclusions

1) Axial Young’s modulus, transverse Young’s modulus, shear
modulus and strength of lamina goes in increasing as the
percentage of fiber volume fraction increases.

2) Poisson’s ratio and coefficient of thermal expansion goes on
decreasing as percentage of fiber volume fraction increases.

3) The results obtained using micromechanical model of Method
of Cells are found upper bound for transverse properties.

4)This method of cells, composite cylinder assemblage method
are useful for prediction of all properties of lamina like elastic,
thermal and Strength properties where as other methods can not
predict all properties.

5) Results obtained for all properties of lamina by analytical
methods are in excellent agreement with experimental results
and results by software package the Laminator.

6) Empirical expressions are developed to predict properties of
orthotropic lamina by method of cells. Method of cells can be

effectively applied for transversely isotropic as well as
orthotropic lamina where as other methods used only for
transversely isotropic lamina.
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