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ABSTRACT

A set of vertices D in a graph G = ( V, E ) is a dominating set if every vertex of V — D is
adjacent to some vertex of D. If D has the smallest possible cardinality of any dominating set
of G, then D is called a minimum dominating set. A graph G is said to be Just excellent
(JE), if it to each u € V, there is a unique y - set of G containing u. In this paper we have
obtained the domatic number of the subdivision graph of a just excellent graph.
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Introduction

We consider only simple connected undirected graphs G =
(V, E). The subgraph of G induced by the vertices in D is
denoted by < D>. C,, K, denotes the cycle and complete graph
with, n vertices respectively, and Pn is a path of length n. The
open neighborhood of vertex v e V (G) isdenoted by N (v) =
{ueV(G)|(uv) e E(G)} whileits closed neighborhood
istheset N[v]=N(v)u{v} The private neighborhood of
v e Disdenoted by pn[v, D], isdefinedbypn[v,D]=N (v
)= N (D -{v}).Weindicate that u is adjacent to v by writing
ulwv.

LetSheagivensetand A={ A, A,, ..., Ay }. Ifeach A i
=1,2,..,misasubsetof S, A; UA, U ... UA =S AiNA=
oi#j, 1,j=1,2,..., m, then the set A is called a partition of S.
A subdivision of a graph G is a graph resulting from the
subdivision of edges in G. The subdivision of some edge e with
endpoints { u, v } yields a graph containing one new vertex w,
and with an edge set replacing e by two new edges, { u, w } and
{ w, v }.We shall denote the graph obtained by subdividing any
edge uv of a graph G, by Gy uv. Let w be a vertex introduced by
subdividing uv. We shall denote this by Ggq uv = w.

A set of vertices D in a graph G = (V, E) is a dominating
set if every vertex of V — D is adjacent to some vertex of D. If D
has the smallest possible cardinality of any dominating set of G,
then D is called a minimum dominating set — abbreviated
MDS. The cardinality of any MDS for G is called the
domination number of G and it is denoted by y ( G ). A v - set
denotes a dominating set for G with minimum cardinality. A
vertex v is said to be a, down vertex if y (G—-u )< y(G),
level vertex if y(G—-u )= y(G), up vertexif y(G-u )>
v (G). Avertexin V — D is k — dominated if it is dominated by
at least k — vertices in D.

The concept of the domatic number was introduced by
Cockayne and Hedetniemi in 1977. A domatic partition of a
graph G = (V, E) is a partition of V into disjoint sets V4, Vo, ...,
Vi such that each V; is a dominating set for G. The domatic
number is the maximum number of such disjoint sets and it is
denoted by d (G).
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A vertex v is said to be good if there is a y - set of G
containing v. A graph G is said to be excellent if every vertex of
Gisgood. In[6] M. Yamuna and N. Sridharan, had defined a
graph G to be Just excellent (JE), if it to each ueV, there is a
unique y - set of G containing u.

Example
1 3

Fig. 1
In Fig. 1, G isa JE graphgand {1,473} {25 8} and

{3, 6,9 } are the distinct y-sets for G.
In [ 6], they have proved the following results
1. A graph G is JE if and only if,

a. y(G)dividesn.

b. d(G)=n/y(G), where d (G) denotes the domatic

partition of G.
¢. G hasexactly n/vy (G) distinct y - sets.

2.1fG # K, isJEthen|PN (u, D)|>2 for each vertex u €

D, where D isanyy - set of G.
If the condition ( 2) is not satisfied, then the graph is not JE.

In [ 4] the following result has been proved.

3. A JE graph has no down vertex.

In this paper we obtain the domatic number of subdivision
graph of a just excellent graph. The domatic number of
subdivision graph is denoted by d (G uv ), forall u, v e V(G),
ulwv.

We already have proved the following result,
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4. Let G be any graph. Thend ( Ggguv ) <3.
Theorem 1

Let G be a JE graph such that d (G ) < 3. Then G has no 2 —

dominated vertex.

Proof

Since G is JE, we know that,

i.y (G) divides n.

iid(G)=n/y(G).
iii.G has exactly n /y ( G ) distinct vy - sets.
iv)pn[u,D]|>2,forallu e D.
Casei d(G)=3
Subcase i

If y (G) =2, then by condition (ii ), n=6.

By condition (iii ), d (G)=|{V:} { V2L {V:}||Vil=
2,i=1,2,3and V;,i=1,2,3arey-sets. Let V;={x,yi }, i =
1,23

By condition (iv),pn[x;]>2andpn[y;]>2,i=1,2,3.

|[V-{Vi}|=4,i=1, 2,3, which implies every element in
V — D is private neighborhood of some elements in V. In this
case, G has no 2 — dominated vertex.

Subcase ii

Ify (G) = 3, then by condition (ii), n=9.

Asinsubcase —i,d(G)=[{V:},{V.} {Vz}| where |
Vi|=3,i=1,2,3and V;,i=1,2, 3arey-sets. Let V; = { x;, Vi,
Zi},izl, 2, 3.

By condition (iv),pn[xi]>2,pn[yi]>2andpn [z ]>
2,i=1,2,3.

|V-{Vi}|=6,i=1,2, 3, which implies every element in
V — D is private neighborhood of some elements in V;. In this
case, G has not 2 — dominated vertex.

By subcase — i and ii, we observe that, whend (G ) = 3, as
the value of y is increased by 1, the value of n increases by 3.
Also |V = V;|=2]|V;| i=1, 2,3, which implies, if G is JE
such thatd ( G ) = 3, then G has no 2 — dominated vertex.
Caseiid(G)=2
Subcase i

Ify (G) =2, then by condition (ii ), n = 4.

By condition (iii ), d (G ) =|{Vi:}L{V2} | IVi|=2,
i=12

By condition ( iv ), pn[ u, D ] > 2, for any u € D. Also if
this condition is not satisfied, then G is not JE. | V — V; | = 2,
which implies pn [ u, D ] > 2, for every u € D is not possible.

Ifd(G)=y(G)=2,then G isnot JE.

Subcase ii

If y (G ) = 3, then by condition (iii ), n = 6.

By condition (iii ),d (G)=|{V: L, {V.}||Vi|=3,i=
1, 2. Since | V1 | = | V2 |, each u e V; can have atmost one
private neighborhood, that is pn [ u, D ] < 2, for each vertex
uebD.

Ifd(G)=2andy(G) =3, then G is not JE.

From the above discussion, in case — ii, we observe that if d
(G ) = 2, as the value of vy is increased by 1, the value of n
increases by 2. Also |V —V;|=|Vi|,i=1,2.Sowhend (G) =
2, it is not possible that pn [ u, D ] > 2. This implies that, if
d (G ) =2, then G is not JE. Also for any graph G, d (G ) > 2.
[Sinced (G) =]V, V -D|isalways possible for any y - set D
for G ].

Hence we conclude that, if G is JE and d ( G ) < 3, then G
has no 2 — dominated vertex. [
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Corollary 1

If Gis JE, d ( G ) < 3, then every vertex in V — D is a
private neighborhood.
Remark

If GisJE, d (G) > 3, then it is possible that G has a 2 —
dominated vertex.
Example

G

Fig. 2

InFig. 2, GisaJEgraphandd (G)=|{1,2} {3,8},
{4, 7%} {5 6} | =4 Vertex 6 is 2 dominated vertex, with
respect to { 1, 2 } as shown in the figure.
Corollary 2

There is no JE graph G such thatd (G ) = 2.
Proof

If possible assume that d ( G ) = 2, where G is JE.

Ify (G)=2,then G is not JE as in subcase i of case ii.

Ify(G)=mm>3,thenn=2m. Letd (G )=|{ V1 },
{Vo} | |Vi|=m,i=1 2 Since |V,;|=]|V,| eachu e V;can
have atmost one private neighborhood as in subcase ii of case ii,
that is pn[ u, D] < 2, for each vertex u € D, which implies G is
not JE.

In general, there is no JE graph G suchthatd (G ) = 2.
Theorem 2

In a JE graph every vertex is a level vertex.
Proof

Let G beaJEgraphandletu e V (G).
Case i uis not a down vertex

By result [ 3 ], we know that a JE graph does not contain a
down vertex.
Case ii u is not an up vertex
Claim

If uis an up vertex for a graph G, then u must be included
in every possible y - set.
Proof

If there is a y - set for G not containing u, then D is a
dominating set for G — { u } also, thatisy (G -u) =y (G),
which is a contradiction as u is an up vertex [ If u is an up
vertex, theny (G —u) >y ( G) ]. This implies that, an up vertex
must be included in every possible vy - set.

By the above claim, if u is an up vertex, then u must be
included in every possible y - set, a contradiction as G is JE.

Hence, from case — i and ii, we conclude that, in a JE graph
every vertex is a level vertex. [J

In[ 5], M. Yamuna and K. Karthika introduced the concept
of domination subdivision stable graph. A graph G is said to be
domination subdivision stable ( DSS ), if the y - value of G does
not change by subdividing any edge of G.
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Example

G Gy uv

Fig. 3
InFig. 3,y (G ) =y (G g uv) =2. This is true for each e =
(ab)e E(G), which implies G is a DSS graph.
Theorem 3
Let G beagraph suchthatd (G) =|Vy, Vo, ..., Vi |, where
m>3and|V;|=y(G), forall i=1,2, ..., m. If Gisnot DSS,
thend (Gguv ) <m.
Proof
Let Gheagraphandd (G ) =|Vy, Va, ..., Vi, | such that |
Vi|=vy(G), foralli=1,2, ..., m. Inthiscasen=my (G). If
G is not DSS, then there is atleast one u,v € V (G ), u L v such
thaty (Ggguv) =y (G) + 1, thatis
HV(Gwuv)|=|V(G)|+1.
iy (Gauv)|=v(G)+1.
Ifd(Gguv)=m,then |V (Gguv)|>m(y(G)+1),
= |V (Gguv)|>my(G)+m.
=|V(Gsguv) |2V (G)[+m.
But by condition (i), we know that |V (Ggguv) |#|V (G
) | + m, which implies d ( Ggq uv) = m. Hence d ( Ggg uv ) < m.
Theorem 4
If G is just excellent, then G is not DSS.
Proof
Let G be just excellent. Let D be a y - set for G. Letu € D
and let ve pn [u, D ]. There is one such v, since by result [ 2 ],
pn[u, D]>2 foreach vertex u € D for a JE graph G. Let us
assume that G is DSS. D does not dominates G 44 uv, since v is
not dominated by D. If G i uv is DSS, then there is one y - set
D' for G gg Uv, such that | D’ | =| D |.
Casel ue D', w,veD
Disay-setforG,wherevepn[u D]. D'isay - set for
G, where v ¢ pn [u, D'], that is D and D’ are two distinct y - set
for G containing u, which is a contradiction.
Case2weD'andu,v ¢ D’
D"=D'-{w}u{v}isay-setforG.
1LIfpn[w,D' ]=¢,thenpn[v,D"]=¢.
2Ifpn[w,D']=1=v,thenpn[v,D"]=¢.
3. Ifpn[w,D']=2,thenpn[v,D"]=1.
In all cases, we get a contradiction, by result [ 2 ], we know
that, since G is JE graph, thenpn[u,D]>2,forallu e V (G).
Case3 veD,uwegD

. Math. 53 (2012) 11833-11835

D" and D’ are two distinct ¥ — sets for G containing v,
which is a contradiction as G is JE.
Case4 uweD,vegD

D"=D'-{w}u{vl}isary-setfor G containing u. D
and D" are two distinct y - sets for G containing u, which is a
contradiction as G is JE.
Case5 v,weD,ugD’ _

DV=D'-{w}u{ul}isay-setforG.D and D" are two
distinct y - sets for G containing u, which is a contradiction as G
is JE.
Case6 u,veD,wegD

D’ is ay— set for G also that is D and D' are two distinct vy -
sets for a containing u, which is a contradiction as G is JE.

In all cases we get a contradiction and hence G is not DSS.
Conclusion

By corollary [ 2 ] of theorem [ 1], we already know that
there is no JE graph such that d ( G ) = 2. With this, and from
the results so far proved we conclude the following about the
domatic number of the subdivision of a just excellent graph.
Theorem 5

IfGisJE, thend (Gguv)=2,ifd (G) =3 and d (Gguv)
<3,ifd(G)=>4.
Proof

IfGisJEsuchthatd (G)=3.Letd(G)=|{V.:},{V.}
{V3}|, then by theorem [ 1], we know that,
i.G has no 2 — dominated vertex. Also since G is JE,
i Vil=y(G).
iii.n=3y(G).
iv.G is not DSS, by theorem [ 4 ].

By theorem [ 3 ], we conclude that d ( Gg uv ) # 3. Hence
d ( G UV) =2.

Ifd(G)>4,thenbyresult[4],d (Gguv ) <3.
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