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ABSTRACT

sequence. And also try to prove that if
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convergent series then

In this paper | try to prove some relation about convergence of infinite series and infinite
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are also convergent series. And also try to give some

and are any two positive term

examples which gives the support to the comparison test.
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Introduction
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We begin with infinite series. Here we use
=1

denote infinite series whose n" term is ., .I have given brief
summary of definitions which are useful for the present
investigation.
Prilimaries:
Definitionl.1 [1] (Infinite sequence): Any function f:N — X
is called infinite sequence in X. We use Tfuyn430,(n = 1)%e0
to denote infinite sequence whose .t termis tiy .
Definition1.2 [2] (Series): Series is the sum of each term of
sequence.
Definition1.3 [2] (Infinite series): A series is called infinite
series if it contains infinitely many terms.
Definition 1.4[2] (Convergent series): An infinite Series

oo

is called convergent series if lim s, exist,
Z T N—e=
=1 n
where N,
Definition 1.5 [2] (Divergent series): A infinite Series
- is called convergent series if lim s, = + 00
Z Ty f—e=

T

5ﬂ=zuﬂ .

Definition 11.6 [1] (Convergence sequence):  Let
2fum{30,(n = 1)Te0 be any infinite sequence then it is called
convergent to | if for ¥£=03 nge N such that
if n > ngthen hu, — 1l <e.

Definition 1.7 [1] (Divergent  sequence): Let
:{uln.|}:l[n = 1)Teo be any infinite sequence then it is
called divergent if for wm =03 ny,e N such that
if n> ngthen huyl = m.

=1

where
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Some Well-known Result
Ratio Test[2]:
Let ~— be

Uy
u MmTT=1
].j.III T :i then
N==lig 4y
1If then is convergent series
WM =1 Z““ g

any positive term series and

(2)If] == 1 then is divergent series
2.

(3) If ] = 1 then test fail.
P-series [2]:
Let ZL be any positive term series then
n

@ If an_p is convergent ifp o |

(2) If zi is divergent series if p<l-
ne

Direct Comparison test [2]:

Let « and be any two positive terms series,
2. un 2
=1 mn=1
and i, = 17, forevery n after few terms. Then

1 = is convergent if — is convergent.
Z Ty Tn

n=1 o ,, n=1 o

2) is divergent if is divergent.
2, D, un

=1 =1

b
Zero test [2]:

Let S,

%15:: Uy #0 then Zu“ is divergent.

be any positive term series and if
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Main Theorem:
Theorem 1If Zfun 4 ¥oi(n=1)Tw be any divergent
sequence where every iy, is positive for every n . Then ™

Un
- - - ﬂ=1
is also divergent series.
Proof:
Here, Ofuyn 4 }oi(n=1)Tew is divergent
So, for vim=03n,e N such that
if n> ngthen huyl = m.
In particular if we take m=1, then
Ang € N Suchthatif n = n, then lu,l > 1
Slupl =1 ,¥n= ng
> uy =1 ,¥n> ngasall uy, are positive
Now, consider the series i

1
=1
Then lim u, = lim 1
N—= N—=
=1
0
So, by Cauchy’s test for divergent 1 is divergent
mn=4a
And so, by comparison test = is divergent.
2, un
Tn="Tg

Hence, is also divergent because we know that if we

Ty
n=1

add some finite number of terms in series then its nature remains
unaltered.
Remarks:

Converse of the following theorem may not be true in
general. See the following example
Example:

Consider the series i

3lm=

=1
Then by p-test we have 2, 4 is divergent. But, [1 }"“
n fn=1
- - - - ﬂ:l-
is convergent and infact it is convergent to 0.

Theorem 2. Let ™ be any positive terms convergent
2, un
mn=1

series then Zfu,n 4 }:1(71 = 1)
indeed it is convergent to 0.

Proof:
Here, =

2,
n=1

So by Zero test we have

1%113::.: Up =0

So, by the definition of convergence of sequence we have
Jfu,n .| }:1('"» =1)Te0 is convergent and in fact it is
convergent to 0.
Remarks: Converse of the theorem may not be true in general.
See the following example
Example:

Consider the series =

Z 1
T
n=1

is also convergent and

is convergent series,
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Then by p-test we have

=, 1 isdivergent. But, [1]"“ is
n =1
- - - ﬂ:l-
convergent and in fact it is convergent to 0.
Theorem 3.
Let and be any two positive term series
Qun v

and if and are convergent then is
un Qv 2,unvn

also convergent.
Proof:

Let
Zﬂn = Zun Un

Convergent series.
So, by using D’ Alembert’s Ratio test

z _ Z is also convergent.
dy = Un Py

Question: Is above theorem is true for divergent series that
means if Z”“ and Z”“ are two divergent series then does it

implies that Z““ v, Isdivergent.

Answer: It is not true in general, see below two example.
Example 1.

Consider Zu“ ZZ%ZZ% then Zuﬂvﬂ =Zni

.then and are divergent series but is

convergent series using P-test.
Example 2.

Consider Zu” ZZ%ZZU“ then Zunvn =z% .then

and are divergent series and is also
Qi Qb 2. unvn

divergent series using P-test.

Remark: The following example shows that if Z is
Un
convergent and is divergent series then is
Y P Tinen
convergent.
Example:
Consider

SeeTh Tmelh ™

.then is divegent and is

1
I
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convergent series and is convergent series using P-
2,unvn

test.
Remark: The following example shows that if Z“ﬂ is

convergent andz is divergent series then Y unv is
Uy n Vn

divergent.
Example 2.4 Consider Inn s
Uy = Yy — , Vp = nz
2= A=),

then . And is convergent series
Steen = Lhan ™ P

and is divergent series and is divergent series
S o

using zero test.
Now, Let us first write the limit form of comparison test
Limit form of comparison test:

Let are two positive term series then
Zuﬂ and Zvﬂ

a If limu—“:i (finite and nonzero) then both series
M= 'Eﬂ-n

convergent and divergent together.

) if 3 ¥ — g and Z”ﬂ is convergent then Z“ﬂ is

M—== 'L'J-n

also convergent

@)if . Un _ _and is divergent then is
nh—:ui vy o Zvﬂ Zuﬂ
also divergent.
Question: In case (2) in above comparison test if Z” is
T

divergent does it implies that Z is also divergent.
Un

Answer is no. It is not true in general. See following example.
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Example:  consider the  series

IR
Z”“ =Zln‘n .then using zero test we have Z”“ is

divergent and using P-test we have Zu‘” is convergent.

BUt, 1 Un
m —
MN—= E:Jﬂ

1
= lim--
n—= Inn
=0

Question: In case (3) in above comparison test if Zv is
n

convergent then does it implies that Zun is also convergent.

Answer is no. It is not true in general. See following example.
Example:

Consider the series Zu“ _ Zl and Svn = Z'ni then

is divergent and using P-test we

using zero test we have Z
Upn

have is convergent
2.7

BUt, 1 Un
Im —
M E:Ln

J— 1' 1
e |
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