14435 O. O. Enoch et al./ Elixir Dis. Math. 57A (2013) 14435-14438

ISSN: 2229-712¥

A method for obtaining the n™ derivative of a function of the form

y =L (0L ()3 (x) L (x)
0. O. Enoch and O.S.Falebita
Department of Mathematical Sciences, Ekiti State University, Ado-Ekiti, Nigeria.

ARTICLE INFO ABSTRACT

Article history: In this work, we make use of the well known product rule and Leibnitz’s theorem to
Received: 9 November 2012; generate a new method which can be used to obtain the higher order derivatives of any
Received in revised form: functions which depends on four variables. The new method does not require the knowledge
18 April 2013; of the preceding derivative before obtaining the succeeding ones.

Accepted: 24 April 2013; © 2013 Elixir All rights reserved.
Keywords

Product rule,
Leibnitz’s theorem,
Derivative, numerical integrator.

Introduction By using the Leibnitz’s theorem expression for the derivatives in
The newly emerging trends in engineering, sciences and (5), one obtains:

technology demand the use of higher order derivatives of some

functions. Importantly, in the implementation of some numerical =1, (x)1,(x) Z cr — 3(1) — 4(x) +

integrators [1, 3, 4], the use of higher order derivatives of the dx dx

interpolant involved is required.

Let = 11{%}.{2‘{x}13{x}f€4{x} (l.) - {"Zc-ﬂ (d — 1(x}) ( o z(x))}

Then the first derivative of 3 using product rule is given as;
dy dv du

—=U—+V — (2) {" ) }
dx dx dx cr ! 3(x} 1 La(x)
Such that (2) implies: Z dx (d )
dy d
T Iiix}Iz{x}a{Ie.{x}h{x}} +{23(x}l4(x}}{"z: cr| === 1(x})( z(x})} (6)
+ Iﬂx}h{x}% INEIINEN (3) For the 319, 4t and 5th derlvatlves one obtains the followings;
3y
If odne replaces . z 5= 1(x}lz(x} 5 13 la(x)
—{Iﬂx}h{x}} and —{Il{x}lz{x}} {(_ L ()1 (x}) ( L)1 (x))}
with their Leibnitz’s theorem expressmns one will obtain; T o

=1L {(x)1;(x) [“Z Cl(d pr 3(1:}) (d r 4(1'])] +3{( 1(1)52(35)) ( 3(35)34(35))}

13(3‘-’)34(3‘-’}[" (d i 1(x})( z(x})] (4) +E3(x).!4(x) 5 11 ()15 (x) (7)

And from (7) one obtalns a® :‘-’
The second derivative of 3 is obtained from (2) as;

d
L= L) L OLG + = LWL [{"Z cr (d — a(x)) ( = .,(x})}]
—:(x)zz(x)) ( S(x):..(x))]
{ fa() (£0)

+i 3(x)14(x) 5 11 (x)1: (x) (5
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{"Zc"( — 3(x3 —- ,m)]

+3 {“Z cy (d 1 1(35}) (d T z(x))]
[ e (aomno) (o)
+a(x) s (x) {ﬂz‘, Cﬂ(d — Izl(x}) (d p z(x})} (8)

Likewise one obtalns

d4
i 1(?5}52(?5} 3(5'5}54(3'6}

d
+4 I(ali(x]l z(x)) (@ ! 3(1}34(13)]
s {(‘L o) (& !3(x)!4(x))}
+4 {( 1(x)lz(x)) (E 13(x)1s (x:l)}

+15(x)1, (x} 3 11 ()1, (x) &)

And by Lelbnltz s theorem, (9) commmutes unto;

l(xnz(x)fz cr( =t (d ,h(x))}

+4{jzcﬂ(d - (x)) (d : (x))}

{"Z cr Wh(x})(; L,(x)]}

+6 {tzcu (d ) (0|
{"ZC“ ) (& u(x))]

) ()
{“ZC“ Ll ))( ;4(x)]}

+ (x)l,,(x][nz: cr ( - (x))( — (x))} (10)

Below we have the expression for the 5t derivative:

dE
225 1 (x)l; (x) 13 (x)14(x)

+5 {(_31(36)3 z(x}) (—4 13(x)L, (ﬂ)}
+1n{( az 1(x]lz(x})( 3(1:}!4(3:])}

3 2
+10 {('iazl(x}zz(x)) (% zg(x)z.,(x))]
+5 I( 1(35)32(35)) ( 3(35}14(75))}

+ Ea(x)h(x) — L ()1, (x) (11)
And by using Le1bn1tz s theorem, (11) becomes;

e 1(x):z(x){"z-:ﬂ ) ;,:4(:@)]

+5[lZc“(d — 1(x}) (d : z(x})}

{“ZC“ (& z.,(x))]

+10 {nZC“(d — 1(x}) (d ; z(x))}

=
{" o e ( u(x))]
+1ﬂ{vlz C“(d — 1(x)) (d jzz(x))]

{ic" (& h(x))}

gz )

{"Zc" ) (2 z..(x})}
+z3(x)a4(x){"z cr( o= 1(x))(—zz(x))} (12)

Thus, for the nth order derivative, one obtains;

"3 "H [d“ i, (x}] dl Inl:x:}
n=m L' dxm-i

Cr
~ Cﬂ[d” LE,_(::)] [d I, (x)
— Tl dxnt dxt

Opeenoch’s Theorem:

= 11 (0113001 (x), ¥y = 13 (x)12(x) /13 (1)1 4(x)

)y = 170 ()1 ()15 (x) Le(x)
Ll ) g )l )

or ¥ = Iy ()l (x)l5(x) /14(x).

Then the nth derivative of y is given as

"I "‘ " [d”“.! (x}] [d z,,[x}
’15’:“ C: dx™t
Er!R =r'
o] [am [.'r]- dil [x]-
(fo[ 2]

=0

(13)
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Proof
Using Mathematical induction, it can be shown that for n=1, (3) n=1 (d deniit (x])( i m)
and (4) hold. HEHDD i
So that it is true for n=1. =0 z cn a™” .! ) .! )
If it is true for n=1, it must also be true for n=2, such that (5) and Lt \ xR ¢
(6) hold. n=1 n-i g
Now that it is true for n 1, 2, it must be true for n=k: Z cP (—El(x]) (—..{Jx})
d*y (k+1)(k) | = \dx™ dx’
il (L, (x] — GG + S TR LET 4
dF{—L C[n (d.‘c"'[{g{x]) (E 14(1'])
i i=0
k{( dxh[x]h(x])( il &354&3)} i .
k(k —1) d*? k+DEE-1) | o ® (g™
+—{(—.{ ()1, m)( 1, &354&3)} T Y
21 d k- = d d’
{gme) )
k(e — 100 —2) .. (3N a2 d? i=p . l_
* (k — 21 {(dxk*'{lm'EE(ﬂ) (E“m{‘m)} neiy CP ;-ﬂ St 1 (x])(d [ Exj)
k(k — 1)k —2)..(2) (k+1)..(31) x
Ui!—l]r N (k—lj! - d
it : . = r:g"(d — 1, {x])( 14&])
{(d m) (£100) BN
N N e I {x])( -1 {x])
k + 1] (2) dx
.z {x]£4ﬂx] —— 1 ()1 () (15) +— n= Ji
The coefficients of the above expression are obtained by the FD;C‘F (a: nila Ex])( '[‘"'f‘x])

blnomlal theorem. Thus;

k! n=k+1 dn- i di
1, G, () ){AZ Cn(d _ (x})( (x})] +7 L&) ; (C‘"d il r:x])( -1 (x]) (17)

Thus the opeenoch’s theorem for the nt" derivative of y is given
Z cr (d = 1@)( g (x})

_k 1 S (Z e dZ:ff_Ex}] [dtﬁi}ex}]) (18)
"I (o) 4&})} 2| (Ser )

]

k(k 1) Z cr ant 1) E ) Conclusion:
damt h The algorithm can easily be simulated by writing subroutines for
ks the independent variables involved.
an The following points are obvious concerning the new method:
{ : cr (d ila {ﬂ)(d l'[f-':ﬂ)} (i) The superscript n decreases regularly by 1
t=0 o : _ (i) The superscript iincreases regularly by 1
' o 8770 at (iii) The numerical coefficients are the normal binomial
k(k — Dk -2)..3) ; ‘ (dx”“ '[l(x]) (dx‘ '[”m) coefficients.
k — 2)1 1 n=2 gnei 4 For increased accuracy in most numerical methods that
Z cr (ng(x]) — .r_q,_(,ﬂ) involve the use of higher order derivatives, this new method can
L iTo dx” dx be used to obtain higher order derivatives of the functions

'“il .«( gn-t (ﬂ)( dt m) involved. The labor involved in calculating and evaluating
cr l [ i ivati i i
KE-DG-2..2) | & i 1 dxi higher derivatives through the use of this new method is very

minimal, since you can jump the process of obtaining the

(e -1t nzlcn ﬂ.{ ) d' 1,6 preceding derivatives to the point of obtaining desired derivative
L& \dxmi dxi ' (order).
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