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1. Introduction and statement of results

In the theory of distribution of zeros of polynomials, the Enestrom-Kakeya theorem [4] given below in

theorem A is a well known result.
n

oy Zi
Theorem A. Let P(z) = i=e be a polynomial of degree n such that

p = Gp_y = = G = dg =
Then all the zeros of P(z) lie in the disk 1=l = 1.
Many attempts have been made to extend and generalize the Enestrom-Kakeya theorem . A. Joyal et al [3]

extended the Enestrom-Kakeya theorem to the polynomials with general monotonic coefficients by proving
that if

iy 2 Op_g = = a; = ag
Then P(z) has all its zeros in the disk
an — g+ lagl
Izl = lanl

Further Aziz and Zargar [1] generalized the result of A. Joyal et al [3] and the Enestrom-Kakeya theorem

as given below in theorem B.
T

aj £
Theorem B. Suppose P(z) =i=e be a polynomial of degree n such that
For some 4 =1 ,

AGn = Qu_g = = 0, = ag
n

a; Zi
then all the zeros of P(z) =i=e , lie in the disk
Aay, — ag+ lagl
lz4+(A-1) =< la,, |
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mn

Z a; ZE-
Theorem C. Suppose P(z) = i=n be a polynomial of degree n such that
either
p 2 Ap_g = | = ;2 dg> 0 and Gn-1 = Ap_z = .2 4z = a; =0 jf nis even

Or Gn = Ap_z = | 2 a;= day =0 gpd Ap_g = ap_z = = a; 2 ag > 0 if nis odd , then all
the zeros of P(z) lie in the disk

fn_a Ap_q
Z +
Gn | = 1+ Qn
n
Zﬂ-f Zi
But Govil and Rahman [2] proved thatif, P(z) = i=e is a complex polynomial of degree n with
T

larg.a;—fl = @ = 32 (i=0,1,2,.....n) forsome B real and
lanl = lan_,l = .. = lasl = lael | then P(z) has all its zeros in the disk

n-1
2sina Zmﬂ
Izl = cosa+ sina 4+ lapl S

Again Shah and Liman [5] generalized theorem B and the result of Govil and Rahman [2] and proved
theorems D and E as stated below.

n
oy EE-
Theorem D. Suppose P(z) = i=o be a complex polynomial of degree n with Re(%i)=%; and
Im(@i)=F: ,i=0,1,2,.......,n. If forsome AZ 1
Aan 2 apn_y =2 =0 = ag, fnZ frnaz . =Bz =0

Then P(z) has all its zeros in the disk
- +(11— 1}5511' Ay — ag + lagl + fn

tn I = lanl
n
Z a; ZE-
Theorem E. Suppose P(z) = i=o be a complex polynomial of degree n such that
T
larg.a; —fl = @ £ 3 (i=0,1,2,....n) forsome B real and forsome #+=1
Aapl = lapsl =2 . 2 lazl = lael
Then P(z) has all its zeros in the disk
1
lz4+ A -1 = layl {(.llr:t.nl lagl ) (cosa ysina ) 4 lagl +
mn-1
sinchch;—l
2 i=o }

The main purpose of this paper is to refine some results mentioned above and define the zero -free regions of
polynomials in theorems C, D and E.
2. Theorems And Proofs

Theorem 1. Suppose P(z) = i=o be a polynomial of degree n such that either
p 2 Ap_zg = = Q3 2 dg gnd Gn-o1 = dp_z = = 0z 2 a; if nis even
Or, Gn = Qp_g= | = 83 2 a3 gpd Gn-1 2 dpz = = d; 2 dg if nis odd
Then P(z) does not vanislh irl1 the disk
g

Izl <

lanl+an +lan_sl+an_s +lal—a, —a,
Proof. To prove the theorem , we consider a polynomial F(z) defined by
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F(z) = (1-2%) P(2)
=(1-2%) (@0t asz+azz® 4

TR ap_gz™ (Bn -y — 2))z'n 4 (Gn-y - Ay — 3z'(n-1) 4

+ap g2t papz™ )

= -QnZ +(@s -a1)z"3 4 (ag -

g )E‘ + 245 4 ilg

=g(z) + %o,

where g(z) =-anz™? _ap_ 2™ 4 (an - —2))z"n 4 (apy -a(n—3)z'(n-1) 4

+ (da - a,1)z'3 4 (@z - ag )2* 4+a,z

If 121 =1 then

since by hypothesis @n 2 @n_z = | = 0; 2 dp and @n-1 = Gpz = ., = 0z 2 a,
On simplification , we have
lgiz)l = lapl+lan_sl+an+an_y —a, - agt+ la,l

Also we have, g(0)=0, therefore by Schwarz lemma, it follows that 190 = Mlzl for Izl =1 where
M=lanl+lansl+ant+an_y —a; - agt+ la,l

Again for 121 =1 | we have

IFz)l =l g(z)+ agl = |ae +8(Z)| = lagl -lg@)

= lagl Mzl

> 0 if lagl = Mlzl

Il
ie.if k2l = M

Also we can show that M 2 lagl as 12l =1 and hence the desired result follows.

n
g Zi
Theorem 2. Let P(z)=i=0o be a complex polynomial of degree n with
Re(%i)= @i and Im(%i)= B ,1=0,1,2,........ ,n. Let for some Az1 ,
Aay 2 apn_, 2 = @y 2 dg
Bnz Bnoaz = By = Bo |, then P(z) does not vanish in the disk

Ianl
Izl < lapl+ (4 — Dlayl+ Ao, —ag + B — Fo

Proof. To prove the theorem, we considera polynomial F(z) defined by
T

i Zi
F(z) =(1-2)P(z) = (1—-2) i=o
=(1-2)( Qe+ @1z+82Z% 4 4Qn_Z"7F pagz™ )
On simplification , we have

F(z) = —anz"™™ y(@n -an—1)z'n+ +(@1 - Go)z + Ga

=g(z) +%o , where g(z) = anz™*t @y ca(n 1)z + +@1 -%e)z
Using hypothesis, we can write g(z) as
g(z)= —anz"t (Gn— - zn+ (an—1)- an—2) AR S +(®1 — o)z +
i{Bn — Bin—1)z'n 4 (Byn—1)— Byn—2) 20 4+ (P -Be)z
——apzt— (A—1ja, z" +

(Zdalin —ay(n —1))z'n + (@ (n—1) - a(n-2)) Zim—-1)+
He1— @a)z+ilBmn — Bin—1)zn L (Fin—-1)— Byn—2) yz™* 4 +(B1i— Bo)z)
Now if 121 =1 then on simplification , we have

lg@) £ lapgl+ (4 — Dlagl+ day —a, + fr — By
From above, g(0)=0, therefore by Schwarz lemma , it follows that
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lgz)l = Mlzl for lz2l <1  where M=lanl+ (A —Dlayl+ Aay —ap + Fn —Fa

Again for lzl =1
IF&) = [g(z) +ag| = lagl— lg@ = lagl— Mlzl >0, i Jagl> Mzl

ie., if L7
where M= lanl+ (4 —1)ay| + Aay —a, + By — By
Also we canshow that M= lagl 35 121 <1

Hence the desired result follows.
mn

ay EE-
Theorem 3. Suppose P(z) = i=o be a complex polynomial of degree n such that

T
larg.a; —fl = @ £ 2 (i=0,1,2,.....n) forsome B real and forsome #4=1

Aagl = lagp_,| = ... 2 lasl = lael
Then P(z) does not vanish in the disk
lagl

Izl =

Alayl + (Aapl - lagl Yeos @ + (Alay| + |ag| ) sina + 2sina T} a;l

Proof. To prove the theorem, we consider a polynomial F(z) defined by
F(z) = (1-2) P(2)
=(1-2)(Qo+Q1z+a2Z% 4 40n 22" " yanz™ )
= -anpz™*t +(An - ay(m — mzn+ +(%1 -Tg )z + Qg
=—anz"™ - (A—-1jap z" 4 (DAaDm—ayn—1Nz"n+ . +( @1 -Gg)z +Gp
=g(z) + %o , where
g(z) = —apz™t - (A—-1ay z" . (CDdalin —ayn —1))z'n +

It was shown in [2] that for two complex numbers by , by if
Fi A

Ibol 2 14l and larg.b;—fFl = @ = 2 | (j=0,1)

.......... +( @1 -Qo)z

for some £ then

Ibg — byl = (lbnl 1Byl ) cosc 4 (lbnl + byl ) sina

Hence for Izl =1

lg(z)l = Iﬂ‘ﬂ|+( A-1) lanl + Wan —an_y| slans —an_al .. +lay — ael
n-1
Manl + Ulayl - laglycos @ + (Aanl + lagl ) sina + 2sina ) |ajl
= i=0

Again we have, g(0)=0, therefore by Schwarz lemma we obtain
lg(z)l = Mlzl for |zl =1 | where
mn—-1
Manl + Qlayl - lagldcos @ + (Aanl + lagl ) sina + 2sina Y |aj|
M = i=0
Therefore for 121 =1 we have
IFEN = |giz) + ag| = lagl— lgizll = lagl— Mlzl =0, i  lagl> Mlzl

lagl
i.e, if I I{W , where
n-1
Alagl+ (Aa,l - lagl Yeos a + (Ala,| + lagl i sina + 2sina Zlafl
M = i=0

Also we can show that M = lagl 55 I21 <1
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Hence the desired result follows.
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