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1. Introduction and Preliminaries

Let S(p) denote the class of functions of the form:
f(z)=2"+> a,,2"* a,,€C, pkeN={1,23K }, (1)
k=1

which are analytic and p - valent in the unit disk A ={z e C;;|z| <1}.

Let g(z)eS(p) be of the form:

g(Z): Zp +ibp+kzp+k’ bp+k = O (2)
k=1

Convolution (Hadamard product), f *g of f and g is defined as usual by

(fxg)z)=2" +iap+kbp+kzp+k =(g*f)z) (3)

k=1

This convolution generalizes several convolution operators such as:
The convolution in (3) reduces to the operator qu’s([al,Ai])f(Z) involving a Wright’s generalized

hypergeometric function (see [18])

qlPs[Z]E("(al’Al)’(az’Az)’ ------ (aq’Aq 1’81)1(:82’82)1 ------ (ﬂs’Bs)Z)
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The convolution operator W, ([, A ] (2), for which

is studied by Aouf and Dziok [2], [3], Dziok and Raina [8], and Dziok et al. [9] and Sharma [38] in their

respective work and taking A =1,i=1,2,..q, B, =1,i=12...s, for q<s+1, it reduces to Dziok Srivastava

operator [10] which involve a generalized hypergeometric function  F [z]:

()t ()= 2" E2)*1(2)
[T,

where Flz]=, Fo (o, 2, K a,; B By K ﬂS;Z)Zi;ﬂ—Zk,ZEA
i B (A

[N

the symbol (e), is the Pochhammer symbol defined by (&), = k eN,.

The operator qHj’([ozl])f(z) includes Hohlov operator [15] which involve Gaussian hypergeometric function

R 2 Hlp([al])f (Z): z® 2F1(051’a2;;:31;;2)* f(z),

as well as Carlson and Shaffer operator [7] involving incomplete beta function:
Ly(en. B)f(2)=2" (a3 Bii2)* £(2)

which again reduces to Ruschweyh derivative operator [31] (also see [8], [9]) :

D" (2)= s 10

if ¢, =n+p>0,4=1and D°f(z)= f(2).

Further, the convolution reduces to the Salagean operator [33] if

by :(p;kj n=0,12K

and to a generalized Salagean operator [1] if
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b, .\ :(pmkj 5>0,n=012K
p

Further, the convolution reduces to an integral operator involving generalized fractional integral operator, if

b = (p+1), (p—p+v+1),
i (p_ﬂ"‘l)k(p"'/l"'v"'l)k

(0<a<1,p>max{0,u—v}-1). Again, this convolution reduces to the derivative operator involving
generalized fractional derivative operator, if

b = (p+1), (p—p+v+1),
o (p_ﬂ+1)k(p_/1+v+1)k'

The generalized fractional calculus operators are studied in [5], [25], [39]

A function p(z):1+ p,z+ p,z° +K , which is analytic and convex in A is said to be in class P if
Re{p(z)} >0, p(0)=1.
and p(z) is said to be in P(a, B) if Re(p(z)-a)> Blp(z)-10=a<1,4=0.
Note that P(a,0)= P(a).
Goodman ( [12], [13]), Ronning ([28], [29]) introduced and studied the following subclasses:

A function f(z) of the form (1) is said to be in the class S, («, B) of uniformly S - starlike functions if it

satisfies the condition:

Re{Zf‘(Z)—a}>ﬂZfl(z)—1‘ (zeA), where —1<a<land £>0.

f(2) f(2)

A function f(z) of the form (1) is said to be in the class UCV/(a, ) of uniformly 4 - convex functions

if it satisfies the condition:

e | k(zz>)‘“} i)

It follows that f(z) eUCV(a, B) < zf (z)€ S, (e, B).

(zeA), where —1<a<land £>0.

Let T(p) denote a subclass of S(p) consisting of functions which are analytic p - valent, can be

expressed in the form:
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- \ k —
f(z2)=2°->a,, 2", a,, =0. (4)
k=1

Associated with the convolution in this chapter, a class ﬂ—Sg(p,m,a) of functions f(z)eT(p) is considered

whose members satisfy the condition:
m-+1
L1970 )
z

(g(z)e S(p)be of theform (2), >0, -1<a <1, p>m,meN,, zcA),

2(f+g)""(2)

fx
(o " ©

where (f *g)'(z) denotes the r™ derivative of (f *g) and is given by:

(Fra)e)= (p?!r) 2 *Z%abz reN,={012K} ()

This class ,B—Sg(p, m, cr) generalizes several classes studied earlier in [5], [14], [17], [34], [36] and [37] etc.

Zp
1-

In particular taking g(z): (or b, =1) with m=0 and 1 respectively the class ﬂ—Sg(p,m,a)
z

reduces to p - valent £ -uniformly starlike and convex classes respectively of order 0 which are studied in [13],

.
1-z

[14], [21], [24] and [29]. Also taking g(z): and g(z): respectivelywith m=0 the class

z
(-z)
,B—Sg(l, m, o) reduces to univalent 4 -uniformly starlike and convex classes respectively of order « which are
studied by Shams, Kulkarni and Jahangiri [35]. In addition to that if £ =0 this class reduces to the p - valent
starlike and convex classes respectively of order « (see [16]).

Also for m=0 and for g(z)=z° F.(a, @, K ag; B, 5, K B, 2) the class S, (p,m, ) reduces to
the class studied by Marouf [20]. Further on taking m=0, p=1 and g(z)=z ,F(e,1;3,;;2) the class reduces

to the special case of the class studied in [36]. Again for p=1, b, = (1+ k)”, neN, and m=0 the class
,b’—Sg(p, m, a) reduces to the class studied by Kuang et al. [19].

Also, note that:

(i) If 9(z)=¢(z), the class B—S,(1,0,«) studied by Raina and Bansal [27].
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(i) If g(z)=

,the class 1—Sg(1,0,a) reduces to the class studied by Bharati et al. [6].

z
_2)2

=y

(iii) If g Z+Z a k17 (c#0,-1,-2,.....) the class ,B—Sg(l,o,a) coincides with the class studied by

o0
k=2 C

Murugusundaramoorthy and Magesh [22], [23].

(iv) If g = z+2k”zk the class #—S (1 0, a) studied by Rosy and Murugusundaramoorthy [30].

) If g(z)=z+> L+ A(k-1)]'z", the class B—S,(1,0,a) reduces to the class studied by Aouf and Mostafa
k=2

[5].

0

) k+4-1) , . i )
(i) If g(z)=z+>" P the class B-S,(1,0,) coincides with the class studied by Ruscheweyh [31].

k=2
Following earlier works of Ruscheweyh [32], Frasin and Darus [11] and Prajapat et al. [26], consider the (q,ﬁ)-

neighborhood of functions f(z)eT(p) of the form (4) for g,5>0:

N3(f)= {h heT(p),h(z)=2" —icmkz”+k and Zw:(p+ k)™ ay, —Cp < 6}. ©)
k=1 k=1
It follows from the definition (7) that for the identity function e(z)= z”
Nd(e)= {h heT(p) h(z)=2" —icmkzp+k and i(p+ K)* e, | < 5}. (8)
k=1 k=1

It is observed that N2(f )= N,(f) the &5 -neighborhood defined by Ruscheweyh [32].

2 Coefficient Inequality

In this section, a necessary and sufficient coefficient condition for a functiom f eT(p) to be in ﬁ—Sg(p, m, o)

is established.

Theorem 2.1 Let f(z)eT(p) be of the form (4). Then f e B—S (p,m,a) for g(z)eS(p) of the form (2),

£20,-1<a<l, p>mmeN,, ifand only if

il pf; k?n),[k 1+ p)+(1-a)p-m)a b<% (9)

The result is sharp.
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Proof. Let (9) holds.

set plo)= {Z“*g)m“(z)—am—m)}

1-a)p-m)

Toshow f ep-S§, (p,m,a), it is necessary to show that

Rep(z)> A|p(z)-1
It is easily verified that (10) holds if and only if

Re{p(z)1+4e)-pe}>0 for—z<O<rx

which is equivalent to
‘p(leJrﬂeia)_ﬂeie _1‘ <‘p(z)(1+ﬂei9)_ﬂei9 +1‘.
Using series expansion of (f +g)™" and (f *g)" from (6)

E:=|p(z)u+ pe)- e +1

Thus
‘me‘{(pl ma I::I)-; i pf;kl)' 1+ﬂ) (l a)(p_m)]ap+kbp+k}
E> .
(1—a)(p—m)((f *g)"(2)
Similarly

27

Fi=|pla)a+ po')- g 1 =L+ pe Xipl2)-1) = i prk-m)

(1+ﬂe'9)ZM( K)a,, b

k
p+k z

(10)

(11)

(1-a)p-m)(f*9)"(z)

2] i (P+kE o b

and hence F< LN
(t-a)(p-m)(f xg)"(z] & (p+k—mpPre

Thus

o 20-a)p! & (p+k)
z® Z [Zk(1+ﬂ)+2(1_a)(p_m)]ap+kbp+k
E-F> ‘ ‘{( ) }

p-m-1) & (p+k-m

(1-a)p-m)(f *g)"(z)

if (9) holds. This proves that f e #—S,(p,m,@).
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Conversely, suppose f € S-S, (p,m, ). Now using the fact that

Refw—a(p-m)}> Aw—(p-m)

if and only if Refw—a(p—m)-g[(p-m)-wk* }>0, —z<6<x.
o oo 2F29)"(2)
Y o)

m+1
Thus from the hypothesis Re{w (1+ pe'’ )—(p - m)(a + pe'’ )} >0

(f+9)"(z)

(l—a)p' 4P & (p+k) + pei? —aXp—m ZPkem S,
or Re{m Z (bokom )[k(l B’ )+(1-a)p-m) oo O}.

The above inequality holds for all z in A. Letting z—1 for —z<0<r

Y o e [k<1+ﬁRe<e”))+<1—axp—m>]ap+kbp+k<<p!(1—_a)

-1 p+|( m)‘ p—m—l)!
hence, k( 1-a)p- ST Pa—
ence 2. p+k m)' L+ B)+@-a)p—m)l,.by. (p—m—1)

which is the required inequality (9).

Finally, sharpness follows for the extremal function:

1-a)p!(p+k—mpzP+
fo.(z)=2" - ( k>1,b ., >0. (12)
o kg m-HlL )+ G- ap -,
Corollary 2.1 If f e B-S (p,m,a), thenfor g(z)e S(p) of the form (2),
a L-a)pi(p+k—m}) k=1,b,,, >0. (13)

pric = (p+KkM(p—m-1)k(1+B)+(1-a)p-m)b,.,

The equality in (13) is attained for the function f ,, given by (12).

By Theorem 2.1 following result is obtained, provided b ., has its positive lower bound.

p+k

Corollary 2.2 If f € 8-S (p,m,a), then for g(z)e S(p) of the form (2) and ¢ := ibmk,
k=1

e @-a)p-m)Yp-m+1)
2% = (o afier A+ B-aXp-mE =
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Again by Theorem 2.1 and using (14) following result is obtained.

Corollary 2.3 If f €3-S (p,m,a), then for g(z)e S(p) of the form (2) and ¢ := minb,.,

(04 Kla _ (@=afp-m)p-m+1)
2P R = [ gy a -k =

Remark 1 Taking b,, =(1+k)",k>1,neN,, m=0, in Theorem 2.1 the result of Aouf and Mostafa [5]

+k
follows. Taking b,,, = (k j a=0,m=0, Theorem 2.1, yields a result which is the special case of the result

obtained by Sharma and Singh in [37]. Taking p=1, m=0, in Theorem 2.1 yields a result which is again a

special case of the result obtained by Aouf et al.[4].

(a,), (2, ) K (a,), 1

Moreover, when b, = =, g=s+1, b#0-12K(i=12Ks) and m=0,
“ (). (b,).K (b, K |

Theorem 2.1 corresponds to the result obtained by Goyal and Bhagtani [14].

Remark 2 If b, is non-decreasing, we replace ¢ by b, in Corollaries 2.2 and 2.3.

p+1
3 Growth and Distortion Bounds

In this section, growth and distortion bounds of functions belonging to the class ,B—Sg(p, m, &) by using results

of Corollaries 2.2 and 2.3 are derived.

Theorem 2 Let f(z)eT(p) of the form (4) be in the class S-S (p,m, ), then for g(z)e S(p) of the form (2)

and ¢ := mlnb

p+k?

27| @-a)fp-m)p-m+1) 277t
@+ )+ @-a)p-m)p+1)

and

@-a)p-m)p-m+1) o
(2)< ‘Z ‘+ 1+ﬁ +(1-a)p-m)p+1)¢ ‘Z

(16)

(1 a)(p m)(p m+1 ‘Z‘ ‘f j ‘p p_1‘+[(1—a)(p—m)(p—m+1) ‘Zp‘.(].?)

‘Pzp—l‘ s 5+ (afp ] @+ p)+@Q-a)p-m)k

The bounds are sharp and extremal function is given by

7)= 7P _ (1—a)(p—mXp—m+1) Lo
o) [+ 8)+Q-a)p-mp+1)¢ (18)

Proof. Taking absolute value of f(z) from (4) and using Corollary 2.2,
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7 p+k

s‘zp‘+ l-a)p-m)p-m+1) ‘Zpﬂ

|f(z]£‘zp‘+k§ap+k [@+ )+ A—a)p-m)p+1)

and |f(z)=[2"]- Zamkzp+k ‘zp‘— L-a)fp-mXp-m+1) 2"
[a+p)+@-a)p-m)[(p+1)

which prove assertion (16).

Again, from (4) f'(z)= pz* —i“(p+k)ap+kzp+k‘1

k=1

and using Corollary 2.3

L-a)Xp-m)p- m+1)‘ 27|

@+ 8)+@-a)p-m)i

Q-a)p-m)p- m+1)‘ 27|

@+ 8)+@-a)lp-m)k

which prove assertion (17).The bounds in (16) and (17) are sharp and extremal function is given by (18).

7 p+k—1‘ < ‘ pz p 1‘

‘f 1<‘pzp1‘+ p+k) Q.

7 p+k—l‘ > ‘ pz p 1‘

and |f'(z) = |pz p’l‘—i(p+k)ap+k
k=1

Corollary 3.1 (Covering Result) If f € #—S_(p,m,), then for g(z)e S(p) of the form (2) and ¢ = min b

p+k?

the disk [z<1 is mapped by f onto a domain that contains the disk

f(2) < (L+p)p+1)¢ +(L-a)p-ml(¢ ~1)p+1)+m]
@+ p)+Q-a)p-m)[p+1) '

The result is sharp with extremal function given by (18).
4 Neighborhood Properties

In this section, the neighborhood properties for the functions belonging to the class ﬁ—Sg(p,m,a) are

determined.

Theorem 4.1 Let f(z)eT(p) of the form (4) be in the class S-S (p,m, ), then for g(z)e S(p) of the form
(2) and é/ = TZIP bp+k ' ﬁ_sg(p' m,a)c Né(e)’

— (1—a)(p—m)(p—m+1) (19)

@+ p)+@-a)p-mk

Proof. Let f(z)e f—S,(p,m,a). Then from Corollary 2.3,

where

i‘”k < _ (Q—a)p-m)p- m+1)_5 (>

2P kR <[ ) i ap-mk
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which directly proves that f(z)e N,(e), where & is given in (19). Hence the result.
4.1 Definition of Class #—SY)(p,m, a)
A function f(z)eT(p) is said to be in the class 5—S{)(p,m, ) if there exists a function h(z)e 5—S,(p,m, )

such that

Theorem 4.2 If h(z)e f-S,(p,m,a) with g(z) S(p) of the form (2) and ¢ = minb,, . then
N3 (h)< p-sy(p.m,a)
_ 5 [A+4)+@-a)p-m)[p+1)S
Wh =p- X : 20
T e e G ap-mp e C-alp-mlp-meD}
Proof. Let f(z)eT(p) of the form (4) be in N¢(h), then from (7),
o
Z‘amk p+k (p +1)q+1 ' (21)
Since h(z)e 8-S, (p.m, ), then from Corollary 2.2,
i @-a)p-mYp-m+1) 22)

2% = [+ )+ (- aXp-mp+1C

So that

o

3¢ cqypil_ (=afp-m)p-m-+1)
T Gy Sl |

IA
0
IA

_ S+ p)+@-e)p-m)p+1)s
(p+1)" {1+ p)+(@~a)p-m)[(p+1) ~(1-a)fp-m)p-m+1);

provided that  is given by (20). Thus f(z)e #—SY(p,m,a). This proves Theorem 4.2.

=P-=7

5 Extreme Points

Theorem 5.1 Let f (z)=z" and

R @—a)p!(p+k—m) o s
fp+k( ) (p—m—l)![k(1+ﬂ)+(1—a)(p—m)](p+k)!bmk , k>1.
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Then f(z)e B—S,(p,m,a) with g(z) S(p) of the form (2) if and only if it can be expressed as:

o0 o0

f(z (2)+> A, foul(2) ze A where A, >0and A —1—klelp+k.

prk =
k=1

Proof. Let

f +Zﬂ’p+k p+k :|: Z p+k:|z +Z/1p+k{

k=1

(L-a)p!(p+k—m)

(p-m-1)[k(1+ )+ @-aXp—m)l(p+k)by,, ZM}

_i (L-a)p!(p+k—m) s
& (p-m-1)k(1+p)+0-a)fp-m)p+k)b,, *
Then from Corollary 2.2, f(z)e f—S,(p.m,«).
Conversely, let f(z)e 8-S, (p,m,a), and setting
SRS Y, Y I, AU RTSNS
Pk 1-a)p!(p+k-m) Ao P
therefore f(z Zamkz‘”"—zp z}tmkz +Z/1p+kz"
_iﬂ (l—a)p!(p+k—m)! 7Pk
& " (p-m-1pk(L+g)+-aXp-m) p+k)b,,
or f(2)=2,1,(2)+> A T (2)
k=1

This completes the proof.
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