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ABSTRACT

In this paper, we study the structure of cancellative quasi commutative ternary semigroups.
In fact we prove that if T is a cancellative quasi commutative ternary semigroup, then (1) T
is a primary ternary semigroup, (2) proper prime ideals in T are maximal, (3) semiprimary
ideals in T are primary, are equivalent. We obtain a characterization for semipseudo
symmetric ternary semigroups with identity in which proper prime ideals are maximal and
also we characterize semipseudo symmetric semigroups without identity in which proper
prime idels are maximal and globally idempotent principal ideals from a chain. Further we
characterize quasi commutative ternary semigroups containing cancellable elements in
which proper prime ideals are maximal. Finally we study the ternary semigroups containing,
identity with either one of the following properties. (1) Every nonzero primary ideal is prime
as well as maximal, (2) every nonzero primary ideal is prime, (3) every nonzero ideal is
prime.

Semiprimary ideal,
Cancellative elements,
0-simple.

1.Introduction

Anjaneyulu [1] made a study on primary ideals in
semigroups. Later Anjanetulu [2] made a study on semigroups in
which prime ideals are maximal. The study of ternary algebraic
systems had been made by Lehmer [5], but earlier ternary
structure was studied by Kerner [4] who give the idea of n-ary
algebras.  Aiyared lampan [3] characteriae the relationship
between the 0-minimal and maximal lateral ideals and the lateral
0-simple ternary semigroups. Los [6] studied some properties of
ternary semigroup and proved that every ternary semigroup can
be embedded in a semigroup. Shabir and Bashir [8] launched
prime ideals in ternary semigroups. Sarala. Y, Anjaneyulu. A
and Madhusudhana Rao. D [7] studied about globally
idempotent ternary semigroups and proved that every maximal
ideal of a globally idempotent ternary semigroup T is a prime
ideal of T. In this paper we characterize quasi commutative
ternary semigroup, semipseudo symmetric ternary semigroup
and quasi commutative ternary semigroup containing
cancellative elements, in which proper prime ideals are maximal
and we characterize the ternary semigroup containing 0 and
identity in which nonzero primary ideals are prime and maximal
and also we study the ternary semigroup in which primary ideals
are prime.
2. Preliminaries :
Definition 2.1 [7] : Let T be a non-empty set. Then T is said to
be a Ternary semigroup if there exist a mapping from TXTxT to

T which maps (XLXZ'X3) - [X1X2X3]satisfying the condition
[(X1X2X3) X4X5:| = I:Xl (X2X3X4 ) X5:| = |:X1X2 (X3X4X5 ):' v X
€T, 1<i< 5_
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Definition 2.2 [7] : A ternary semigroup T is said to be
commutative provided for all a,b,c€ T, we have abc = bca =
cab = bac = cbha = ach.

Definition 2.3 [7] : A ternary semigroup T is said to be quasi
commutative provided for each a, b, ¢ € T, there exists a

n n
natural number n such that abc = b ac = bca = C ba = cab

=a"cp,

Theorem 2.4 [7] : If T is a commutative ternary semigroup then
T is a quasi commutative ternary semigroup.

Definition 2.5 [7] : An element a of a ternary semigroup T is

said to be an identity provided aat = taa = ata = tV teT.

Example 2.6 [7] : Let Z, be the set of all non-positive

integers. Then with the usual ternary multiplication , Zy forms
a ternary semigroup with identity element -1.

Definition 2.7 [7] : An element a of a ternary semigroup T is

said to be an idempotent element provided a’=a

Definition 2.8 [7] : An element a of a ternary semigroup T is
said to be a proper idempotent element provided a is an
idempotent which is not the identity of T if identity exists.
Theorem 2.9 [7] : An idempotent element e is an identity of
a ternary semigroup T then it is unique.

Notation 2.10 [7] : Let T be a ternary semigroup. If T has an

identity, let T'=T and if T does not have an identity , let T be
the ternary semigroup T with an identity adjoined usually
denoted by the symbol 1.
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Definition 2.11 [7] : An element a of a ternary semigroup T is

said to be zero of T provided abc = bac = bca = avVbceET.
Notation 2.12 [7] : Let T be a ternary semigroup. if T has a

zero, let T - T and if T does not have a zero , let T° be the
ternary semigroup T with zero adjoined usually denoted by the
symbol 0.

Definition 2.13 [7] : A nonempty subset A of a ternary
semigroup T is said to be ternary ideal or ideal of Tifb,c € T,
a € Aimplieshca € A, bac € A /abc € A

Definition 2.12 [3] : A ternary semigroup T with zero is said to
be 0-simple provided it has no nonzero proper ideals and [TTT]
#{0}.

Definition 4.13 : A ternary semigroup T is said to be an
archimedian ternary semigroup provided for any a, b €T there
exists an odd natural number n such that a" € TbT.

Definition 2.14 [7]: An ideal A of a ternary semigroup T is said
to be a maximal ideal provided A is a proper ideal of T and is
not properly contained in any proper ideal of T.

Definition 2.15 [7] : An ideal A of a ternary semigroup T is said

to be a principal ideal provided A is an ideal generated by {a}
forsome a €T. Itis denoted by J (a) (or) <a>.

Definition 2.16 [7] : An ideal A of a ternary semigroup T is said
to be a completely prime ideal of T provided x,y, z € T and xyz
€ Aimplies either x€ Aory €Aorz €A,

Definition 2.17 [7] : An ideal A of a ternary semigroup T is said
to be a prime ideal of T provided X,Y,Z are ideals of T and
XYZE A= XEAorY SA0rz EA

Definition 2.18 [7] : An ideal A of a ternary semigroup T is said

to be a completely semiprime ideal provided x €T, X" e A for
some odd natural number n >1 implies x €A.

Definition 2.19 [7] : An ideal A of a ternary semigroup T is said
to be semiprime ideal provided X is an ideal of T and X"& A
for some odd natural number n implies X < A.

Theorem 2.20 [7] : Every prime ideal of a ternary semigroup is
semiprime.

Definition 2.21 [7] : If A'is an ideal of a ternary semigroup T ,
then the intersection of all prime ideals of T containing A is
called prime radical or simply radical of A and it is denoted by

\/Kor rad A.

Theorem 2.22 [7] : If A, B and C are any three ideals of a
ternary semigroup T , then

i) A= JAcB

) if A N BN C # @ then
JABC = J/AI BI C=+AI VBI \JC

iii) JA JA

Theorem 2.23 [7] : An ideal Q of ternary semigroup T is a

Semiprime ideal of T if and only if \/6 =Q.

Corollary 2.24 [7] : An ideal Q of a ternary semigroup T is a
semiprime ideal if and only if Q is the intersection of all prime
ideal of T contains Q.

Definition 2.25 [7] : An ideal A of a ternary semigroup T is said
to be pseudo symmetric provided x,y, z €T, xyz€ A implies
xsytz €EAforalls, t€T.
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Definition 2.26 [7] : An ideal A in a ternary semigroup T is said
to be semipseudo symmetric provided for any odd natural
numbern,x e T,X"e A = <x>" < A.

Theorem 2.27 [7] : Let A be a semipseudo symmetric ideal of a
ternary semigroup T. Then the following are equivalent.

1) A;=The intersection of all completely prime ideals of T
containing A.

1
2) A = The intersection of all minimal completely prime ideals
of T containing A.

11
3) A = The minimal completely semiprime ideal of T relative
to containing A.
4) Ay={x € T :x"c A for some odd natural number n}
5) As= The intersection of all prime ideals of T containing A.

1
6) A3: The intersection of all minimal prime ideals of T
containing A.

11
7) A, = The minimal semiprime ideal of T relative to
containing A.
8) A, ={x € T :<x>"c A for some odd natural number n}.
Definition 2.28 [7] : A ternary semigroup T is said to be a
semipseudo symmetric ternary semigroup provided every ideal
of T is semipseudo symmetric.
Theorem 2.29 [7] : If T is a semipseudo symmetric ternary
semigroup, then the following are equivalent.
1) T is a strongly archimedean semigroup.
2) T is an archimedean semigroup.
3) T has no proper completely prime ideals.
4) T has no proper completely semiprime ideals.
5) T has no proper prime ideals.
6) T has no proper semiprime ideals.
3. Ternary Semigroups In Which Prime
Maximal:
Definition 3.1 : An ideal A of a ternary semigroup T is said to
be a left primary ideal provided

(i) If X, Y, Z are three ideals of T such that XYZ < AandY &

A,Z ¢ Athen X < VA.

(i) VA is a prime ideal.

EXAMPLE 3.2: LetT={a,b, ¢, d } be a semigroup under the
operation . given by

Ideals Are

.lalblc|d
alalalala
blaja|a|b
claja|b|a
dla|b|bja

Define the ternary operation [ ] as [xyz] = x(yz) = (xy)z.
Then (T, []) is a ternary semigroup. Let A ={a, c}, B ={a, b},
C={a,b,ctandD={a,b,d}. Then A, B, C, D are all ideals
of T. NowBAC c Dand A ¢ D, C ¢ D then B VD and VD

is a prime ideal of T. Therefore D is a left primary ideal of T.
Definition 3.3 : An ideal A of a ternary semigroup T is said to
be a lateral primary ideal provided

(i) If X, Y, Z are three ideals of T such that XYZ < Aand X ¢
A, Z ¢ AthenY < VA,

(ii) VA is a prime ideal.

Example 3.4 : In the example 3.2, ABC c DandA ¢ D,C &
D then B VD and VD is a prime ideal of T. Therefore D is a
lateral primary ideal of ternary semigroup T.
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Definition 3.5 : An ideal A of a semigroup T is said to be a
right primary ideal provided

(i) If X, Y, Z are three ideals of T such that XYZc A and X &
AY ¢ AthenZ c VA

(ii) VA is a prime ideal.

Example 3.6 : In the example 3.2, ACBcDand A ¢ D,C &
D then B < VD and \D is a prime ideal of T. Therefore D is a
right primary ideal of ternary semigroup T.

Definition 3.7 : An ideal A of a ternary semigroup T is said to
be a primary ideal provided A is a left primary ideal, a lateral
primary ideal and a right primary ideal.

Example 3.8 : In example 3.2., the subset D is a primary ideal
of ternary semigroup T.

Theorem 3.9 : An ideal A in a ternary semigroup T satisfies
condition (i) of definition 3.1iff x,y,z€E T <x><y><z> ¢
Aandy,z ¢ A, x < VA.

Proof : Suppose that an ideal A of a ternary semigroup T
satisfies the condition (i) of definition 3.1. Letx,y, z€T = <

X><y><z>c XYZandy,z € A.

Sincey,z¢ A, <y>¢ A <z>¢ A

Then by assumption, <x><y><z> c Aand<y> ¢ A, <z>
¢ A = <x>c VA

Therefore x € VA.

Conversely suppose that x,y,z € T,<x><y><z> e Aand
y,z ¢ Athenx € VA.

Let X, Y, Z be three ideals of T such that XYZ < AandY & A,
ZEA

Suppose if possible X¢ VA. Then there exists X € X such that
X & VA.

SinceY £ A ZE A lety € Y,z e Zsothaty, z ¢ A.

Now <x><y><z>c XYZ c Aand y,z¢ A =x € VA.
It is a contradiction.

Therefore X = VA. Therefore A satisfies the condition (i) of
definition 3.1.

Theorem 3.10 : An ideal A in a ternary semigroup T satisfies
condition (i) of definition 3.3, iff <x><y><z> c Aandx,
¢ A= ye VA

Proof : The proof is similar to the proof of theorem 3.9.

Theorem 3.11: An ideal A in a ternary semigroup T satisfies
condition (i) of definition 3.5, iff <x><y><z> c Aandx,

y¢ A= zeVA.

Proof : The proof is similar to the proof of theorem 3.9.
Theorem 3.12 : Let S be a commutative semigroup and A be an
ideal of S. Then the following conditions are equivalent.

1. Alis primary ideal.

2. X, Y are two ideals of S, XYZ < AandY & A, Z £ A then
X c VA.

3.x,y,zeT,xyze Ay, z¢Athenx € VA.

Proof : (1) = (2) : Suppose that A is a primary ideal. Then A is
a left primary ideal.
So by definition 3.1, we get XY, Z are three ideals of T,

XYZEA YEA Z & A
= x& \/K
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(2) = (3): Suppose that X, Y, Z are three ideals of T,

XYZQA,YiA,ZQEA:Xg\/K.

Letx,y,z € T,xyz € Aandy,z & A. xyz € A=< xyz
>EAT e <y><z> SEA

Alsoy,z A= <y>¢ Aand<z> ¢ A.

Now <x><y><z> SAand <y>¢A <z> ¢ A.

Therefore by assumption <x> & \/K = x € VA.

(3) = (1) : Suppose that x, y,z € T,xyz € Aandy,z ¢ A =
x € VA.

Let X, Y, Z be three ideals of T such that XYZSAand Y ¢ A,
Z ¢ A

Y ¢ A Z¢A =thereexists y €Y and z € Z such that vy, z
¢ A.

Suppose if possible X & \/K . Then there exists x € X such that

X ¢VA.
Now xyz € XYZ & A.

Therefore xyz € Aandy, z & A, x ¢VA. It is a contradiction.
Therefore X& VA :

Letx,y,ze Tand xyz € VA. Suppose thaty, z ¢VA.

Now xyz € VA= (xy2)™ € A= X" y"z" € A for some odd
natural number m.

Since v,z VA, y", 2" ¢ A. Now x"y"" €A, y" " ¢ A
= x"e VA

=x € V‘/K :\/K. \/Kis a completely prime ideal and

hence \/K is a prime ideal. Therefore A is a left primary ideal.
Similarly A is a lateral primary ideal and right primary ideal.
Hence A is a primary ideal.

Note 3.13 : In an arbitrary ternary semigroup a left primary
ideal is not necessarily a lateral primary ideal or a right primary
ideal.

Example 3.14 : in example 3.2, D is a left primary ideal but
neither lateral primary ideal nor right primary ideal.

Theorem 3.15 : Let T be a ternary semigroup with identity and
let M be the unique maximal ideal in T. If YA = M for some
ideal A'in T, then Ais a primary ideal.

Proof : Let<x><y><z> SAandy,z ¢ A. If X% VA then <x

> ¢ \/K = M. Since M is the union of all proper ideals in T, we
have < x > = T = vy, z € < x > and hence

<y>=<x><y><z> SA Itis a contradiction. Therefore

X€ \/K Clearly \/K = M is a prime ideal. Thus A is left
primary. By symmetry it follows that A is lateral primary and
right primary. Therefore A is a primary ideal.

Note 3.16 : If T has no identity, then the theorem 3.23 is not
true, even if the ternary semigroup has a unique maximal ideal.

In example 3.13, V< &> =M where M = {a, b} is the unique
maximal ideal. But < a > is not a primary ideal.

Theorem 3.17 : If A is a semiprime ideal of a ternary semigroup
T, then the following are equivalent.

1. Aisaprime ideal.
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2.Aisaprimary ideal.

3. A'is a left primary ideal.
4. Ais a lateral primary ideal.
5.Ais aright primary ideal.
6. A is a semiprimary ideal.

Proof : (1) = (2) = (3) = (4) = (5) and (2) = (3) = (4)
= (5) = (6) are clear.

(6) = (1) : Suppose that A is a semiprimary ideal. Then \/K
is a prime ideal. Since A is semiprime, A is the intersection of

all prime ideals of T containing A. Therefore A = \/K is a
prime ideal.

Theorem 3.18 : A ternary semigroup T is semiprimary iff
prime ideals of T form a chain under set inclusion.

Proof : Suppose that T is a semiprimary semigroup. Let A, B

and C be three prime ideals of T. Now VAL BI C =

semiprime. By theorem 3.17, since T is a semiprimary

semigroup it follows that ANBMC s prime. Suppose that

A¢ZB,A¢C,BZABZCandC ¢ A, C ¢ B.
Then there exists x €A\B, x €A\C,y €B\A,y €B\Cand z
€C\A,z €C\B.

Now<x><y><z> S ANBNC gngx y 2 €
ANBNC.

It is a contradiction. Therefore prime ideals of T form a
chain.
Conversely suppose that prime ideals of T form a chain

under set inclusion. For every ideal A, \/K =N P , Where
intersection is over all prime ideals P containing A yields \/K

= P for some & | so that A is a semiprimary ideal. Therefore
T is a semiprimary semigroup.

Definition 3.19 : A ternary semigroup T is said to be left
cancellative if foralla, b, x,y € T, abx=aby = x=y.
Definition 3.20 : A ternary semigroup T is said to be laterally
cancellative if foralla, b, x,y € T, axb =ayb = x=y.
Definition 3.21 : A ternary semigroup T is said to be right
cancellative if forall a, b, x,y € T, xab=yab = x =y.
Definition 3.22 : A ternary semigroup T is said to be
cancellative if T is left cancellative, right cancellative and
laterally cancellative.

Definition 3.23 : An element a of a ternary semigroup T is said
to be invertible in T if there exists an element b in T such that
abx =bax = xab =xba=xforall x € T.

Definition 3.24 : A ternary semigroup T is said to be a ternary
group if for a, b, c € T, the equations abx = ¢, axb = ¢ and xab
= c have solutions in T.

Theorem 3.25 : Let T be a ternary semigroup with identity.
If (non-zero, assume this T has zero) proper prime ideals in
T are maximal, then T is a primary ternary semigroup.

Proof : Since T contains identity, T has a unique maximal ideal
M, which is the union of all proper ideals in T. If A is a
(nonzero) proper ideal in T, then YA = M and hence by theorem
3.15, Ais a primary ideal. If T has zero and if < 0 > is a prime
ideal, then < 0 > is primary and hence T is primary. 1f <0 > is
not a prime ideal, then Y< 0 > = M and hence by theorem 3.15, <
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0 > is a primary ideal.
semigroup.

Note 3.26 : If the ternary semigroup T has no identity, then from
example 3.14, we remark that theorem 3.25, is not true even if
the ternary semigroup has a unique maximal ideal. The
converse of the theorem 3.25, is not true even if the semigroup is
commutative.

Example 3.27 : Let T = {a, b, 1} be the ternary semigroup
under the multiplication given in the following table.

Therefore T is a primary ternary

Now T is a primary ternary semigroup in which the prime ideal
<a>is not a maximal ideal.

Theorem 3.28 : Let T be a right cancellative quasi commutative
ternary semigroup. If T is a primary ternary semigroup or a
ternary semigroup in which semiprimary ideals are primary, then
for any primary ideal Q, VQ is non maximal implies Q = VQ is
prime.

Proof : Since VQ is non maximal, there exists an ideal A in T
such that VQ « A < T. Leta € AWQ and b, ce VQ. Now Q

S Q u <abc> & Q. This implies by theorem 2.48, VQ S
V(Q U <abc >) & V(WQ)=VQ. Hence Y(Q U <abc >)=Q.
Thus by hypothesis Q w < abc > is a primary ideal. Lets,t €
T\A. Then for some natural number n, asbtc = s"abtc = s"abct

€ Q U <abc > Sincea & VQ = Y(Q U < abc >) and
Q v <abc >isaprimary ideal, shice Q w <abc >. If shtc €
< abc > then shtc = rabtc for some r € T* and hence by right
cancellative property, we have s = ra € A, a contradiction.

Thus sbtc € Q, which implies, since s ¢ €, btc € Q and hence
VQ = Q. Therefore Q = VQ and so Q is prime.

Theorem 3.29 : Let T be a right cancellative quasi commutative
ternary semigroup. If T is either a primary ternary semigroup of
a ternary semigroup in which semiprimary ideals are primary,
then proper prime ideals in T are maximal.

Proof : First we show that if P is a minimal prime ideal
containing a principal ideal < d >, then P is a maximal ideal.
Suppose P is not a maximal ideal.

Writt M=TWPand A={x €T :xmn € <d>forsomem,n €
M3}.

Letx € A;s,t e T. xe A = xmne<d> = xmn = s;dt;
forsomes;, t; € T.

Now stxmn = st(xmn) = st(s;dt;) = (sts;)dt; € <d > € stx € A,
similarly sxt € A and xst € A. Therefor A is an ideal of T.

If x € A, thenxmn € <d> < P. Since P is prime ideal and
hencex € P. So A c P.

Let b € P and suppose N = {b‘mn :
nonnegative odd interger}.

If b'mn, b°pg, b'uv € N form, n, p,q,u,v e Mandk,s, and r
are nonnegative odd integers. Then (b*mn)(bpg)(b'uv) =
b***'mnpquv € N.

Therefore N is a ternary subsemigroup of T containing M
properly.

Ifb e P =bmn € P = bmn & M and hence bmn € N and

bmn ¢ M.
Since P is a minimal prime ideal containing < d >, M is a
maximal ternary subsemigroup not meeting < d >. Since N

mn e MandKkis a

contains M properly, we have N N <d > # .
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So there exist a odd natural number k such that b\mn € <d >
= b'e A=be A

Since P is prime, by theorem 2.19, P is semiprime and by
theorem 2.23, P = \P.

ThereforeP < YA = P < VA < YP=P. SoP="A.

By hypothesis A is a primary ideal. Since P is not a maximal
ideal, we have by theorem 3.28, VA=A cP=A. Since<d>
cPand<d®> c <d>.

Therefore < d®*> < P and hence P is also a minimal prime ideal
containing < d* >.

LetB={y eT:ymn € <d®>forsomem,n € M}. As before
, we have B = P.

Sinced € P = A =B, we have dmn = std® for some s, t € T".
Since T is a quasi commutative ternary semigroup, dmn = m°nd
= std® for some natural number p. By right cancellative property
mPn = std?, a contradiction.

Therefore P is maximal ideal. Now if P is any proper prime
ideal, then for any d € P,<d > is contained in a minimal prime
ideal, which is maximal by the above and hence P is a maximal
ideal.

Corollary 3.30 : If T is a cancellative commutative ternary
semigroup such that either T is a primary ternary semigroup or
in T an ideal A is primary if and only if VA is a prime ideal, then
the proper prime ideals in T are maximal.

Proof : The proof of this corollary is a direct consequence of
theorem 3.29.

Theorem 3.31 : Let T be a right cancellative quasi commutative
ternary semigroup with identity. Then the following are
equivalent.

1) Proper prime ideals in T are maximal.

2) T is a primary ternary semigroup.

3) Semiprimary ideals in T are primary.

4) If x, y and z are not units in T, then there exists natural
numbers n, m and p such that X" = yzs, y" = xzt and 2’ =xyu for
somes, t,u e T.

Proof : Combining theorem 3.25, and 3.29, we have (1), (2) and
(3) are equivalent.

1) = 4) : Assume (1). Since T contains identity, T has a
unique maximal ideal M, which is the only prime ideal in T. If x,
y and z are not units.

If<x>¢Mthen<x>=T = 1 € <x> =Xxisaunit a
contradiction and hence x € M, similarlyy, z € M. Therefore
V<x>=V<y>=1V<z>=M

=y zeV<x> xz eV<y>andx,y € \<z> = x"=
yzs, y" =xzuand z° = xyu forsomes,t,u € T.

4) = 2): Let Abeanyideal in T and xyz € A. Suppose that X,
y, zare not unitsin T.

Let y,z & A, then x" = yzs = x™? = xxyzs € A. Therefore x
e VA.

Therefore A is left primary. Similarly A is lateral primary and
right primary.

Therefore T is primary ternary semigroup.

Note 3.32 : If T has O, then the theorem 3.31, is true by
assuming nonzero proper prime ideals are maximal.

Theorem 3.33 : Let T be a right cancellative quasi commutative
ternary semigroup not containing identity. Then the following
are equivalent.

1) T is a primary ternary semigroup

2) Semiprimary ideals in T are primary

3) T has no proper prime ideals.
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4) If x, ye T, then there exists natural numbers n, m and p such
that X" =yzs, y" =xztand z° =xyu forsomes,t,u e T.

Proof : (1) = (2) Since T is primary ternary semigroup, then
its every ideal is primary. Therefore semiprimary ideal is also
primary.

(2) = (3) : Assume (2). By theorem 3.29, proper prime ideals
of T are maximal and hence if P is any prime ideal, then P is

maximal. Let a, b, ¢ € T\P. Suppose abc & T\P
= abc € P = eithera € Porb € Porc € P, a
contradiction. Therefore abc € T\P. Clearly T\P satisfies
associative property. Therefore T\P is ternary semigroup. Let a,

b € T\P. ThenaaT £ PandhenceP U aaT =T = b € aaT
= b=aax forsome x € T. Ifx € P, thenb € P, a
contradiction.  Therefore aax = b has a solution in T\P.
Similarly yaa = b has a solution in T\P and hence T\P is a
ternary group. Let e be the identity of the group T\P. Now e is
an idempotent in T and since S is a right cancellative ternary
semigroup, then e is a left identity and lateral identity of T.
Since T is a quasi commutative ternary semigroup, idempotents
in T are commute and hence e is the identity of T, a
contradiction, since T has no identity. Therefore T has no
proper prime ideals.

3) =4) : Suppose T has no proper prime ideals. Then for any
ideal A of T, VA=T.

Letx,y,z € T. Now\<x>=\<y>=\<z>=T = y,z €
V<x> x,z ev<y>andx,y € ¥<z> = y" 2 € <x> X",
7’ e <y>and x", y" € <z > for some odd natural numbers n,
m, p =x"=yzs, y" =xzu and 2’ = xyu for some s, t,u € T.

4) = 1) : Let A be any ideal of T. Let xyz € A, Suppose that
X, y, Z are not units in T, then X" = yzs = x"? = xxyzs € A =
X € VA. Therefore A is left primary. Since T is quasi
commutative ternary semigroup and hence A is lateral primary
and right primary. Therefore A is primary and hence T is a
primary ternary semigroup. This completes the proof of the
theorem.

Theorem 3.34 : Let T be a right cancellative quasi commutative
ternary semigroup. Then the following are equivalent.

1) T is a primary ternary semigroup.

2) Semiprimary ideals in T are primary.

3) Proper prime ideals in T are maximal.

Proof : The proof of this theorem is a direct consequence of
theorem 3.32, and 3.33.

Corollary 3.35 : Let T be a cancellative commutative ternary
semigroup. Then T is a primary ternary semigroup if and only if
proper prime ideals in T are maximal. Furthermore T has no
idempotents except identity, if it exists.

Proof : The proof of this corollary is a direct consequence of
theorem 3.34.

Theorem 3.36 : Let T be a semipseudo symmetric ternary
semigroup with identity. Then the following are equivalent.

1) Proper prime ideals in T are maximal.

2) T is either a simple ternary semigroup and so archimedian
ternary semigroup or T has a unique prime ideal P such that T is
a 0-simple extension of the archimedian ternary subsemigroup P.
In either case T is a primary ternary semigroup and T has at
most one globally idempotent principal ideal.

Proof : (1) = (2) : Suppose proper prime ideals in T are
maximal. If T is a simple ternary semigroup, then by theorem...
T is an Archimedean ternary semigroup. If T is not a simple
ternary semigroup, then T has a unique maximal ideal P, which
is also the unique prime ideal. Since P is a maximal ideal in T,
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we have T/P = T\P U {P} is a 0-simple ternary semigroup. Let
a, b, c € P. Since P is the any prime ideal, then its intersection
is also prime and hence V<a>=+v<b>=+v<c>=P. Soby
theorem ...., < a >" < < b > for some odd natural number n.
This implies a™? € PbP. So P is an Archimedean ternary
subsemigroup of T.

(2) = (1) : Assume 2), Case-1 : Suppose T is simple.
Therefore T has no proper prime ideals and hence there exist no
proper ideal of T containing P = P is maximal. Therefore 1) is
true.

Case-2 : Suppose T is not simple. Then T has unique proper
prime ideal P such that T is a 0-simple extension of P.
Therefore T/P is 0-simple.

By theorem 3.25, T is a primary semigroup. Suppose < a >,
< b > and < ¢ > be three proper globally idempotent principal
ideals. Then V< a > = V< b > = v < ¢ > = P,
So by theorem...< a >" = < b > for some natural number n.
Since < a > is globally idempotent, <a> < <b>. Similarly we
can show that <b> < <a>. Therefore<a>=<b >,

Similarly we can show that<b>=<c¢>and hence<a>=<b
>=<C>,

Theorem 3.37: Let T be a semipseudo symmetric ternary
semigroup without identity. Then the following are equivalent.
1) Proper prime ideals in T are maximal and globally idempotent
principal ideals form a chain.

2) T is an archimedian ternary semigroup or there exists a
unique prime ideal P in T and T is 0-simple extension of the
archimedian ternary subsemigroup P.

3) Proper prime ideals in T are maximal and T has atmost two
distinct globally idempotent principal ideals with one of its
radical is T itself.

Proof : (1) = (2) : If T has no proper prime ideals, then by
theorem 2.29, T is an Archimedean ternary semigroup. Suppose
T has proper prime ideals. Let M and N be two proper prime
ideals in T. By assumption M and N are maximal ideals in T

andifac TINea¢Mea’¢MeMu<a’®>=T = a
e <a®> =>a s semisimple and hence every element in T\N is
semisimple. Similarly every element in T\M is semisimple.
Leta € TWMand b € T\N. Now a and b are semisimple
elements and hence < a > and < b > are globally idempotent
principal ideals. By hypothesis either < a > < < b > are
<b>c <a> Suppose<a>c<h> Ifb e M,thena € M,
a contradiction. Sob € TWanda,b € TW™M = M U <a>=
MU <b>=T =><a>=<b> Similarly we can show that if
<b>c <a> thenalso <a>=<b> From this we can
conclude that T\M = T\N and hence M = N. Thus T has a
unique prime ideal. By an argument similar to theorem 3.36,
We can prove that P is an Archimedean ternary subsemigroup of
T.

(2) = (3) : If T is an Archimedean ternary semigroup, then
clearly by theorem 2.29, T has no proper prime ideals. Let< a
> and < b > be two globally idempotent principal ideals. Now
since T has no proper prime ideals, we have V <a>=<b > =
T. Bytheorem 227, <a>" c <b>and<b>" < <a> for
some odd natural number n and m. Thus we have
<a>c <b>and<b>c <a> So<a>=<Db> Suppose
T has a unique prime ideal P such that T is a 0-simple extension
of the Archimedean ternary subsemigroup P. Since T/P is a 0-
simple ternary semigroup, we have P is a maximal ideal. Now
foreverya, b € T\P, wehave<a>=<b>and V<a>=+<b
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>=T. Let<a>and <b > be two globally idempotent principal
ideals and a, beP. Now V< a >=v<h > =P and hence
<a>=<b> Thus T has at most two proper globally
idempotent principal ideals one of it’s radical is T itself.

(3) = (1) : Let <a > < b > are two globally idempotent
principal ideals in T. Let\<b>=T = a € V<b> = <a>
cV<b>=<a> c<b> = <a>c<b> Therefore
globally idempotent principal ideals form a chain.

Theorem 3.39: Let T be a semipseudo symmetric ternary
semigroup with T # T°. Then T is a primary ternary semigroup
in which proper prime ideals in T are maximal if and only if T is
an Archimedean ternary semigroup.

Proof : Let T be an Archimedean ternary semigroup. Then by
theorem 2.29, T has no proper prime ideals. Hence it is trivially
true that proper prime ideals are maximal. Let A be any ideal in

Tsuchthat<x><y><z>andy, z & A. Since T is an
Archimedean ternary semigroup there exists a odd natural
number n such that X" € TyTzT = x" e <y><z>andx’ €
<x>=>x" e <x><y><z> Nowx™ e <x><y><z>
< A. So by theorem 2.27, x € VA. Thus A is left primary.
Similarly we can show that A is lateral primary as well as right
primary. Therefore T is a primary ternary semigroup in which
proper prime ideals are maximal.

Conversely suppose that T is a primary ternary semigroup in
which proper prime ideals are maximal. Now T is a semiprimary
ternary semigroup and hence by theorem 3.18, prime ideal in T
form a chain. Let P and Q be two proper prime ideals.
Therefore P, Q are maximal. Since prime ideals form a chain,
then P < Q or Q < P. Therefore P = Q and hence T has a
unique proper prime ideal which is also the unique maximal
ideal. Now every element of T\P is semisimple and hence T\P
c T° Leta,b € TWPandx e P.

If<a><b><x>#<x>, then since T is a primary ternary

semigroup and x ¢ < a > < b > < x >, since prime ideal is
unique, we have a € \(<a><b ><x>) =P, a contradiction.
So<a><hb><x>=<x>forall x € Pand hence by theorem
2.29, T is an Archimedean ternary semigroup.

4. Ternary semigroups in which primary ideals are prime
and maximal

Theorem 4.1 : Let T be a ternary semigroup containing 0 and
identity with the maximal ideal M. Then every nonzero primary
ideal is prime as well as maximal if and only if T/M is a O-
simple ternary semigroup with either

()M =(T\M)a(TW) b (TW) U {0},a,b € Mand<a>’=
0,<b>*=0o0r

(2) M is a 0-simple ternary semigroup.

Proof : Suppose every nonzero primary ideal is prime and
maximal. Since nonzero prime ideals are maximal, by theorem
3.23, T is a primary ternary semigroup. If < 0 > is the maximal
ideal of T, then the proof of this theorem is trivial. Suppose T
has nonzero maximal ideal M. Since T is a primary ternary
semigroup and every nonzero primary ideal is maximal, we have
M is the only nonzero proper ideal in T.

Since M is a maximal ideal, T/M is a 0O-simple ternary
semigroup.

Now for every nonzeroa,b € M,<a>=Mand<b>=M.
Since M is an ideal contained in M, either M® = 0 or M* = M.
If M®=0,thenforalla,b,c eM,<a><b><c>=0and<a
>*=0,<b>*=0foralla,b € M.
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Since for all nonzeroa,b,c € M,<a>=<b>=<c>=M, we
have c = fagbh for some f,g,h € T. Ifforgorh € M, then by
the above ¢ = 0, a contradiction. Sof, g, h € T\M.

Therefore (T\M) a (T\M) b (T\M) U {0},a,b € M and < a >*
=0,<b>*=0.

If M3 = M, then for every nonzero a, b € M, we have MaMbM
=MTaTMTbTM = M° = M.

Therefore M is a 0-simple ternary semigroup.

Conversely if T/M is a 0-simple ternary semigroup with either
M = (T\M) a (T\M) b (T\M) such thata, b € Mand <a>*=0,
<b>*=0or M is a O-simple ternary semigroup, then clearly M
=<0 >and T has no other ideals, or if M =< 0>. Since T/M is
0-simple the < 0 > is maximal ideal of T.

Therefore T has no other nonzero ideals.

Suppose M #< 0 >. Since T/M is 0-simple then M is a maximal
ideal of T.

Let A is any nonzero proper ideal. Therefore A cM. a € A
—>aeM=><a>c M

M=(TWM)a((TWM) c TaT € <a> = M < < a >
Therefore < a > = M and hence M is the only nonzero ideal in T.
Thus we have the conclusion.

Corollary 4.2: Let T be a ternary semigroup containing identity
and not containing 0. Then every primary ideal is prime as well
as maximal if and only if T is either a simple ternary semigroup
or a 0-simple extension of a simple ternary semigroup.

Proof : If T does not contain 0, then the case M? = 0 in the
theorem 4.1, does not arise. Therefore the proof of this corollary
is a direct consequence of theorem 4.1.

Theorem 4.3: Let T be a ternary semigroup containing 0 and
identity with the maximal ideal M. Suppose that every nonzero
primary ideal is prime. Then T/M is a 0-simple ternary
semigroup such that either

1) M= (T\M) a (T\WM) a (T\M) U {0},a € Mand<a>*=0or
2) M" = M for every odd natural number n.

Proof : Suppose every non zero primary ideal is prime. If M® =
0. LetP be the any primeideal. If0 e P => M} <« P=>M <
P. Clearly P < M. Therefore M =P and hence M is the unique
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prime ideal in T. Now V< a > = M for every nonzero a € M
and thus < a > is primary by theorem 3.15, Then by hypothesis
< a > is prime and hence < a > = M. Therefore the conclusion
follows as in the proof of theorem 4.1,. Let M®# 0 and P be any
proper prime ideal containing M. Therefore M® ¢ P = M <
P. Clearly Pc M. Therefore M = P and hence \M® = M. By
theorem 3.15, M? is a primary ideal and hence M? is a prime
ideal by hypothesis. Thus M = M® and hence M = M" for every
odd natural number n.

Corolllary 4.4 : Let T be a ternary semigroup containing
identity and not containing 0 in which primary ideals are prime.
Then T is a 0-simple ternary semigroup extension of a globally
idempotent ternary semigroup.

Proof : The proof of this corollary is a direct consequence of
theorem 4.3.
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