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Introduction
The fallowing classical result known as Enestrom — Kakeya theorem [5,6 ] is famous in the theory of distribution of zeros of
polynomials.

Theorem A. If n is a polynomial of degree 4; ,such that
P(z)= Z 1,.z"

=0
Ap= Qp_g = 2 0y = ag = 0.,
then Pz} has all its zeros in the disk |z] = 1
In the literature attempts have been made to extend and generalize the Enestrom - Kakeya theorem . Joyal, Labelle and Rahman [4]
extended it to the polynomials with general monotonic coefficients by showing that, if the coefficients of the polynomial satisfy the
condition

Qp y_q = 2 0y = dyg

then all the zeros of P{z} are contained in the disk
y — 2g + lagl

Izl =
lal

Aziz and zargar [1] relaxed the hypothesis of Theorem A and proved :

Theorem B. If " a polynomial of degee n such that for some 3 = 1 ,
P(z) = Z 1,z

»=0

Ada,za, 4= =2a, Za,
Then p(z) has all its zeros in the disk.
(2, —aq + lagl

lz+1—-1]=
la,l

On the other hand Y Choo [2] extended this theorem to the polynomials with perturbed monotonic coefficients, and proved the

following:
Theorem C
Let b be the nth-order polynomial such that for some 3 and  with { = k=
P(z) = Z a;z"
=]
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if @, _1_3 = a,_; thenall the zeros of p(z) lieinthe disk R1; = lz] = Ry
where

(anl+an) + (A - 1)(|an kl+an ) - a0

Rh

And R 4, is the positive root of the equation
Rk+=—51Rk+1 — I,},ll =0

y1= ([ — a,_y and 8= a, +((— 1)ay_y —ag+ |ac |
a, la,l

If @y_p = @y_yp2q,thenall the zeros of P(z) lieinthe disk R4y = |z] = R4

dnl+anl+ {1 - ;'L}{Ian—kl‘" Ay )= Qg

R21

And R, is the positive root of the equation
Rk_é":Rk—l - I']-(=I = ﬂ

y2= (1= (Ja,_g and 8= a, +(1—{(la,_y —ag+|ag |
Q, la,l

In this theorem we generalize the result of Y. Choo and prove the fallowing result

Theorem 1
Let n _ be the nth-order polynomial if £; = £z = @ can be found such that for some 3 and j; with 1 = k< n
P(z)= Z a;zt
i=a
Qplyfe + Qp_q{fy — 2} —a,. =0 r=23,.mrEtn—~K

AQp_plytz + Oy psa(y —t2) — Gy g3z =0 o, g = an_y
if @, i _3 = a,_; thenall the zeros of p(z) lieinthe disk R, < |z] = R4

where

11~ -
' {anl+ an}tIH-' + (A —1)(|a_gl+ an-k]tP_k+1 —ag T,

And R, is the positive root of the equation

Rk+=—51Rk+1 —- I,},ll =0

»Y1: (( - -l}tlt:ﬂ'?!—k and 81= a _|_ { 1 t: t: t: .
nt(-1an ke F-50+ 52—
a, tf tf " tflal|
Ianl
If @, , = @,_y=24,thenall the zeros of P(z) lie in the disk R 54 = |z] = R o
[y
R21 o~1%~2

S anl+ ant? 4 (1 - A)Jap_gl+ an_ gtk —aq t,t,
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And R, is the positive root of the equation
Rk_é":Rk—l - IY:I = ﬂ

v2= (1 — (tytaa, g and 8= o+ (1— (:Iiﬂ‘, [ a t, .
2 Sl e A
S S T P

Ly

[
Remark 1 if we put £, = £; = 1 we get theorem D

Proof of the proof: Consider a polynomial
F(z) = (t, + 2}t — 2)P(z)

=t +(t; —t2)z—z3Ha, 2" + a,_ 2"+ -+ a,7 4 0a4)
=-a, 2" 4+ {a,(t; —tx) - a2 + oty 4, (G - ) - a,

-z

ol g tyts + G ppa by — £2) = Qp_psadz™F

F

+ e + {az t]_t: + ﬂ'l(tl - t:} - ﬂ-n}z= + {altltz + ﬂ-n(tl - t::}}z + ﬂ-ntltz

ifa, 3 2a, ;thena, ,.,2a, , and F(z) can be written as

= —a,z"% — (A —1)a,_pty 122" % + fa,(t, — t;) — a,_,1z""1

-

Ha bty +a,_ (& -t} —a, k="

-

tod Qa, itz 0, gy — ) —ap 332" F

+o pfagtyts +a,( — t7) — agdz® + {aytyt; + aglty — 2032 + agtyts

For |z] = &,
[F(2)] 2 |ayn Zr(Tl +2)+ (l -Nagn-kt1t2 zf(n -0|- |Z|‘(T1 +){an (1-62)-qm-D+(@ntli2+an- 1) (t1-t2)-an-2))/lz +

2o+ D+ A-Dam-lt2m-b -2+ D {en ¢l-t2) - g0 -D)+an 2+ - 1) - o -2) 2/t +=+g(n-k) t;2)

2 g t.  |aglts
2 [a,z™2 + (A — 1)an_ptytz227 %] - Izl”“{ant1 +0-Dan a0 |2l }
1

Qpg—
ntf iy
=0

if

Izlk+: +

tq t: | laglts
Aty t{d—1)a, = —ag=+ =
{l—l}an_kt,_tzl R ek Yt tf
> |z] =
. H

NzlT(k+2) + (1] = |z]T(k+ 1) &

Where
7= (- Dytza, g and 0= 4. + 1ya t; _L; a t; -
- kA -Ea,+
o n T+ )y, kti{ £k 0 tFlaq |
Idnl

This inequality holds if
NzITe +2) — 161 > 2|7k + 1) &
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Hence all the zeros of p{z} with modulus greater than £, lie in the disk |z] = R,z where R,z is the greatest positive root of the

equation.
R¥*3_5 R**1 _ =0
But the zeros of p{zjwith modulus less than or equal to £, are already contained in the disk |z] = R 12
For the inner bound consider the polynomial
F(z) = (¢, + z2)Xt; — 2)P(z)

={t, + (G -tz —2*Ha, 2" +a,_ 2™+ + 3,7 + ag)

=-a, 2" +{a,t; — 1) - a, 2" H ety 4,y (G — ) -

ot {an ptits + Qpopaats — £2) — ay_pagdz™ "
+ e + {I‘l: t]_t: + ﬂ'l(tl - t:} - ﬂn}Z= + {altltz + ﬂ-n(tl - t::}}z + ﬂ-ntltz
= fglyts + f(2)

where

fE@) = —a,z™ % 4 {a, (b —t2)—a,_ 2"+ {a,fhtz v an_y (G —t2)—a,_g)="

+oHay piits Fay peq(ty —£2) - ﬂn—k+:}zn_k
+ - agtyts +ay(t — t2) — aglz® + {a, by t; + aglty — 20}z
Iflz] < £,
@ = la, 16772 + (4 — D% la, |+ a 7% — a, ti i, 4, t7 1 —a, il —
—Qp_ gty +*’19n—kt1n_k+1t: + a2y g 1n_k+1t: —Op_g-z 1n_k+1t: T Oy gz f_k + -
+ Aatdte + agtd —aytits —agtd +a,tits + aptd —aptyts
f@] = la, 1t7%2 + (1 — D% 2 la, ol + a,t22 + (1 — 115 )al, o 2775 1, —aptyts

Since f{p) = o it follows from Schwarz lemma that

@l = {(la,l +a, eI + (A= Ve s (lap—pl + @poi) — @gtytajlzl: Torlzl <ty
Hence
IPZ) 2 agtytz — IF (2
= agtyt; — 1(lanl +a, 2 + (A — Ut (| ap ] + app) — agtyts Hzl: forlel <ty
mnninimnli;

la,l+a, DI +H{A -1t  (la,—| +a,_i)—aptytz

Izl

lF".:I.:I.

Consequently p(z} does notvanishin | z| « R,,
. SinceR y, = £, , the first part of the theorem is proved.

The second part can be proved similarly if @,_; = @,_r+q then @,_; = a,_pr+q and F(z)can be written as
F(z) = —a,z™* - (1 - Ada,,_ptyt,2" %% 4 {a,(t, -t} — a,_,}z"*?

On

-z
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+{I'.1ntlt= + ﬂ'?‘z—l{:tl - t-} - a-n_'}zn

F &

o o gaatals + Qg (& — £2) — A, g )27 F

+ e + {a:tltz + ﬂ'l{tl - t:} - ﬂ-n]’zz + {ﬂltli': + ﬂ-n{tl - t:}]’z + ﬂ-ntltz
For |z] = £,

t

. . 2 1 t.  |aglts
2 |anz™? 4 (1 - Ao,y tytaz™ 73| - |Z|”+1}ﬂn(t1 B R e LR Py Tty .
1

_—ﬂ_
gt TRt

1

i ) ) 1 ta  laglts

2 |anz™ 2 + (A — 1)a,_ptatz2" % — 21" a,ty, + (1 — ey —— — Gp—2 %
tf“‘ ti. tl
=0
if
P 1tz laglts
) {1 —}L}a ot t'l Aty +il—A)a,_; TR a"tf + 7
Izlk-h + n 1-2 - Izlk+1 1
ﬂ’?‘! ﬂ'i’!
Nzl + (2] = |z'(k— 1) &
Where
'Y2: I:j. - (:Itj_I-:ﬂ-n_k and 52= I:j- —_ (:I-l t t:

gy +

e A =a_n+—
BT tfF T tFa]

y

la,l

This inequality holds if
NzIk —1G2 1 = |21k - 1) &

Hence all the zeros of p{z} with modulus greater than £, lie in the disk |z] = R;; where R ;3 is the greatest positive root of the
equation.

RE—3;R* ' —lyzl = 0
But the zeros of p{zjwith modulus less than or equal to £, are already contained in the disk |z] = R 53
For the inner bound consider the polynomial
F(z) = (t; + z)t; — 2)P(z)

=t + (G —t)z— 2z Ha,z" +a, 2™+ + 2,2 + ag)
=-a, 2" 4+ {a,(t; —tx) - a2 + oty 4, (G - ) - a,

-z

ol g tyts + G ppa by — £2) = Qp_psadz™F
+ - 4 {l'l: tj_t: + ﬂ-:l_(tj_ - I—':} - I'--ﬂ'fl:r}z: + {ﬂ1t1t= + ﬂ'ﬂ(tl - t=}}z + ﬂ'“tlt:
= ﬂnt1t= + f{z:}

where

@ = —a,z" + {a,(t, — t2)— a, 32" +{a,tits + 0,4t — 1) — @, 5)2"

&
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o b A ptits + Qugeaa (B — £2) — Gy yadz™F

+ -t fagtyts +a,(t, —t2) —aglz?® + {aytyt; + aplty — £3))z
Iflz] < £,
M@ = la, lt7*2 + (1= P a, i |+ 0, 1772 — @, 1772, + @, 177 — a, 10t -

RC TIPS 2l SETTE Y TIPS - el O TP s USSP St e MIPRIPN -l P
+ a.tdt. 4+ a,t —a, i3t —agti 4 a,tit. +a,tf — ngt,ts
f@] = la,1t772 + (1 — DtP % a, |+ a,t82 + (1 — AlT)al, (177542 —autyt,
Since floy=o0 it follows from Schwarz lemma that
f@ = {(la,| +a, tIF 2 + (1 -t 2 a, | + ap_y) — agtyt; Hzl: forled <ty
Hence

1Pz}l = agtytz — I (2
= agl iz — {|:| a,l +a, Z;:;:.t:f+2 +i(1-— ,1:|t{!—k+2,:| Qpz| + Gy ) — Q_Dtltz}lzl: forlz] < £,
ooooooo
[y

Izl < - . =R,
anl+an)t? + (1 - lan il + an)t?F2-ao tat; 7

Consequently p{z} does notvanishin|z| « g,, . SinceRz, < t; , the second part of the theorem is proved.
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