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Introduction
In this paper, all the graphs considered here are simple, finite, non-trivial, undirected and connected. As usual P

and J denote, the number of vertices and edges of a graph G .In this paper, for any undefined terms or notations can be
found in Harary [2].

The study of domination in graphs was begun by Ore [5] and Berge [1].The domination in graphs discussed by
S.L.Mitchell and S.T.Hedetineimi [4].

As usual, the maximum degree of a vertices in y/ (G) is denoted by A(G) and the maximum edge degree of edges in
E(G) is denoted by A(G)- A vertex V is called a cut vertex if removing it from G increases the number of
components of G .For any real number X’Dq denotes the smallest integer not less than x and \_XJ denotes the greatest

integer not greater than x.
A subdivision of an edge €=UV of a graph G is the replacement of the edge by a path UWV The graph obtained
from G by subdividing each edge of G exactly once is called the subdivision graph of G and is denoted by g (G) :

A Line graph L(G) is the graph whose vertices corresponds to the edges of G and two vertices in L(G) are

adjacent if and only if the corresponding edges in G are adjacent.
We begin by recalling some standard definitions from domination theory.
A setD cVof a graph g = (V, E) is a dominating set, if every vertex not in D is adjacent to atleast one vertex in

D .The domination number y(G) of G is the minimum cardinality of a dominating setin G .

A set D'cV' is said to be a dominating set of L(G) , if every vertex notin D’ is adjacent to atleast one vertex in
D’.The domination number of L(G) is denoted by y[L(G)] and is the minimum cardinality of a dominating set in
L(G)-

A set F of edges inagraph G = (V, E) is called an edge dominating set of G if every edge in E — F is adjacent to
at least one edge inF . The edge domination number 7'(@) of a graph G is the minimum cardinality of an edge

dominating set in G . Edge domination number was studied by S.L. Mitchell and Hedetniemi [4].

Tele:
E-mail addresses: mhmuddebihal@yahoo.co.in,
swati kalshetti@gmail.com

© 2013 Hixir All rights reser\ved



17426 M.H. Muddebihal et al./ Elixir Dis. Math. 62 (2013) 17425-17433

A set | of edges in a graph L(G) is called an edge dominating set of L(G) if every edge in E[L(G)]—I is
adjacent to at least one edge in | . The edge domination number of L(G) is denoted as y'[L (G):I and is a minimum

cardinality of an edge dominating set in L(G) .

Analogously, we define edge domination number in lict graph .
A set F'of edges of Lictgraph j _ n(G) is called edge dominating set of n(G) if every edge in E[n(G)]— Fris

adjacent to atleast one edge in F’.The edge domination number 7 (G) of a graph n(G) is the minimum cardinality of
a edge dominating set in n(G )

The edge dominating set F' is called connected edge dominating set of n(G)’ if induced subgraph <F’> is also

nc

of a connected graph is the minimum cardinality of a connected edge dominating set..

connected. The connected edge domination number ,,r (G)

We need the following Theorems to establish our further results.

Theorem A[3]: If G isa non trivial connected (p,q) graph whose vertices have degree d, and I be the number of

edges to which cutvertex . belongs in G, then lict graph n(G) has q+ZC' vertices and d2 edges.
i i g+ i B |
q Z[ ) J

Theorem B[2] : If G isa (p,q) graph whose vertices have degree d., then L(G) has 4 vertices and g, edges

where 1&, -
q.=-q4+ EZdiZ

i=1
Results

Initially we begin with edge domination number of Lict graph of some standard graphs , which are straight forward
in the following theorem.

Theorem 1: (i) For any cycle C, with p >3 vertices,
' p
7n (CD) = lrg—‘
(ii) For any path P, with p > 2 vertices,
’ Pl
7 (Pp) - LEJ
(iii) For any star Ky, with p > 2 vertices,
' p
7n (Klp):[g—‘
(iv) For any wheel W, with p >4 vertices,
7 (Wp ) =p-2

In the following theorem we obtain the relation for 7 (G) in terms of number of edges and maximum edge
n

degree A’ of G .

Theorem 2: For any connected (p,q) graph G with A'(G)Sq—landG #P, (p>6),
G=C, (p >4). Then 7! (G)Zq—A'(G)- Equality holds if G is p3,|35,|36,c;3,c4and W, (p24)-
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Proof: To the contrary, suppose G is a path P, with p>6 vertices .Let G=Pp with p>6 vertices
; Pp =V, ,8, V5,65, V5, €5, Vo 1:€5 1,V In n(G) ’n[Pp]:el,ez,es,__
...... e,y gives induced path with p—1 vertices. Let F’ be a minimal edge dominating set of n(G)' such that

IF|= {BJ . For any path P, with p>6 vertices, A’=2 and P=qg+1. Then it is clear that IFl<p-1-A' and

2
IF<q-A'(G): which gives 72 (G)<
q- A'(G)-
Now if G:c;pwith p >4 vertices. Let G=C, with p >4 vertices 'Co=V,8, Vy8,, ... V. £, V In
n(G)'V [n(Cp)] —e,e,,8, €,.€ which is isomorphic to C,- Let F’ be the minimal edge dominating set of

3
For;/;(G)Zq—A'(G)i let E(G)={6,,85 ccrrrrrrren ,en}be the edge set of G which gives V[n(G)]' We
consider the of E(G) such as subsets El(G)={e.};1SiSn and EZ(G)={e.}’ where i# j;1< j<n .Every
! J

r](G).ByTheorem 1, IF'|= [E‘l and A’=2. Thus itis clear that IF< p_Af(G),which gives ,, (G)<q-A'(G)-

element of El(G) has maximum edge degree in G and every element of Ez(G) has minimum edge degree in G . Let
= (G) =

{ek}; 1<k <n, such that E, (G) - E(G)— {El(G)u E, (G)} be the set of edges which have neither maximum
edge degree nor minimum edge degree in G .LetC = {C11C2’C3

,Cn}be the set of cutvertices in G .Denote EI:n(G):IZ{quz’qs ___________ q,} the edge set of n(G) and

V[n(G)]:E(G)UC(G)' Suppose F’' be the minimal edge dominating set of n(G)v such that
V g eF’;1<i<n is incident with atleast one of combination of E,(G) E,(G) E,(G) and C(G): For this

combination we consider the following cases.
Case 1: Suppose {q } ;1< < n bethe set of edges joining some of the vertices of El(G) and C(G) in n(G) .Then

{q_} — E’ be a minimal edge dominating set of n(G)- By the Theorem A , n(G) has [d? j edges , which
i —q+ — +1
2

Gves 1> € (G)-A/(G) MM |F| 2 [E(G)| -4'(6)- CkaY ;(6)>q-4/(6):
Case 2: Suppose the edge set (g 1;1<i<n forms a minimal edge dominating set in (G- Then the edges (g, } are

joining the some vertices of E, (G) and E, (G) in n(G)- Since every edge of E[n(G)]— {q } are adjacent to atleast

one edge of {qi} .ThenF' = {qi} be a minimal edge dominating set of n(G) : Hence|F'| =|E(G)|—A’(G) , generates
7:(G) = q-A'(G):
Case 3: Suppose the elements of {a;} ;1<i<n are incident with the vertices of E,(G) and E,(G) in n(G)-

Then {qi}=F’ be a minimal edge dominating set of n(G)-Clearly |F'|Z‘E(G)‘—A’(G)- Hence
|F'| > q—A'(G)'WhiCh implies that 7 (G) > q—A’(G)-

Case 4: Suppose {qj}and {qk} are edge sets such that {qi},{qk} € E[n(G)]a”d {qj} < {qi}; {qk}c{qi}.

Since every edge of { q_}are adjacent with the vertices of
J

E,(G) and C(G): also every edge of {q,} are incident with the vertices of E,(G) and
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C(G) in n(G): Then {qj}U{qk}={qi}=F' be a minimal edge dominating set of n(G)- Then clearly
> |E(G)| - Ar(G),which gives 7 (G)zq—A'(G)-
For the remaining combination of the vertex sets E,UE,.E,uC.E,uC. denote the edge set {q| }

FV

joining the vertices of El(G) and E, (G) the edge set {q| } joining the vertices of g (G)andC(G) , the edges of

{qlg} joining the vertices of E,(G) andC(G)in n(G).Since{qh} (g} {qlz} {q}and {qlg}D{qi}.Then the
edge set {qi}

is @ minimal edge dominating set of n(G) .Clearly the combination of [E,UE, E,uC.

E,uC]#F"

For the equality
i) If G is isomorphic to |:>3,then n(|33):c3 and ¥ (Ps):l' Since A’ =2. Hence it

follows  that (R)=q-A'(G):

i) If G is isomorphic to P, then yé(ps)zz.Since A'=2 and p=qg+1. Then 7;(%):
p-1-A'(G): It follows that 7.(R)=q- A'(G)-

i) If G is isomorphic top , then 7 (pe)zg. Thus 7‘ (|:>6): p—1- A’(G) .Clearly
7(R)™ a-A'(G):

iv) If G is isomorphic to c,or C4,then n (G)=C3 orC, by definition .Since for any
cycle C, with P vertices, we have P =0 and also AN(G)=2, Hence clearly it follows
that for p=3 or 4 7;(Cp)=q—A'(G) _

v) If G is isomorphic to A with p > 4 vertices, then by Theorem 1, we have ! (Wp)
=P 2. Forany wheel v with p>4 vertices, A"=p and 9> P. Thus V! (Wp) =

4— P, which gives ! (Wp) —q-A'(G):
In the following theorem we established the result on lower bound for (G):

Theorem 3: If G is connected graph, then .
(p1Q) %(G)ﬂpJ

2
Proof: We consider the following cases.

Case 1: If C( ) ¢-Now we partition edge set E(G) {91 N ,en}, such as set El(G):{ei}’
where1<i <n has maximum edge degree inG and set E {e } ;where
i
1< j <N has minimum edge degree in Gandg_(G ,(G)= ( )— { (G)u (G)}: {e} where 1< j<n be the

edge set with neither maximum nor minimum edge degree in G .
We obtain 7;(@) set with respect to the edges joining the V[n(G)]’ where El(G)’

E,(G),E,(G)eV [n(G)] Further we consider E[n(G)]={qi}U{qj} {0}V,
1<n<i;vq,;1<m<jandyg;l<t<kare the set of edges joining the vertices of El(G)’E?_(G);
E,(G),E,(G) M E,(G), E;(G)™ n(G) Where E,(G),E,(G),
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E3(G) ev[n(G)]'The remaining set {q_}and{qk}are the edges joining the elements of EI(G) Ez(G) and
J )

E,(G) I all other combinations. Since q ;. If |g | =Minimum, then |q | - ;7 (G)-By the Theorem A, () has

42 }edges which gives|q | E[n(G)]' Clearly 7(G)< p-

1 : P
Case 2: |f C(G)=¢: et ¢ ={C,1Cy, Cypevvrrnnnn C,) the set of cutvertices of G. Since
E[n(G)] - {qi}u {qj}u{qk}.We consider the subset{qi} , such that some of q's are incident with the elements of

El(G)a”d E,(G) in n(G).For the subset {q-

J
in n(G).Further for the subset (G} for some of @ 's are incident with the elements of E (G) and E,(G) in

}, some of q's are incident with the elements of E,(G) and E,(G)

n(G).For the set {Cj} some of elements of C, are adjacent with either the elements of E,(G)% E,(G)Y E,(G):

we consider the following subcases.
Subcase 2.1:1f pr— {qruq) where g’ —q and g/ <, be the edge dominating set of n(G) formed by joining

the elements of E,(G) and E,(G) in n(G),such that ||:f| =7.(G) < t pJ.
2
Subcase 2.2: If {q } where q,<q; be the edge dominating set of (G) formed by joining the

elements of g ,(G) and g ,(G) in n(G): such that ||: |: 72 (G)-
Si ' . Which th It :
ince (gq'Uq) cE[n G)] ich gives the result as y;(G)S{EJ

Subcase 2.3: Let - ={Cli'ucr'n} - E[n(G)] be the edge dominating set of n(G),where c is the set of edges
joining the elements of E(G) E,(G)° E,(G) in n(G) and ¢’ —c_,such that = ’(G)<{ pJ.
=7 = A5
2
Further we deal with the edges of {q} {Q-}’{qk} with {C } c ev[n (G )]
i j m m
in the following subcase.
Subcase 2.4: Let the edge dominating set F' of n(G) as F’:{qi}m{cr'n}u{q;}or {qj}m{c;n}u{q;} or

{q;}m{c,'n}’ by Theorem A we have E[n(G)]z—qu Z[d—'zﬂj
2 1

=" (G)>| £
7(G)z| 5

then [ pJ .Which gives the result.

Theorem 4: If G is (p,q) connected graph with p > 2 vertices then q < 7! (G)
A'(G)+1
Proof: For a connected (p,q) graph G , with p > 2 vertices n(G) be the Lict graph

with p’ vertices and g’ edges . Now we consider a set F', be an edge dominating set of
n(G),such that |F’|=7/;(G).

Then
[F|a'(G) = 2 d(a)=2N(d)

q'eF’

U N(a)

qeF’
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\E[n(e)]—

IF|A (G |F| E[n(3)]
F|(a ( )+1) < \E[n )]
Fl(a(6)+1) <
By the definition of Lict graph .Since V[n(G)]: E(G)uC(G) and also E[n(G)]
>E(G)
Thus
E[n(G)] = IF1(A'(G)+1) =|E(G):
F1(4'(G)+1) = [E(G)]
F|(A'(G)+1)= 9 . where g ¢ E(G):-
Hence
Fl>_a
(4'(G)+1)
Which gives 7! (G)Z q

O]

The following theorem provides the relation between 7! (G) and ;/[L(G)]'

Theorem 5: For any connected (p,q) graph G with p > 2 vertices, V! (G)Z}/[L(G)]'
Equality holds if G is isomorphic to P, P, and C, (p > 3).

Proof: Let E(G) :{el’e e en} be the edge setof G and let p — E(G): such that ,
{ei} :1<i<n beaminimal edge dominating of G . By definition of Line graph, let D’ =
{Vl’VZ’VS _______________ v,} With e <> v, , is @ minimal dominating set of L(G): Hence |D’| =
;/[L(G)]- Further we consider the edge set F’ — (04,01 Gy ey RE suchthatF' <
E[n(G)] be a minimal edge dominating set of n(G)- Hence |E-
atleast one edge of Fand D' €y, [L(G)] cV [n(G)] .Clearly it follows that ||:f| > |Df| . Hence

For the equality,
i) If G;p3,then 7,:(6)27[L(F’3)]=1

i) IfG;pS,then 7;(%):7“(%)]:2
iii) If G =C, with p >3 vertices.For any cycle C,we have n(C ): L(C )
p p

Hence y;(cp):y'[L(Cp)}zﬂCp).

The following theorem provides the analogous relation between 7! (G) and 7/’[L(G)] .

=y (G) .Since each edge in G is adjacent to

74(G)=¥[L(G)]

I

C .

n

Theorem 6: For any connected (p,q) graph G with p > 2 vertices vy (G) > ]/'[L(G)]'
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Equality holds if G is a block.
Proof : We consider the following cases.
casel: Suppose G is nota block .Then 3 C(G) £ ¢ in G . We partition the E(G) —

El(G) U EZ(G)U ES(G)- Now we consider El(G) _ {el,ez,e?’, ......... ,ek} be the edge set with maximum edge

degree in GandE( ):{el',e;,EQ ........ ’e}} be the edge set with minimum edge degree in G .Let

( ) E(G) { ( ) Ez(G)} be the edges with neither maximum nor minimum edge degrees in

©v[n(G)]=E(G)VE(6)V E(C)
UC(G): where C(G) is the set of cutvertices in G . Denote E[n(G)]:{qi}u{qj}u
g vl ) . For the set (g} let g g :1<m<i are incident with the elements of El(G)a”d E, (G) in n(G)-
For the set {q } let g cg;;l<n<jare incident with the elements of g ,(G) and ES(G)i” n(G).For the set fa.}
let q, =g, ;1< p<kare incident with the elements of E (G) and E,(G) in n(G)- Further for the set (g} let
g, = g, » 1<t < are incident with the elements of E,(G) 9 E,(G)° E,(G) in n(G):
Let F' be a minimal edge dominating set of n(G) ' F'={q,}° {q,}° {qp} or fq,} such that IF|=7.(G):

But in line graph , E,(G)UE,(G)UE,(G) =V[L(G)]' Here we consider E[L(G)]z fo/} u{q}}u{q;} . For the
set (o} let g/ —q';1<m<i are incident with the elements of E (G) and E, (G) in L(G)- For the set {q’.}’ let
i m i i
g, c=qjslsn<j are incident with the elements of E, (G) and E,(G) in L(G) .Further for the set {a.} let
q, < q s1<p<k are incident with the elements of E (G) and E,(G) in L(G)- Let | be a minimal edge
dominating set of L(G)? | = {qr'n}or {q;}or {q;} such that |||: yr[L(G)]. By Theorem A and Theorem B

E[L(e)]=E[n(G)]:

Clearly it follows that IF|> 1] Thus 74 (G) >7’[L(G)]-

Case 2: Suppose G is a block . CIearIyC( ) ¢ Then V[n(G)] :V[L(G)] _ E(G)

Then E,(G)UE, (G)UE, (G)E(G) ™M {E,(G) E,(G)E,(6)} < V[n(G)]=

V[L(G)]-Dente E[n(G)]={q}ufa;} uig): ¥V 6, 1<n<iiV g l<m< iV g

1<t <k are the set of edges joining the elements of El(G)’EZ(G)a”d E, (G) in n(G)- For the set (g} we
consider g elements , for the set g}V qc E[n(G)] are joining the elements of E,(G) and E,(G) in n(G): The
remaining sets {qj}and {q,are the edges joining the elements of E (G)E, (G)and E3(G)i” the remaining

combination. Since q, < then |qn| —_ minimum and |qn| :7; (G):y [L(G)] .Which gives the required result.
In the next result we obtain the relation of (G) with 7'[L(G)] and y[L(G)]-

Theorem 7: For any connected (p1q) graph G with p > 2 vetices, y;(G)g y’[L(G)]
T y[L(G)] Equality holds if and only if G =P, .

Proof : Let " be a minimal edge dominating set of G, whichis also a 7 set of L(G)- If
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G has no cutvertex then E[n(G)]z E[L(G )] and E(G)=V [n(G)] If G has atleast one cutvertex then
E[n(G)] S E[L(G)] which gives ! (G) S y’[L(G)] and also
E[n(G)]: E[L(G)JUEI(G); where E(G)c E[n(G)] Vg eE (G) are incident to each cutvertex of G
in n(G) - By Theorem 5 and Theorem 6 we have the above result.
For equality, if G = p,, then L(P,)=P, with 7' (R)=7(R)=1 and n(P,)=C,C, with
P .Which gives the equality result.

7;(P4):E:2

In the following theorem we obtain the relation between .,/ (G) and a domination number of G .

n

!
n

Equality holds if G is isomorphic to P, with p=3,7 ,Cp (p > 3) and spider or a wounded spider with exactly one

Theorem 8: For any connected ( D, q) graphG , with p > 2 verticesy (G) > 7(@).

or two wounded legs.
Proof: Let p — (V, Vi Vg o be the minimal dominating set of G, such that ID|=

7(G)- Further let g = {0, Gy, Gy erveee 1qn}be the minimal edge dominating set of n(G):

where some of the ¢ 'scF’; where 1<i<n joining the elements of [n(G)] with
C(G)=V [n(G)] My (G) inG and {C}cD which gives||:r| >|D| .Thusyé (G) > 7(G)-

For equality,

i) If G:P3,|:>7,then

J and also by Theoreml,we have v (Pp ) :{ P J :
2

/(P)=7(P)-| 2
which gives the resul.

i) If G=prith p >3 vertices .For anycycle(;p , n(Cp)sz’y; (Cp)zﬂ’(cp):(p]'

3

minimal dominating set of G and D = C(G)—v where {C (G)—v} =V (G)a cutest of G . Hence |D| :;/(G)- In
n(G): El(G) together with V forms a complete subgraph K, . Sincey, [n(G)] = E(G)
i C(G): then {(Cl’CZ’CB’ ......... ¢, )UE, (G)uEl(G)}formS ¢, humber of copies of K.
In n(G), edges joining the elements of El(G) and the elements of C, or edges joining the elements
of (G)and the elements of E.(G) will be denoted as (0,0, Gy,
----- G} 39 g,y G O} LU F = {0, 0, Gy 6 O {0, 0, Gy, €
be a minimal edge dominating set of n(G) obtained by above sets with g, <> q;- Hence |D| :||:'| =y (G) .

iv) For the wounded spider with exactly one or two wounded legs .Then the set E, (G) -
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AT Then |D|=7(G)- In n(G): since G is a wounded spider with one leg , then F'= {6,0,,0y, v G} OF

where €=Vq Further if G is a wounded spider with two wounded legs then
(o o TR ,qj} L

:{e,q3,q4, ......... ,qi}or {e,q3,q4, __________ ,qj}.CIearIy |D|: F'|= 7;(6)'

The following Theorem gives the relation between 7 (G) and its connected edge domination number}/ (G)

nc
Theorem 9: For any connected (p,q) graphG, 7 (G)S%:c (G)
Proof: Let F'={0, 0y, gy ererren ’qn}be a minimal edge dominating set of n(G),such that
|F'|:;/r',(G)- If 4= E[n(G)]—F’and let F/ :{ai’,a;,ag, ________ ’ai!};v al e E[n(G)] be the set of edges of

n(G): such that F'eN(F') and H cF/ in n(G).Then (F'UH) is a minimal connected edge dominating set of
n(G).CIearIy |F'u H| > ||:v|. Thus 7t (G)27.(G)-

The following Theorem provides the result for 7 (G) in terms of edge domination in subdivision of Lict graph of a

graphG .

Theorem 10: For any connected (p,q) graphG , ¥ (G)Sy;[S(G)]-

Proof : The above result is obvious.
Finally we obtain the Nordhous — Gaddum type resul,

Theorem 11: Let G be a connected (p,q) graph, such that both G and 5 are connected, then
i 14 !/ ~ < .
) 71(6)74(G) = P2
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