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1. Introduction
In this paper, we shall use the following notations:

R™ and C™ are respectively the real and complex n-dimensional Euclidean spaces. An n-tuple is denoted by x = (x4, ....., Xn)-
We shall restrict 5 and yto the first orthant of R™which we denote by jm Thus | = {x ¢ R" : 0 < x; <o,i=1,....,n}

and the Euclidean norm x| = (O, xlz)% A function on a subset of g7 is denoted by d(x) = Pp(xq, oo ,Xy). BY [x] we

mean the product Xp e Xy s Thus [x4] = x;h ____xﬁlln’ where q= (qe, -, qn) * The notation 5 < y means yx; <
yi (i =1,2,....,n) - In what follows, the letters  and g are denoted by non-negative integers in R™ i.e. k, and q; (i =

1,2, ....n) arenon-negative integers. Letting |k| = k, + k, + -+ k,,,

We shall write

k|
DY = i
Oxl .. ... dxkm
and denote
n a ki
o= ] 3
: 0x;
i=1
Here we use the notations and terminology of [5 3], For (o — B) € R, the differential operators Naﬂ , Maﬁ and Aaﬁ are
defined by
0
— 42 2p-1
Nia,iﬁ = X “ a_xl X; )
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0
26-1
Mia,iﬁ = Xiﬁ X"za

axi L ’

Ma,ﬁ = Mla’,l,B ""'Mna,n,@ = [x]zﬁ_l U — [x]Z“
and

Aa,ﬁ: Ma"g Na,ﬁ = [x]ZB—l [x]zﬁ_l

n

D p= 1_[ x;m+4ﬁ—2

=1

92 Jlatap-2 0 @p-1(a+26-2)]

2 2
0x; Xi 0x; X;

Now, we define the test function space fj P (I™) to be the space of all smooth complex valued functions ¢ (x) which are

defined on jm such that for each pair of non-negative integers g and f in N? -

: Su _ _ (1.1)

Pak @)= 0 |1 67 DF PP ()| < oo

The space H, P am is topologized by the family of seminorms { a,ﬁ’} ]
, ak q,k.e Ng
The n-dimensional classical (a — 'g)th order Hankel type transformation haﬁ is defined by
B = (hap$) ) = [ oo [ & Gary )
0 0

X (M1 Cey) P Juep (i) dixy eo..dXy, ¢ € Hyp (I™), (1.2)

where 5, ¢ ™ and Ja-p is the Bessel type function of the first kind and order (¢ — p)can be extended by transposition to

distributions belonging to H,a—ﬁ (1™) the dual of the test function space Hyp (I™), provided that (a—p) = _% [5]. The

inversion formula for (1,2) is given by

¢ = [y i JyT G O1 e vn) (Ta iy )™ Jomp (iyD) dys vy, x € 17 (13)
From [5] we have the following relations forany ¢ € H,, , (I")and,y € "
hapi1 ([=x]¢p) = Nyphop @ , (1.4)
haps (Napg ¢) = [=¥1hap d (L5)
hag (Bap @)= D" [V hap ¢ - (L6)

We have the Leibniz formula and Bessel type differential operator of the ,-th __order in R™ respectively as follows:

1_[ (xi"1 %)ki (xizﬁ_l(v,b(p) (x, .....xn))

i=1 '
- T, (2’;;20 (ﬁz) (x aixi)vi YOty e xg) (7 aixi)ki_vi (s .....xn))) )
wpx P (et e xn) = [lieq <Z§ii=0 bj; xizji+2a (xi_l aixi)ri”i (xizﬁ—1 b (x, xn))> (1.8)

where bj; are constants depending only on o — B
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Forj =1,2,-.-n.1et A (x;,v;,2;) be the area of a triangle with sides Xi, Vir Zi if such a triangle exists and zero otherwise
i 1
For fixed a—bh>—1 set

2 )

n
Dgp (x,y,2) = nDa,b (X0, Vi, 2;)
i=1

= n(-2a-sp43) -5 (r3a + b))zn <r (a —b+ %))_

n
X l_[((xiYiZi)4b_1{A(Xi,yi,Zi)}‘za—6b+1) .
i=1

We note that the n-dimensional Delsarte Kernel p__, (x, y, z) is non-negative and symmetric in x y 7. We have the formula

[ee] [o0] n
j f H(]a—b (zit)) Da—p (x4, ¥1,2)do (2;))
0 0 i=1
= Ty Gamp Gt Jaop itd) (1.9)
where
- - 1.10
MMy do (o) = (29 T@Ba+b)) T, (7“7 dx;), (1.10)
. _ n —(a- (1.11)
MM jas () = (29T Ba+ b)) Ty (7 ams () -
Let £ € L' (I™) . Then the n-dimensional Hankel type translate T.f off by x = (xq, ..., Xp) is defined by
@) O = fy e [ f @1roees 20) Ty (Dacp (i y0,2) do(z)), %,y € 1™ (1.12)
Letf and g be functions in j1 am and let their n-dimensional Hankel type convolution f#yg be defined by
(f#g) (x) = fooo ....fooo(rxf) V1o V) 9 V1 e e V) do (yq) ....do(y), x € I (1.13)
The integral defining (f#g) (x) converges foralmostall y ¢ ™ and
If#gll e < lIflla llglls - (1.14)

The above result is a generalization of the corresponding one-dimensional case investigated by Hirschman in pp. 309-311 of [1].

Schwartz’s theory of the Fourier transform of distributions in §' (R™) has been exploited by many authors in the study of pseudo-
differential operators, see for instance, Zaidman [7,6]. In this paper we have used the Zemanian’s theory of the Hankel type
transform of distributions in H,aﬁ (I to develop a theory of n-dimensional pseudo-differential operators corresponding to [4].

Unless otherwise stated, we shall always assume (a—p) = - 1,
)

2. The pseudo differential type operator haB a’

Definition 2.1:
Let g (X1) oo e X Viy eeee s Vi) be a complex-valued function belonging to the space (1" x M), where | = (0, ) and

let its derivatives satisfy certain growth conditions such as (2.1) below. Then the pseudo-differential type operator h, sa associated

with the symbol a(x1 s X3 V1 -----J’n) is defined by
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(ha,ﬂ,a qb) Y1y oo V) = ff(
0

0
X A(X1 cee e X; Yy een oee , V) ((ha'ﬁ ¢) (x1, .....xn)) dxq ....dxy, -
,Yn) € C® (I™ x I™) is said to belong to the

19225

(i y)®*F Jop (xiyi)>
1

i=

Definition 2.2: Let ;p € (—o0, ), The function g (x,, ... ... X 3 Vireees-

class gym if and only if for all q,v,6 € NJ, there exists ) > () such that

21 a1 a\% L5 2D
()% (67 =) (57 o) @ G X Y1y )| S D (1 Ty )™
Theorem 2.1: Let the symbol ¢ (x,, ..., %, ; V1, .....,Vy) elONg to gm_ Then for (a—p) > — 1 the pseudo-differential
- 2

operator p fa is a continuous linear mapping of Ha/z (m) into itself.
Proof: Let ¢ iy s V) = (ha,[)’,a ¢) Vi) Vn), @ E Ha,ﬁ am. Then by using formulas (1.4) and (1.5) and using

Zemanian’s technique (p, 141 of [9]), forj =1,2,.....,n, wehave

d _
Nigig © 01, v s Yn) = ¥2° (6_311) YO 3y Y0
1 0\ 28-1

= 7 (vt 5m) VT O G ) s

1 1
a-B+5 (0 -GBa+p)—5

Nigigi Nigig ® Q1) s V) = ¥, 2 (@) Y, >Nig, ig P V1) o) V)
l

_ a—ﬁ+2+% -1 a zﬁ_z
=l )

4, 0 _
X [}’;m”ﬁ (yl ! a_yl) inﬁ ! (D (yl' ...... yn)]

1 2
Sa+3B+5 ( _. O _
y 2 (yil ) VP T D (g, )

: i
Similarly
Nia,iﬁ, i(ki—1)...... Nia,iB @ (y1, ------ ,yn)
1 ki
a—B+ki+s [, O\ 2p-1
=V 2 (yi ! (7_yl> Y; D (yq, eon oo V).
Now, we have

(Nigapi,_y - -Nigip) v (Nngnpiey—1 - = Nnang) @ 31, .. .- V).

1 1 k1 k

a—B+ki+5 a—B+kn+s .0 a\"
= |y 2y, 2 yit—) |yt =—
ayl ayn

X (ylzﬁ_l ....y,fﬁ_l) D (Vq, e Vi)

Therefore, using (1.3) and (1.7), we get

n
H(Nia,iﬂ,i Ue=1) - Niig) @ V1, e s V)
i=1
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1
—g+k+l] o k -
= [y“ pr +2] (y7' D) PP @(y)

[o.0] [0/0) n
_ 1 k
= [}’a ﬁ+k+2] (3’_1 Dy) [)’]23_1 f f H(xiyi)a+ﬁ]a—ﬁ (x;yi)
0 0o i=1
X A(X1y ey Xp 3 Vi eoees V) @ (Xgy ey X)) dXq oo dxy
o0 © n
_ 1 k
= [y“ ’”’”2] (y~'D,) f f H(xi)“”” )P y_p (aiyi)
0 0 i=1

XA (X1) ey X3 Vip o Vi) @ (Xq, o) Xp) dXq ... dXy,

. co o) n ki k a [
=[] f f [[eo= > () (ritss)  ooes
L { Yi
0 0 \i=1 r;=0

T

d ~
X Jop (X1 (yi"l E) A(X1, e Xy 5 Vi ooy Vi) @ (X, een, %) dXq e dy,
l

oo 0 n ki
peotea] [ [ ([T X () Cxoor gotemmien
0 0 i=1 r;=0 '

_4 3\ -~ (2.2)
X Ja-prki—r; XiYVi) (yi la_yi) A (X1, e X Vi oeer V) @ (X1, e, X)) dXq o dXy,.

Therefore

1_[ Ni,ig, i(ki=1) -+ - Nigig @1, oo s Yn)

Z Z : jm jm 73] e 5 0y)”

T]=0
X QX3 X5 Y1 Yn) B Oty ) [~ H]a pakpr, (Y Ay ... dxy
-3 3 () o [ f n
™m=0 0 0 i=1

X (3’_1 Dy) A (Xqy ey Xy Vi ooy V) [FXKTT @ (g, e v, ) dXy .. dxy,
Z ) ) hapier (071 (71D,
Tn=0

X a (xl, T I L T ,yn) "1 (X1, s %) Viy ooy Vi)
From equation (2.2) for j = 1,

(1\/10(,1,3,k1_1 Nw,w) D Yy, ey V)
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1 kq
a—B+k+= .0
=" ' 2(}’118—%) ylzﬁ YO (yg, s y)
1 kg %
a-B+ki+> ( _, 0
=N e 1 e (x1)a+ﬁ ]a—ﬁ (1 y1) A(Xqy e e ey X Vg eoe oen V)
oy, s
X d5 (xl; ™ -;xn) dx1
kg %

1
_ @By ( 4, 0 )
yl yl ayl

X @ (X1, e, Xp) dxy

[o2] kl k]_ -n

1
a—B+ki+5 k ., 0 o
=N ? fxiﬁﬁ Z (rll) (J’ll _ayl) (y)~@ 'B)]a—ﬁ (x1y1)

0 r1=0

f x1(}’1)_(a+ﬁ) Ja-p (x1Y1) A(X1y oo X 5 Y1y eee s Vi)
0

1

d ~
X <y1"1 a—yl> A (Xq, e X Vs V) @ (Xq, een, X)) dXg

oo kl

_ 0.’ ,B+k+; a+p kl ki—n —(a—-B)-k1—n
- x ( X ) yl ]a ﬁ+k1+7"1 (xlyl)

0 r1=0

0 -
X <y1 6y> A (Xq, ey X3 Viy oo s V) @ (X4, v, X)) dxq

1

[ el 9
= fyl xfﬂg y1 1 6_) A(X1 ey Xy Vs oo er Vi)
0 V1

T'1 =

~ ki—T1
X @ (X1, %0) (‘x1) ' 1]a—ﬁ+k1—r1(x1y1) dxy

Kk o
= Z( ) f(xlyl) P Jaepri—ry (X1Y1) (3’1_1 aiy)

X A (Xq, ey X3 Yy o Vo) (=)0 D (Xq, .., ) dXy

k
1 T

k a
= Z < 1) hapi-r A(01") <y1‘1 6_yl> a (Xq, e X5 V1 oY)

T1=0

x (=207 @ Gty s X0)) (1o V)
Using the formula (=y1) ha,ﬁ b = ha,ﬁ,l (Na,[)’ q)) in the above, we have

1

(=y1) (N1a,1ﬂ,k1—1 e Nla,lﬂ) D (Y1, o0 er V)
k4

= Z (kl) (_ )h ( 1‘1( _1))7'1 a(x X )
7 Y1 a,fki—-11 Y1 W1 1o Xns Yy Vn

T1=0

X (—=x1)* 17 G ((xg, - X0) Y1) s Y )
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1
k 0
= ZO <T11) ha,ﬁ,kl—r1+1 Na,[)’,kl—rl (yfl (yl ! a_yl)>

X A(X1, e X5 V1 s Yn ) (20K G (g, e ) Vay ooy Vi)
k1

k
= Z( ! ( )f(xlyl) 'Bja ﬁ+k1—r1+1Naﬂk1—r1
T'1=0
N ~
x ((y;l Fyr) @Gt Vi) 27 6 e ...xn>dx1>

a—-B+k,— r1+; ( d ) —(a—/?)—k1+r1—%

¥ ) (y1) %P oo —Brk—r, 1 y1)x, ax. ) 1
X1

I
0\8

T]_ =0

d\* ~
x ((yfl ) e o Yo ) (—xl)kr%(xl,...xn)) dx;

ay1
— k1 kl 1 ky-T4 o r1+% a—P+ki-11+2 -1 d
= 2 (&) comen [ (" 5%)
T1=0 0
2p-1 a\" ~
“\ A (yl_l 6_}’1) @ (X1, X 5 Y1, e Vo) (%) D (g, o X) Ja g —r+1(e1y1) | dxy
k
1 " ke +B a—B+ki— 7‘1+; 1 d
= Z (r) (—Df 1y f(xﬂh) Ja-pk,-ri+1 (X1Y1) X, <x1 6_x1>
T1—0

- d \! -
x (xfﬁ e EEI A  CE L (xl....xn)) dx,

kq
k a—F+k —ryta .0
= Z <r11> (=1 Y™ hg gy —ry 41 {x b <x11 a_xl)
0

- . 0\ A
X (xfﬁ PrtaE) e G Y e Y (CXDFTT B (o, x))} -

Using the formula (—=y1) hy P ¢ repeatedly, we obtain

CD == ha,ﬁ,l Na,ﬁ
(—Y1)t1 (N1a,1ﬁ,k1—1 --Nla,lﬁ) D (1, .ees V)

kq %)

_ z <k1> (_1)]{1—7"1 T1+% xa’—ﬁ+k1—7'1+t1+1 (x—]_ i)
- ™ yl 1 1 axl

r1=0 0

t1

a\"* ~
X ( 12ﬁ ! (J’l_l 6_3/1) a (Xq, . Xp 5 Yao oo V) (=) 2771 (x4, o Xn) Jampaky—ry+t, (X1Y1) ) dx,

Similarly, forj = 2 ... n,
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(=¥ (Nigigite;-1) - - Niip) @ 31y v V)

k; 1)
i t:
— ky ki-T1 ri’% “_,3+ki_7'i+ti+1( -1 0 )L
= 2 () o o 7
;=0 0

_ 0\ P
X (xzﬁ ! (yl- 1_)/) a (X1, Xy 5 Y1, oo V) (2K (2, ---xn)>]a—/3+ki—rl-+ti (xiy:) dx;

L 6 ;

Therefore
((_yl)tl Nla,l[)’,kl—l --Nla,lf)’) ------ ((_yn)tn Nna,n,@,n(kn—l) --Nna,nﬁ) @ (yl' ----'yn)

kq kn
_ kl kn _1\kq1—T1 _1\kn—-m
— z <r1)z (rn) (=D . (—1)kn="n)

r1=0 Tn=0

[ [ 7’1“‘% 7’n+% a—B+kq—ri+ti+1 a—L+kp—Tp+ti+1
X Y v Vo (x1 T )

0 0

a\" a\'"

(e 2 )

((xl 0x; " ax,

0 \"* o \™"
2p-1 2p-1 _
o (xlﬁ I ) (y1 ay) ..(ynl E) a (Xq, e Xp 5 Yir oo V)
X (-x)! 7L (=x) T B (X, e X)

X ]a'—[)’+k1—r1+t1 (xl:)Il) e -]a—,8+kn—rn+tn (xnyn) dxl ------ dxn )

Or

n
F (=¥ Nigipie=1) - Niaip) ® 1, - )

[T com [ s

i=1 7=

X (x7D)E [x]?P~1 @ (xq, .. X)) (y‘lDy) a (X4, X 5 Y1y oo V)

X <ﬁ]a—ﬁ+ki—ri+ti (xiyi) ) dxy .....dxp
1—[2( ( 1)k rlf f[yH a—,8+k—r+t+1]

i=1ri=

2 Z ...... Z (x7'D,)Y (y7'Dy)"

v1=0 vn=0

X @ (X1, Xp 3 Vi, oo Vo) (07D [x]22 720 (x4, o X)

X H?:l]a—[>’+ki—ri+ti (xiyi) dxl e dxn ' (23)
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Now, multiplying both sides of (2.2) by H’lﬂzl(_yl.)fi , Wwe get
n
n((_yi)ti Niq,ig,i(k;—1) -+ - Nia,iﬁ) D (Y1, Yn)
i=1

= (-l [ a= B+k+t+] (y_lD ) 12671 o () - (2.4)

Comparing (2.3) and (2.4), we have

(_1)|t| [ya—ﬁ+k+t+%] (y‘lDy)k [y]zﬁ—l 16} ()/)

13,6 coren [ b

i=1 r;=

% [xa—ﬁ+k—r+t+1] zl: zn: (f}l)

v1=0 Vn=0

X (x71D)Y a, (x4, ... ...  Xn 3 Vi e V) (xTID Y

X D17 @ Gy ) | [eprcrne G d e ity
i=1

Therefore,
D! [y (y71D,)" [yt o (y)
— ki-r; —(a B+k— r)
1_[2( (-1 f Oj
ty tn

by

X
R
7
=
=
T
+
+
"
g
M
YoumnY
=

()

X (X7'D)Y @p (X1, ey X5 Y1, Yn) (T DY [X]PF T B (g, e x)
n
X ]a—ﬂ+ki—1‘i+ti(xiyi) dxl e dxn
A':L=iL
— ©
— Z ( ( 1)k -7 j ] 2)L+t+1]
=1 ;=0 0
X Z z n (x71D,)Y a, (xq, ... ... y X 3 Vs e V)

vn=0

n
X D) [ @ Crny o) | oy Jagee, G iy oty

Where,1i = a—ﬁ+ki—ri, i = 1,2,....n
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Setting t, = p; +s;, respectively ¢, = p, i =1,2,....n, in the above expression and using the property (2.1) with g =

(0, .....,0) and taking into account that (@a—p) = — 1 we arrive at the following estimate:
= =

1+ D [P y'D,)" 1Pt @ )]
- I[y”] (y7ipy)" [y128- <1><y)| + 171 (y72D,) 1 @)

<DZ Z II(H [yDm-Ir]

=0

% [x2/1+p+1] Z z (x—lD )p v [ ]2[?—1 QB (xl' xn)

v1=0 vp=0

p1t+s1 Pntsn + +
S S —
2/’L+p+s+1 Z Z (pl 1) ...... (pnv n) (x71D)PTS7V [x]2P1 ¢ (x4, ... Xy)
v1=0 V=0 n

Xdxqy ....dx, -

Since (1+ [y])m—lrl < (1+ [y])m | we have

A+ D |[yp] (y=1D,)" [y]2~1 d(y)

<DZ Z If(l+[y])m

Tn=0

p1ts1 PntsSn
o e DIEED I QUMD E G
...... v,

vn=0

X GADPHY [K]1 G (xyy ) + [424PH1] Z Z

= vn=0
X (zn) (x7'D)P7V [x]PB 1 @ (xy,...xp) dXq .....dx,, -
n

Hence

|71 (7710,) 1" 0 ()|

SDZ S ) )11%

=0
pP1t+S1 PntSn
2/1+p+s+1 1t 51 Pn + Sn
X xermreerer 2 e 2 0 e
%1 Un
vn=0

P1 Pn

X (x7IDPTSTV [x]PPL B (xq, i) + [x2AHPH] Z Z (31)

v1=0 vnp=0

() oo
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X [x]%P @ (x1, ... ) dxq .....dp (2.5)
We note that if ;; < (0, we have (1 + [y])™ , and then

a+lyD™ _ (2.6)
(1+yD '
while if p > (), then
(a+[yD™ < om a+yp™ (2.7)
a+[y*D (+[y*D

Since g is an arbitrary n-tuple of non-negative integers we can choose 5 = (s, .....,s,,) such that

a+yh™ <1 - (2.8)
@+ysh —
From equations (2.7) and (2.8), we have
a+yh™ < om (2.9
1+y*D — ’
so that from (2.6) and (2.9), we get
A+[ypm™ my (2.10)
D <max (1,2™) = D,,

Using (2.10) in (2.5), we have

|y71 (v71D,)" 1251 ()|

b, Dz S ) ()

™m=0

oS p1t+s1 Pntsn

<. f et 3 e S (P ()
vn
0 v1=0 vn=0
-1 p+s-v 2p-1 n P1 p

X (D) Il b (o n) [P B o - (vl) (v:)

X (x'D)P7V [x]*P 1 p (xy,...x,) dxq ....dx,

Now, let ). be a non-negative integer such that . — . . . | = . Then
N; Ny >2(a—B+k)+p+s;+3, i=12,...n

Iy?] (y710,)" [y]%6-1 @ ()

kl kn [e0] © n
03 S () (5) [ [T e
r Tn
r1=0 ™=0 0 0o i=1
p1ts1 PntsSn
Z (Pl + S1> (Pn + Sn)
X(C ) oo ) |7 T
v1=0 vnp=0 V1 Un
-1 p+s—v 2B-1 pn
X |G KA (xy, xn>|+ ()

vn—O

X [(x7ID)PV [x]2 71 B (xy, . xn)]) diy .....dxn -
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p1ts1 PntsSn
<D~z S () IEED I s PRl o
=0 Vp=0 Un

B —~

3 ) ()

J1=0 Jn=0

P Dn P1 Pn N N, (N1 N, a2y,
+ V1=0""' vn=0(v1).......(Vn) Zjllzo.....zn_o(]l) (]n) p],p—vd))

Therefore in view of equation (1.2),

ppkmwz S () 3 3 () ()

=0 J1=0 Jn=0
p1tsy DntSn n N

b1 T 51 Pn T Sn\ ap pn a,fp in
o DI Y e B o HRE D W W B o )
v1=0 vnp=0 n v1=0 V=0

where D" is a positive constant. From above, the continuity of p , fa follows.

3. An integral representation:
The function an V1, .. yn), Where n = (n,,.....n,), associated with the symbol g (x,, ... ... J Xy 3 Vi eeer V) A€

defined by

o0 © n
ay o) = [ o [ T G0 Jucg Gy
0 0 i=1
X {(xl-ni)“w Ja-p eimi) a (xq, ... ... , Xn 3 N1 ....,r]n)} dxy .....dx, - (3.1)

will play a fundamental role in our investigation.

An estimate for an (C7P'S is given by
Lemma 3.1: Let the symbol g (x, ... ... Xy 3 Vis ., Vp) DElONGS TO 1

Then the function an (C7P'S defined by (3.1) satisfies the inequality

1
|y g, e )| S A+ DO (L4 D2 A+ YD,
where A is a positive constant, n= M- M) and ¢ Ng with > (0, 0,.....,0) -

Proof: For ¢ NG - using formulas (1.6) and (1.8), we have

(n(—yiz)”') ap V1, - Yn)

f f <1_[(xlyl) 'B]a - (xlyl) Aaﬁ {(xﬂ?l atp ]a B (xlm) a (x1; ------ yXn s My - JIn)})
0 0

i=1
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- o Ty . e B P ritji
= f f n{(xiyi)a+ﬁ Ja—p (xiyi)} ;b]i SO (xi 1 6_xl> \‘
T (D {Cam) ™ Jump e} @ (et s s Ty e /

X dxq....dx,

Using (1.7) , we get,

=y | ay V1, eee e V)
([ Jerr)
f fw ﬁ{(xlyl a+f g (v

i=1
T Titji ritji—e;
. i@ T +Ji IR AN \
/ Z b]l (xi)2]l+2a Z ( lei l) (xi 1 a—XL)
X Jji=0 e;=0

| |
2p-1 a+p -1 9\
x {(x) )P Juop (xim)} (xi a) A (X1, v veey Xy 5 N1y wene s M)

X dxq ....dxy,

to which an application of the formula

0 qi o  taeB)a .
(xi‘l —) 5 B g g xm) = ()t P (), i = 1,2,

axi
yields
(H(yz)rl) an (yl’ yn)
i=1
<[] ]_[{<x YO Jomp ey}
0 o li=1
Ti Ti+ji 5 \e
. . T +Jji _ ' _ o1
X ( bj; (xp)?it2e Z < lei]l> (Xi ! g) Ay (Xg, oon oo y X3 My e s M) [n“ B+2r+2j=2i+5
e;=0 t

n
X H(xini)_(a_ﬂ)_ri_ji+ei ]a—ﬁ+ri+ji—ei (xini) |dxi e dxn

i=1
co (o] n
< 1 [ [ ([ oo« e o
0 0 i=1
L Ti ritii . 9 e 1
X Z bj; (x)?i*2e Z (ri :,Ji) (xi‘la—) Ay (X1, wov s X5 My e es 1) [n“‘ﬁ“”zf‘z”i
4 L4 i X;
i=1 j;=0 e;=0
—
X (em)~ @ Brimditei j, g e e dix; .. dxy
i=1




19235 B.B.Waphare/ Elixir Math. Edu. 64C (2013) 19222-19241

T Titji

<B 1_[ Z Z (rl +]l) |b]L [T]a B+2r+2j— 21+ ]

i =0 e;=

(o] (o] n
X D' (1+ [ f f [ [(@+xasxd™) dxi.....dx,
i=1
T Titji

< B 1_[ z Z (rl + ]l) |b]L [na B+2r+2j— 21+ ]

X D'(1+ [nD™ (BQ2(a—B) + 2j; + 2, ¢; — 2(a — B) — 2j; — 2))

<B l_[ i):zfl (‘rl + ]l) |bji| [na—ﬁ+2r+2j—2i+%]
ey (LD M 2a =3 = D).

Thus

|an 01 .....yn)l <A@+ [yD* @+ [y*]D? (1 n [n]a—ﬁ+m+4r+%’

for ally > (O, ... ... ,0) € Nj.

Thus proof is completed.

Theorem 3.1: For any symbol g (x,, ... ... J X3 Vi e V) € H™ the associated operator h, a8 be represented by

(ha,/;,a qb) (K1) eereer Xp)

- f.....f(ﬁ(xiyi)“ﬁ]a_g (xiyi)> jo----joan(yl,----,yn)¢3(m.----.nn)
0 o \i=1 0 0

X dyy....dy, , ¢ € Hyp (™), (3.2)

where (]3 (7)1’ - ,’n) — (hap’ ¢) (771; - 77n) , all integrals are convergent.

Proof: Since

ay V1, er Yn) = f----fﬁ((xiYi)a+B]a—ﬁ (xi)’i)>
0 0 i=1

by inversion, we have

o)

j jan Y1y e er Vi) H(xlyl)‘”ﬁ dy; .. ...

0

= n(xmi) B Ja—p (xiny) a (xq, oo ... 2 X5 My eee s )
i=1
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Therefore,

(hag b) (tyoenr X)

[o0] o8]

_ f f n(xlm)cﬁﬁja —g (ximp) | a(xq, e X3 Ny e s )
0 0

i=1

X @ N1y s Myy) AN e d)y

[oe)

J. M1y ey p) dnq e dny, f f ay (V1) weer V)
0 0 0

X

bf

n
( iy)**F Juep(xiy) |dyy .. dyy
l

= f....f(ﬂ(xiyi)“ﬁ]a_g (xiyi)> dyy w....dyn ff(ﬁ GITR )
0 0 0 0

i=1
X a‘r] (J’p -;yn) d771 ...... dT]n .

Now, using the estimate for an (¥4, .., Yy, 9iven in Lemma 3.1, the above change in the order of integration can be justified
and the existence of the last integral can be proved. Since CfA’ M1y -, My) € Hyp (m)

we have

| (11, )| < CHPP* (A + D™, foralll>0-

Hence

|(ha,ﬁ,a gb) (x4, ....,xn)|

Sff f....f[xy]za
o 0o \o 0

XAC @+ [yD** A+ [y*D? (1 + [n]*” ~pemarey 2 [n]** (1 + [nD "t dny ....dnn) dy; ....dy,

n(xiYi)_(a_B) Ja-p (xiy1)
i=1

< L [x]2 j j A+ [D* (1 + 2" dy, ... dy,
0 0

% J.Ooo .J-Ooo(l + [n]z((z—ﬁ)+m+4r+1—l d771 dnn (3.3

The above integrals are convergent since (a—p) = _1 and [ (> r) can be chosen sufficiently large. Indeed, one can
=~

show that
[ee] 0 4
(1 + (yll .,yn)) d d
T4 erl ) yjr" Vi e e Vn
1 1 (1 1)40: 0 o] (2 )4-0.’
+ V1 een e V,

< j j ...... dy, + J o ann dy; .....dy,

0 0 1 1 BT n



19237 B.B.Waphare/ Elixir Math. Edu. 64C (2013) 19222-19241

o8] o8]

— 4a 4 p4a .[ ______ .[ylw_zrl .......y:a_zr" dy; .....dy, < oo,
1 1

forally, >30+p4,i=12,....,n "
Similarly, the second integral in (3.3) can also be shown to converge. Thus proof is completed.

4. An 11 norm inequality:
In the proof Theorem 4.1, we shall need the following estimate for the Hankel type transform of
[X]2% @ (X1, eev ooy Xy 5 Mgy oo e, ) - WE WTitE

Ay Oy V) = o g X129 (Xqy oo oo, X0 5 M1y oo M)} V1o eees Y
Lemma 4.1: For (a—p) = _landy € NZ, r> (0,.... ,0), there exists a constant C > () such that
- 2

Ay (V1) | < €A+ D™ 12 A+ [y2 D7 (4.1)

Proof: As in the proof of Lemma 3.1, we have

(n(ylz)rl> An (le 'Jyn)
i=1
= f f ﬂ(xl-yl-)‘”ﬁ Ja—p (xiyi)A;fﬁ ([x]2* @ (Rtg, wve e X3 M1y w0 )
0 0 (=1

L=

X dXq oo dxy
° P "L _ g \Tithi
= [ [ T T8 g Gy} | D b o2 (67 =) @ Gony s s )
0 0 i=1 ji=0 '
X dxq e dxy,
so that
n ) oo © n
(r (.’VLZ)rl) Ar/ (ylr ----,Yn) < J s J n{(xiyi)‘”ﬁ ]a—ﬁ (xlyl)}‘
i=1 0 o li=1
IR Ti+ji
X —[ Z |bji;| (x;)%it2e (xl‘1 E) A (X1, eer ooy Xy 3 Ny ey M) | AXq e e dXy
i=1 j;=0 l
[ee] (o0} n n Tri
< f ------ f n{(xiYi)a+ﬁ]a—3 (xiyi)}‘ 1_[ Z |bji
0 o li=1 i=1 j;=0

n
X [x272¢] D (1 + [n))™ 1_[(1 +x;) 7% dxq ... dxy
i=1

jo.....jo[y]za [x]2%
0 0

IA

H{(xiyl')_(a_ﬁ) Ja-p iy}
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< ] ] il | x#7+2<] b @+ tm
i=1 j;=0
X ‘_’(1 + x;)"% dxq .......dx,
11
B N 2a m [ ( —q; L2jt4a
< Z[y] B+ [nD f f l—[((l + x;) 79 x; ) dxq oo dxy
‘i~=i.ji=0 0 o i=1
< [[D o1 a+mpm (8@ p)+ 2+ 2.0, - 26 - ) - 2 - 2))
i=1 j;=0
K F2(a—B) + 2j; + 2) T(qi — 2(a — B) — 2j; — 2
< Z[y]2“8(1+[n])m< HaZ P2t )r((;-) S )>
i=1 j;=0 i
Therefore,

|4y (y1 o y)| < CA+ D™ YIP* L+ [y D7,

where C is a positive constant. Thus proof is completed.

We shall use the above inequality in obtaining a Sobolev norm inequality for a subspace of H, P am.
Definition 4.1: (Sobolev type space) : The space Gé,ﬁ (R"), s €R is defined to be the set of all those elements ¢ €
Hyp (I™) which satisfy
$llgs , = P T heg | < oo - (4.2)

Theorem 4.1: Let (@a—pB) > — 1  Thenforally ¢ Np there exists C > () such that
2

.V 4.3
|hepa ¢||G§B < I, zvf=o(lil) Ild)”ali_ﬁ ¢ € Hyp(I™) - (4.3)

Proof: Taking the Hankel type transform with respect to 5 of (3.2), we get

j j H(xiyi)“ﬁ]a_ﬁ ciy) | (hapa ®) (xa, oo .. , Xp) dXq e dxy
0 0

i=1
= f ] an (V1) een oo V) @ (Mg e e M) ANq e e dly
0 0

PP g (g 8) Qo) = [ o [ & Q) 162
0 0
N j J {n(xiyi)“ﬁ]a_ﬁ (xiyi)} {n(xvyv)“””]a_g (xvyv)} A (Xq, e v X5 M1y e M)
0 0o ‘i=1 v=1

X dxy e .. dxy)
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_ 1 f
~ (2¢°FT3a + p)) 22n J

= f-----f{ﬁ(xi%)aw X y)*F jop (Xi)’i)l

H(xvyv)‘”ﬁ o) P jop (xvyv)}

R JO? ...... f ® My e sy [V]?E1 f f 3a+h [y]2a
0 0 0
X jo jo[ |3k {ﬂ(x) @B Jo_p (2:%) Do g (M1, i, 1)} dzy, ..., dzy
0 0

0 0
o o n

X f ...... f 1?# {HD“'E (nl,yl,zl)} dzy, ... ... ,dzy,)
0 i=1

n

X j j a (xq, e o y X My v s ) H(zixi)‘”ﬁ ]a_B(Zixi)> dxy, ... ... , dxy
0 0

i=1

=R jo jo[ 12% ¢ 1, eve o) A1,y ooe e, Ay Jw....f[z]za ﬁDa,ﬁ ™0, yi,21)
o 0 o 0

i=1




19240 B.B.Waphare/ Elixir Math. Edu. 64C (2013) 19222-19241

n
H(Zixi)a+'8 ]a—[)’ (Zixi) dxl, ...... , dxn ,
i=1

where
1

(2“-3 r (3a+ﬁ))2n

Therefore,

4.4
X (TTea(z) ™ Jamp (zx)) dxy, oo, dty - 4
By an application of the estimates (4.1) to (4.4), we have
|[Y]ZB_1 haﬂ (ha:,Baqb)(YL ------ »Yn) |
< CR .f f(l + D™ 1% (4, . ... M) ANy, e e ,dn,
0 0
oo o n
X .f f z]** (1 + [z2])7? HD“B Muvi, zi) | dzy, ... ... ,dz,
0 0 i=1
V1 Vn oo [ee}
v v
<D Z Z (ll) ...... n 2% b (M, e ey M) ANy e vy ATy
1
ll ln=0 0 0
_ 4.5
X [ 1214 (A 22D (s D GrivYooz)) Az, oy 2y “9)
Now, we set
f(zymuz)= A+[z227D el qV)forr, >0,i=12....,n
and

and
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f #9) <y>=f ...... f (€3f) s oo Ti) G (s e i) (]2
0 0

-n
X (2“‘BF(3a + ,8)) dnq, «en e ,dn, -
Therefore applying (1.14) to (4.5), we get
”[y]zﬁ_l ha,B (ha,,@,a ¢) (ylr ------ ryn) ”Ll

;=0 lp=0
vy Vn
V. V. ~
<c Z Z (1) () Nn™22711 Gy i) -
i=0  Ip=0

From which inequality (4.3) follows. This completes the proof.

Conclusions:
1. If we take P 1 + ¢ g = 1 _ Hinthe present paper then results reduce to s dimensional case in[2] -
4 2’ 4 2

+
N =

U the results in the present paper reduce to the dimensional case in Zemanian
2 )

1
, B=3-

ol

[8].

3. Author claims that the results developed in the present paper are stronger than that of [2].

Remark: It is proposed to obtain more results on - dimensional pseudo-differential type operator involving Hankel type

transformation.
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