19924 lon Patrascu et al./ Elixir Appl. Math. 65 (2013) 19924-19933

Awakening$) I55M: 2229-712X
toreality £

AN

Nedians and triangles with the same coefficient of deformation

lon Patrascu® and Florentin Smarandache?
'National College Fratii Buzesti, Craiova, Romania.
University of New Mexico, Gallup, NM, USA.

n
Min Zwi.xi
i=1

Min > 'w, x;
ARE WG EXINFXD (1 1w ) i=1 ABSTRACT
Article history: st y =A, X, In:By, Florentin Smarandache generalized several properties of the nedians. Here, we will
Received: 6 October 2013; continue the series of these results and will establish certain connections with the triangles
Received in revised form: which have the same coefficient of deformation.

2 December 2013;

© 2013 Elixir All rights reserved
Accepted: 10 December 2013;

Keywords
Triangles,
Nedians,
Deformation.

Introduction
Definition 1

The line segments that have their origin in the triangle’s vertex and divide the opposite side in N equal segments are called
nedians.

We call the nedian AA\ being of order | (ji N*), in the triangle ABC, if A divides the side (BC) in the rapport L

n
(ﬁzlxﬁ or aleC—B” 1£i£n-1)
n n

Observation 1
The medians of a triangle are nedians of order 1, in the case when n =3, these are called tertian.
We’ll recall from [1] the following:
Proposition 1

Using the nedians of the same of a triangle, we can construct a triangle.
Proposition 2

The sum of the squares of the lengths of the nedians of order | of a triangle ABC is given by the following relation:

i% - in+n? @

AA? +BB? +CC = —— (a2 +b? +c2)
n

We’ll prove
Proposition 3.

The sum of the squares of the lengths of the sides of the triangle AbBoCo , determined by the intersection of the nedians of order

i of the triangle ABC is given by the following relation:

_ 2i)? 2)
AB2+B,CZ+C A’ =i—g'"—2')—2(a2 +b? +c2)

-in+n

Tele:
E-mail addresses: smarandache@gmail.com

© 2013 Elixir All rights reserved




19925 lon Patrascu et al./ Elixir Appl. Math. 65 (2013) 19924-19933

A
We noted
{A)}:Cci NAA, {Bo}: AA BB, {Co}: BB, NCC;-
Proof

We’ll apply the Menelaus "theorem in the triangle AAC for the transversals g - B,- B: see Fig. 1.
|

3
BA BC BA _, 3)
BC BA B,A
Because i i - i), from (3) it results that:
g =12 pc=I0 ga=(n-1b oM
n n n
n(n-i) 4)
B,A=
N & -|n+nZAA

The Menelaus ’theorem applied in the triangle AA B for the transversal ¢ . Co - C. gives
1

CA,CB AA _, 5)
CB CA AA
cA = (n |)a CB= (n-i)c | CiA=i—C , which substituted in (5), gives
n n
_ (6)
AAb - in +n2 AA

It is observed that AbBo = ABo - AA) and using the relation (4) and (6) we find:

(7
AB, = n(n 2|)AA

- in+n?
Similarly, we obtain:

n(n- 2i ®)

B,.C, = BB.

0 i -in+n?
n(n- 2i ©)

CA = CC.

B ez

Using the relations (7), (8) and (9), after a couple of computations we obtain the relation (2).
Observation 2
The triangle formed by the nedians of order | as sides is similar with the triangle formed by the intersections of the nedians of

order j.

Indeed, the relations (7), (8) and (9) show that the sides AbBo BoCo CoAb are proportional with AA BB.. CC.
1 1 1 i’
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The Russian mathematician V. V. Lebedev introduces in [2] the notion of coefficient of deformation of a triangle. To define this
notion we need a couple of definitions and observations.
Definition 2

If ABC is a triangle and in its exterior on its sides are constructed the equilateral triangles BCA ,CAB,, ABC, then the

equilateral triangle 010203 formed by the centers of the circumscribed circles to the equilateral triangles, described above, is called

the exterior triangle of Napoleon.

If the equilateral triangles BCAI,CABl,ABCl intersect in the interior of the triangle ABC then the equilateral triangle

Ol- 02- 03- formed by the centers of the circumscribed circles to these triangles is called the interior triangle of Napoleon.

E;

Fig. 3
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Observation 3

In figure 2 is represented the external triangle of Napoleon and in figure 3 is represented the interior triangle of Napoleon.
Definition 3

A coefficient of deformation of a triangle is the rapport between the side of the interior triangle of Napoleon and the side of the
exterior triangle of Napoleon corresponding to the same triangle.
Observation 4

The coefficient of deformation of the triangle ABC is
_ 0,0,
B 0,0,

k

Proposition 4

The coefficient of deformation k of triangle ABC ha the following formula:

1 (10)
([ Hbirct—4sy3 Y
a+b%+c2+4s3
where S is the aria of the triangle ABC -
Proof
We’ll apply the cosine theorem in the triangle Col' Ozl (see Fig. 3), in which
and ' o.
* * m(<xO,CO,")=C-60
co; =23 oo b3 (+00,")
3 3
We have
2 2
00,2 =3 .3 3 (c-607)
9 9 3
Because
and
cos(C —60°) =cosC -cos 60° +sin60°-sinC = %cosC +§sinc
2, 4,2 A2,and
cosC = m
2ab
absinC =2s.
we obtain
2 2 r (11)
00,72 +b%+c?—4s3
6
Similarly
Ooz_a2+b2+c2+4s\/§ (12)
1~2 =

6
By dividing the relations (11) and (12) and resolving the square root we proved the proposition.
Observation 5

In an equilateral triangle the deformation coefficientis k = Q. In general, for a triangle ABC., 0<k <1-

Observation 6
From (11) it results that in a triangle is true the following inequality:
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a?+b?+c? >4s3 (13)
which is the inequality Weitzebdck.
Observation 7

In a triangle there following inequality — stronger than (13) — takes also place:
a’+b*+c?? 4s\/§+(a- b)2+(b- c)2+(c- a)2 (14)
which is the inequality of Finsher - Hadwiger.

Observation 8

It can be proved that in a triangle the coefficient of deformation can be defined by the

‘= ﬁ (15)
AA
Definition 4
We define the Brocard point in triangle ABC the point ) from the triangle plane, with the property:
<QAB° «QBC® <«QCA (16)
The common measure of the angles from relation (16) is called the Brocard angle and is noted
XQAB =w

Observation 9
Atriangle ABC has, in general, two points Brocard () and ()' which are isogonal conjugated (see Fig. 4)
Proposition 5

Inatriangle ABC takes place the following relation:

a2 +b? +¢2 7)

ctgw =
g 4s

Fig. 4

Proof

We’ll show, firstly, that in a non-rectangle triangle ABC is true the following relation:
ctgw =ctgA +ctgB +ctgC (18)
Applying the sin theorem in triangle AQRB and AQC , we obtain

BQ ¢ ad AQ b
sinw sin BQA sinw sin AQC

Because m(<rBQA) =180° - m(<:B) and m({AQC) =180° - m(<xA) from the precedent relations we retain that
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AQ bsinB (19)
BQ csinA
On the other side also from the sin theorem in triangle AQRB , we obtain
AQ _sin(B- ) (20)
BQ sinw
Working out sin(B - a)) , taking into account that )  sjn B and thatgjn B = sin(A+C) , we obtain (18).
¢ sinC
In a triangle ABC is true the relation a2 +b? +¢2 (19) and the analogues.
CtgA= s
S

Fig. 5
Indeed, if m(<):A) <gQe and B' is the orthogonal projection of B on AC (see Fig. 5), then

CtgA = AB _ cxcos A
BB’ BB'
Because it results that
BB’ =% CtgA=2bc£(1:osA
S

From the cosine theorem we get
2bccos A=b* +c? - a°
Replacing in (18) the CtgA, ctgB, ctgC . we obtain (17)
Observation 10
The coefficient of deformation |k of triangle ABC is given by
WL (21)
Eetg - /392

k=¢c——=2— =
gctgwhﬁg

Fig. 6
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Indeed, from (10) and (17), it results, without difficulties (21)
Proposition 6 (V.V. Lebedev)
The necessary and sufficient condition for two triangles to have the same coefficient of deformation is to have the same Brocard
angle.
Proof
If the triangles ABC and ABC, have equal coefficients of deformation | = kl then from relation 21 it results

ctgw - \/5 _ ctgw, - \/§
ctgw +\/§ ctgw, +«/§

Which leads to ctgew = ctgw, with the consequence that ,, = w,-

Reciprocal, if ., =, immediately results, using (21), that takes place | = k1'

Proposition 7
Two triangles ABC and ABC, have the same coefficient of deformation if and only if

s, al+h?+c? (22)
s a’+b?+c?
(s, being the aria of triangle A B C, , with the sides g b ¢, )
Proof
If w, ©, are the Brocard angles of triangles ABC and AiBlCl then, taking into consideration (17) and Proposition 6, we’ll

obtain (22). Also from (22) taking into consideration of (17) and Proposition 6, we’ll get |k = kl .

Proposition 8
Triangle ABC. formed by the legs of the nediands of order j of triangle ABC and triangle ABC have the same coefficient
[ |

of deformation.
Proof
We’ll use Proposition 7, applying the cosine theorem in triangle A B.C. » we’ll obtain
11

BC’=AC’+AB?- 2AC AB. cos A

Because
ic n-i)b
AC, ==, AB =
n n
it results

BC- =
t n? n? n

. _i%¢? (n-1)°b* 2i(n- i)zbccosA

The cosin theorem in the triangle ABC gives

2bccos A=b* +c? - a°
which substituted above gives
222 \212 : 2 2 2
+(n- +i(n- - b° -
_ _2:IC (n I) b |(n |)(a b C)

11 n2
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19931
2 (; £2 2 2 H :2 2 :2 H
BiCi2=a (ln- i?) +b (n - 3|2n+2| )+c (2| - ln)
n
i
Cj:‘l_.- II
.'I ~ E;
B & C
Fig. 7
Similarly we’ll compute AZ and AB_Z
It results
ABZ+BC’+CA? _n’- 2in+3i’ (23)
a+b2+c® n’
If we note
s, = Aria ABC,
We obtain
5, =s- (Aria, ABC, +Aria,BAC, +Aria,CAB)) (24)
But
Aria AB.C, 2% AC, xAB, sin A
. i(n-i)bxc . i(n-i)xs
Aria AB.C, :%A(—Z)—sm A:l—zL
n n
Similarly, we find that
. . i(n-i)xs
Aria,BAC, = Aria,CAB; = j—z)—
n
Revisiting (23) we get that
_sn’ - 3in+3i°
§ =
n
therefore,
s, _n°- 3in+3i° (25)
S n?

The relations (23), (25) and Proposition 7 will imply the conclusion.
The triangle formed by the medians of a given triangle, as sides, and the given triangle have the same coefficient of deformation.

Proposition 9

Proof
The medians are nedians of order I. Using (1), it results
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26
AA2+BBi2 +CCi2 zg(aZ +b2 +CZ) ( )

The proposition will be proved if we’ll show that the rapport between the aria of the formed triangle with the medians of the

given triangle and the aria of the given triangle is 3 .
4

Fig. 9
If in triangle ABC we prolong the median AAl such that ALD :GA (G being the center of gravity of the triangle ABC ).

then the quadrilateral is a parallelogram (see Fig. 9). Therefore = . It is known that
q BGCD p gram ( g.9) CD =BG BGZEBBPCGZECQ

and from construction we have that . Triangle GDC has the sides equal to 2 from the length of the medians of the

3

triangle ABC .- Because the median of a triangle divides the triangle in two equivalent triangles and the gravity center of the triangle

2
D=2AA
3

forms with the vertexes of the triangle three equivalent triangle, it results that . 1 - On the other side the rapport of the
Aria,GDC = 3 S

arias of two similar triangles is equal with the squared of their similarity rapport, therefore, if we note Slthe aria of the triangle

formed by the medians, we have AriaAGDC K. 62 :
s, £35
We find that s, _ 3 which proves the proposition.
s 4
Proposition 10
The triangle formed by the intersections of the tertianes of a given triangle and the given triangle have the same coefficient of
deformation.
Proof

If AbBOCo is the triangle formed by the intersections of the tertianes, from relation (2) we’ll find

AB; +B,C; +CoA _ 1
a?+b*+c? 7

s 7
From the formulae (6) and (7), it is observed that A =AB, and CC,=C,A-

We note S, the aria of triangle AbBOCO,we’ll prove that Sy _ 1.
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A

Fig 10
Using the median’s theorem in a triangle to determine that in that triangle two triangle are equivalent, we have that:
Aria, AA,C, = Aria, AC,C = Aria, A)B,C, =
= Aria, CB,C, = Aria CBB, = Aria,BB A, = Aria, ABA,
Because the sum of the aria of these triangles is S, itresultsthat 7, which shows what we had to prove.
0o~ 7 S
Proposition 11

We made the observation that the triangle AbBoCo and the triangle formed by the tertianes AAUBBl’CCl as sides are similar.

Two similar triangles have the same Brocard angle, therefore the same coefficient of deformation. Taking into account Proposition 10,
we obtain the proof of the statement
Observation 11
From the precedent observations it results that being given a triangle, the triangles formed by the tertianes intersections with the
triangle as sides, the intersections of the tertianes of the triangle have the same coefficient of deformation.
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