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Introduction
Preliminaries and definitions:

Let Cnn be the space of n’ N complex matrices (n® 2). We order it by the Star partial ordering£ .50 A% B means that

AA = A'B and AA = BA", Let k be a fixed product of disjoint transposition in Sh ={1,2,...n}.(hence, involutary) and let K be

the associated permutation matrix of k and let V be the units in the secondary diagonal. A matrix Al Cy is said to be secondary

k-normal(s-k normal) if AKVA VK) = (KVA VK)A. A matrix AL Cy i is said to be secondary k-unitary(s-k unitary) if

A(KVA VK) = (KVA VK)A = | A matrix AL Cy is said to be s-k hermitian if A= KVA*VK.

: A<"B A?g " B? , :

We will study how relates to . In the case of secondary k-normal matrices. We will see theorem(3.1 ) that
the “if part of theorem(1.1 )remains valid”. However it is valid for all matrices.
Theorem:

20*Q2 *

Let A and B be secondary k-hermitian and non-negative definite then AL B jff AL B.

Proof: Proof is obvious.

i 0O 0 O —-i 0 0 O
O -i OO i
A= 1 B= O i1 0 O
O 0o 1 O O O 1 O
Example: Let 0 001 , 0 0 0 i
20 *R2 *
thenA £ B ,but not AL B.
da 0 0(_? a4 0 006
A= 0 Og B:Eg 3 og
0 - 15 0 - 15

Let

* 20 *R2
then A£ B putnot A°£ B
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Characterizations of A% B,

Hartwing and styan [4,theorem 2] presented eleven characterizations of AL B for general matrices. One of them uses singular

value decompositions. In the case of s-k normal matrices, spectral decompositions are more accessible.

Theorem:
Let A and B be s-k normal matrices with 1£ rank(A) < rank(B). Then the following conditions are equivalent.
@ Af B
* a 00 * D 00
KVU VK)AU = x KVU VK)BU = <
( ) go O ( ) EO Ee

(b) There is a s-k unitary matrix U such that : where D is a non-

1
singular s-k diagonal matrix and E'* O is a s-k unitary matrix.

(c) There is a s-k unitary matrix U such that

* & 00 * aF 0
(KVU AU)AU = gO OE (KVU VK)BU = gO GL
0 1]

=4

1
Where F is a non singular square matrix and G'0 .

o

* = 00 * g
(KVU VK)AU = g 3 (KVU VK)BU = E
(d) If a s-k unitary matrix U satisfies 0 Oﬂ, 0 ,where F is a non-singular

Q)
QH-I-1:

_ ' _ _ _ . o
square matrix. F is a square matrix of the same dimension and G' 0 , then F=F .

(e) If as-k unitary matrix U satisfies

* ' §
(KVU VK)BU:§D 0

Os

" 2D 00
(KVU"VK)AU = go T
o

' 1
Where D is a non-singular s-k diagonal matrix, D is a s-k diagonal matrix of the same dimension and E' O is a s-k diagonal

matrix, then D=D

* D 00
(KVU VK)AU = E I
(f) If a s-k unitary matrix U satisfies 0 Os ,

where D is a non-singular s-k diagonal matrix then
* D 00
(KVU VK)BU = g 3 :
0 G”, where G 0.

(g) All s-k eigen vectors corresponding to non-zero s-k eigen values of A are s-k eigen vector of B corresponding to the same s-k
eigen values.
Proof:

We prove this theorem in four parts.
rart(1): @ P )P P (@
(a)I) (b): Assume (a). Then by the normality A" and B commutes and therefore simultaneously s-k diagonalizable. Since

A" and A have the same eigen vectors also Aand B are simultaneously s-k diagonalizable. Then A and B commutes.

Suppose, let D' beask diagonable matrix of B there exist a s-k unitary matrix U such that
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A= Uao Og(KVU*VK)
=Y o

e
B= UED 0% KVU* VK)
0 Es

where D is a non-singular s-k diagonal, E! O. Now,

A" = (KVU VK)gD 0

0 .
U
Os

*

N 0 ., aD 00 N
A'A= (KVUVK)gD 0§u ug HKVU” VK)
0 0% 0 Op

Therefore,
* 6 .
= (KVUVK)gD D OE(KVU VK)
Os
................... (1)
* ! 6 .
= (KVUVK)gaD D 0E(KVU VK)
and o ©)

From (1) and (2), we get
AA=ABP DD=DDP D=D Therefore, D is non-singular s-k diagonal matrix and D is

a s-k diagonal matrix of same dimension and E' O :
®P (©: Trivial.
(c)I) (a) : Direct calculation.
rart2: P P @©P ()
This is a trivial modification of part-I.
Part 3:
0P @ Assume(b),
(KVU"VK)AU = gD 02

Let U be a s-k unitary matrix satisfies 0 0o

* %' OQ '
(KVW VK) AW = E 0 i (KvWVKBW= ?3 E

Q-1+

By (b), there exists a s-k unitary matrix W such that

where D' is a non-singular s-k diagonal matrix and E' O is a s-k diagonal matrix. Interchanging the columns of W if necessary,
we assume D = D.
Let U= (U, Up) be such a partition that,
(KVU" VK)AU = (Kvgﬁi %\/K) AU, U,)=
28

E{KVUIVK) AU, (KVU; VK) Auzgz 09

aD
(KVU;VK)AU;  (KVU3VK)AU, & go 0o .(3)

Then, for the corresponding partition W= (Wi, W) we have,
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. B\, 0
(KVW VK)AW = (KVE *—iVK)A(Wl,WZ)=
W, &

ZKVW, VK)AW,  (KVW, VK)AW,2 ab  0d
E(KVW§ VK)AW, (KVW, VK)AW,5 €0 Os

(4
. B\, 0
(KVW" VK)BW = (KVE -2VK) B(W,, W,)
and W8 =
ZKVW, VK)BW, (KVW, VK)BW,2 20 0@
g(KVWSVK)Bwl (KVW; VK)BW,§ &0 Eo )

b 00 *
A= Wgo O{(KVW VK)
Noting that, (4) b o
D 06 B/VO
A= g W HVE L0
[ Wzﬁ

D 00 B/VO
=(W,D o)g HKVE L IVK)

0 Op W, &
VW, VKI

= (Wl D O x
* 1
KVW, VK3

A=W, D(KV W, VK)

B= WgD

09 *
HKVW VK
0 8 :

s P

* @ 06 *
) = (KVU VK)WE HKVW VK)U
(KvVU VK)BU 0 Epo

®J;0 aD 00  J\O
:(KVE VK W Wo)k EE(KVg -IVK)(U; U,)
U,s 0 W, &

(KVU,VK)W,  (KVU,VK)W,®E(KVW,VK)U, E(KVW,VK)U, 5

By the normality condition,

_g’{KVUIVK)Wl (KVU; VK) W, BD(KVW, VK)U;  D(KVW, VK)U, 2

_ BKVUVK)W, 0 %) (KVW, VK)U, 0 o
E 0 (KVUZVK)Wzi 0 E(KVW,VK)U, 3
_ BKVU;VK)W, D(KVW, VK)U, 0 o
g 0 (KVU,VK)W, E(KVW,VK)U, %
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_ ZKVU;VK)AU, 0 b
E 0 (KVU,VK) W, E(KVW,VK)U,
since (VUL VK)AU, = D
let us take(KVU;VK)WZ E(KVW;VK)UZ = G’ G' 0
(KVU"VK)BU = ED 09
Ge

Therefore where D is a non-singular and G' 0,

Hence the proof (f).

P @
* D 00
(KVU VK)AU = g 3
Assume (f), Let U be a s-k unitary matrix such that 0 0Oo where D is a non-singular s-k diagonal matrix.
* 2 00
(KVU VK)BU = g =+
Ge

Then by (f), where G' 0. Since G is sk normal, there exists a s-k unitary matrix X such that

E= (KVW VK)GW ;¢ o o« diagonal matrix.
A4 06 . ® 008

UKV§O P W =E0 ~VKU

Let W= ° X'o

. ab 00 . aD
(KVW VK) AW = é S (KVWIVK)BW= §
0 Og and 0

o
-1z

m

Then,
Hence the proof (b).

Part 4: (a) U (9)
Proof is obvious.

Theorem:

Let A and B be s-k normal matrices. If Af B then AB=BA.
Proof:

Let A and B be s-k normal matrices,

ren AKVAVK) = (KVAVK)A

B(KVB'VK) = (KVB'VK)B

« ab 00
(KVU VK)AU = g I
Let us take 0 Oo and

* ab 00
(KVU VK)BU = gO E::
0
ab 00 .
A= (KV UVK)@0 OEU
0 and
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aD 00 .
B=(KVUVK)§ U
0 Ee
._ 2 0b .
Azg HKV U VK)
P 0 Op
2 00 .

A"A= A'B= UE U
Therefore , 0 05 p At'B

Similarly ,we can prove AB=BA.
Remark:

The converse does not hold(even assuming rank(A) < rank(B), see Example(2.4). The normality assumption cannot be dropped
out, see Example(2.5).
Example:

a2 00 00
Let A= fo 06 p- o 13 then AB=BA and rank(A) < rank(B), but A< B does not hold. However % At” B

which makes its look for a counter example such that NA£ B does not hold for any n* 0,

It is easy to see that we must have N£ 3 The matrices

2 0 00 8 0 0b
A:EO 3 0% B=E0 4 0%
0 0 0p 0 0 1

, obviously have the required properties.

* 2¢0 *np2
Relationship between AL BggAt B

* 20 %2
We will see that AL Bb At’B for s-k normal matrices, but the converse needs an extra condition, which we first present

using s-k eigen values.

Theorem:

Let A and B be s-k normal matrices with 1% rank(A) < rank(B). Then

€)] AL Bjg equivalent to the following.

20 *R2 2 2
(b) A"£ B%3nd if A and B have non-zero s-k eigen values a and respectively b suchthat @ ~ and b

b

are s-k eigen values

of A2 and B? respectively with a common s-k eigen vector X, then a =D and Y is a common eigen vector of A and B.

Proof:

. aD 00
(KVU VK)AU=§ s
0 0%

Assume(a); A BP A'A=AB. Let U be a sk unitary matrix such that
0

and
(KVU'VK)BU = ED g
o and also by the theorem (2.1) of (b)

. 2 of
(KVU VK)Azungo 0;;

. , 32 09
(KVU'VK)B Uzg +

2+
Oﬂand.. 0 E‘g
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. . 2 2 .
Let @ and P have non-zero sk eigen values of A and B respectively. Therefore & ~ and b have non-zero s-k eigen values

of AZ and B? respectively. Suppose X be the common s-k eigen vector of A® and B? then @ = b and X is a common eigen

vector of A and B.

« B 00 . D 00
(KVU VK)AZU:§O o (Kvu VK)BZUzg :
Conversely, Assume (b), Then 9 and 0 Go where U,D ,G are matrices
obtained by applying(b) of Theorem(2.1) to AZ and B?,
u JUG(0) cevnrnrnnns u
Let ~SK(1)*7sk() Sk(N) pe the column vectors of U and denote r=rank(A).

2 — p2 - .
Fori=123....... r we have A Usk(y = B Usk(y = 63k(i)u5k(i) where SSk(') = diag D

So by the second part of (b), these exist complex numbers dsk 1) Ak 2) k(N such that, for all i=1,2,3,....r we have

&g =dski and Al iy =BUgiy =0k (i) Uskiy .
Let D be the s-k diagonal matrix with L0 =diag D . Fori=r+1,r+2,...n.
We have Bzus"(i): Vsk(i-n)Usk(i) \where Vsk(i) =diag G.
Take complex numbers Csk() Esk(@) e+ Csk(n-) satisfying esz(i): Ysk() for i=1.2,...ner.

. =
Let E be the s-k diagonal with K0 ™ diag(E).

=

. aDH 00 * D 0
(KVU VK)BU=§ 0 o KvUVKBU=§
o

Then , 0 Eb

20*R2 *
This equation satisfies condition(a). Therefore AL B°P Af B

Corollary:
- - - A’£"B? o AL "B
Let A and B be s-k normal matrices whose all s-k eigen values have non-negative real parts. Then iff .
Theorem:

Let A and B be s-k normal matrices with 1% rank(A)<rank(B). Then

€)] AL B is equivalent to the following

* B 00 * abH 00
N (KVU VK)AUzg T (KVU VK)BUzg =
Alg " B2 . 0 Os 0 Op . : . .
(b) and if , where U is a s-k unitary matrix, D is a
non-singular s-k diagonal matrix, H is a s-k unitary diagonal matrix and E' 0 is a s-k diagonal matrix then H =I.

Proof:
For[a] b the first part of [b], see the proof of theorem(3.1).

For[a]I) the second part of [b], see(e) of theorem(2.1).
Conversely, Assume (b) As in the proof of theorem(3.1),
x B 00 2D
KVU'VK)A®U = T(KVU'VK)B?U =
( ) go 0z ) £

we have, )

&S
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ab 00
(KVU*VK)AU=§ +
Hence, 0 0o
" 00
(KVU*VK)BU=§D OE
0 E@s

. 2 _ (y\2 —
Where D and D are s-k diagonal matrices satisfying D*=({D)' =V and E is a s-k diagonal matrices satisfying E*=G.

Devoting 95k =giag p, sk =diag D

d 2sk(i) =(d Isk(i) )2 -
r=rank(A), are therefore have ,foralli=1,2,....r.

Hence there are complex numbers. Ny Pizy oo =0 such that ‘hs"(l)‘:‘hs"(z)‘ """" :‘hs"(r)‘ and A sk =Gsky Nk

for all i=1,2,3,.....r. Let H pe the s-k diagonal matrix with hSk(i):diag H. Then D = DH andso D =D by the second part of (b).
Thus (b) of theorem(2.1) is satisfied and so (a) follows.
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