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1. Introduction 

  In  1965 , Zadeh [12]  initiated the concept of fuzzy sets and Chang[4] introduced fuzzy topology in 1968  .After which there 

have been a number of generalizations on this fundamental concept .The notion of intuitionistic fuzzy sets introduced by Atanassov[2] 

is one among them . Using  the notion of intuitionistic fuzzy sets Coker[5] defined intuitionistic fuzzy topological space.The theory of 

neutrosophic set, which is the generalization of the classical sets ,conditional fuzzy set and interval valued fuzzy set was introduced by 

Smarandache [10].This concept has been applied in many fields such as databases, Medical diagnosis problem, Decision making 

problem, Topology and control theory and so on. The concept of Neutrosophic set handle indeterminate data whereas fuzzy set theory 

and intuitionistic fuzzy set theory failed when the relations are indeterminate.   

 From philosophical point of view , the neutrosophic set takes the value from real standard or non-standard subset of  ] 
-
0, 1

+ 
[   

.But in real life application in scientific  and Engineering problems it is difficult to use neutrosophic set with value from real standard 

or non-standard subset of  ] 
-
0, 1

+ 
[ . Hence we consider the neutrosophic set which takes the value from the subset of [0, 1]. 

 In 2009 Manoranjan Bhowmik[6] introduced Intuitionistic Neutrosophic set. We now see the birth of a new form of set namely 

Fineutro set which elucidates the property that sum of the membership,indeterminacy membership and non membership functional 

values lie between 0 and 2. Furthur we discuss their characterizations.  

2.Preliminaries 

Definition 2.1:[7] 

 A  Neutrosophic set A on the universe of discourse X is defined as  

A=   where   ] 
-
0, 1

+ 
[     and  

  3)()()(0 xFxIxT AAA . 

Definition2.2:[6] 

 A   truth vaue based Neutrosophic set A on the universe of discourse X is defined as  

A=   where [0,1] and 
3)()()(0  xFxIxT AAA  

Definition2.3:[6] 

 An intuitionistic neutrosophic set is defined by 
)(),(),(, ***

* xFxIxTxA
AAA


where 
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      XxforallxIxFandxIxTxFxT
AAAAAA

 5.0)(),(min5.0)(),(min,5.0)(),(min ******
 

With the condition 
2)()()(0 ***  xFxIxT

AAA  

3. Fineutro Sets 

Definition 3.1: 

 A Fineutro set A on the universe of discourse X is defined as A=
)(),(),(, xFxIxTx AAA for all xX where 

 1,0:,, XFIT AAA  and it must satisfy the following conditions 

 (i) 
))(,)((min1)( xFxTxI AAA 

 

(ii) 
2)()()(0  xFxIxT AAA  

Definition 3.2: 

 A Fineutro set A is a subset of a Fineutro set B (i.e.,) A  B  for all x if 
)()(,)()(,)()( xFxFxIxIxTxT BABABA 

 

Definition 3.3 : 

 Let X be a non empty set, and 
)(),(),(,,)(),(),(, xFxIxTxBxFxIxTxA BBBAAA 

 be two fineutro sets. Then 

))(),(min(,))(),(max(,))(),((max, xFxFxIxIxTxTxBA BABABA
 

))(),(max(,))(),(min(,))(),((min, xFxFxIxIxTxTxBA BABABA
 

Note: 

1.Arbitrary union of a Fineutro sets is a Fineutro set 

2. Arbitrary intersection  of a Fineutro sets is a Fineutro set 

Definition 3.4: 

 The difference between two fineutro sets A and B is defined as  

A\B (x)= 
))(),(max(,))(1),(min(,))(),((min, xTxFxIxIxFxTx BABABA 

 

Definition 3.5: 

 A Fineutro set A over the universe X is said to be null or empty Fineutro set if  TA(x) = 0  

IA(x) = 0 , FA(x) = 1 for all  x X. It is denoted by N0
 

Definition 3.6: 

 A Fineutro set A over the universe X is said to be absolute (universe) Fineutro set if TA(x) = 1 ,IA(x) = 1 , FA(x) = 0  for all  x 

X. It is denoted by N1
 

Definition 3.7: 

 The complement of a Fineutro set A is denoted by A
c
 and is defined as  

A
c
 = 

)(,)(,)(, xFxIxTx ccc AAA where 
)()(,)(1)(,)()( xTxFxIxIxFxT AAAAAA ccc 

 

The complement of a Fineutro set A can also be defined as A
c
 = 

AN 1
. 

Proposition 3.8: 

 Let Ai ’s and B be Fineutro sets in X (iJ) then 
BAi   for each  BAJi i 

 

Proof: 

Let 
BAi   (i.e.,)

BABABA n  .,..........,, 21  
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)()(,)()(,)()(

............

)1.(....................)()(,)()(,)()(

)()(,)()(,)()(

222

121

xFxFxIxIxTxT

xFxFxIxIxTxT

xFxFxIxIxTxT

BABABA

BABABA

BABABA

nnn






),......,min(),,......,max(,),.....,max(,
212121 nnn AAAAAAAAAi FFFIIITTTxA 

 

BA

xFxFxFxF

xIxIxIxI

xTxTxTxT

i

BAAA

BAAA

BAAA

n

n

n











)())(),......(),(min(

)())(),.....(),(max(

)())(),.....(),((max

21

21

21

      

by  (1) 

Proposition 3.9: 

 Let Ai ’s and B be Fineutro sets in X (iJ) then iAB
 for each  iABJi 

 

Proof: 

 Let iAB 
 (i.e.,) nABABAB  ,......., 21  

)()(),()(,)()(

.....................

)()(),()(,)()(

)()(),()(,)()(

1

222

111

xFxFxIxIxTxT

xFxFxIxIxTxT

xFxFxIxIxTxT

nnn ABABAB

ABABAB

ABABAB







 

))()......(),(max()(

))(),.......(),(min()(

))(),.....(,)((min)(

21

21

21

xFxFxFxF

xIxIxIxI

xTxTxTxT

n

n

n

AAAB

AAAB

AAAB







 

JiAB i   where
),......,max(),,......,min(,),.....,min(,

212121 nnn AAAAAAAAAi FFFIIITTTxA 
 

Proposition 3.10 :  

 Let Ai’s be Fineutro sets in X , Ji   then 
     c

i

c

i

c

i

c

i AAiiAAi  )()(
 

Proof: 

),......,min(),,......,max(,),.....,max(,
212121 nnn AAAAAAAAAi FFFIIITTTxA 

 

  ),.....,max(),,......,max(1),,......,min(,
212121 nnn AAAAAAAAA

c

i TTTIIIFFFxA 
 

)1....(..........),.....,max(),1,......1,1min(),,......,min(,
212121 nnn AAAAAAAAA TTTIIIFFFx 

)2...(..........),.....,max(),1,......1,1min(),,......,min(,

),.....,(),1,......1,1(),,......,(,

212121

212121

nnn

nnn

AAAAAAAAA

c

i

AAAAAAAAA

c

i

TTTIIIFFFxA

TTTIIIFFFxA






  

From (1) and (2)    
   c

i

c

i AA 
 

Proof of (ii) is similar. 
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Proposition 3.11 :  

 Let A and B be Fineutro sets then 
cc ABBA 

 

Proof: 

 Let A and B be Fineutro sets then 

 
cc

ABABAB

BABABA

AB

xTxTxIxIxFxF

xFxFxIxIxTxTBA







)()(,)(1)(1),()(

)()(),()(,)()(

 

Proposition 3.12 :  

 Let A be a Fineutro set in X then 
  AA

cc 
 

Proof: 

 Let A=
)(),(),(, xFxIxTx AAA  be a Fineutro set in X then 

)(),(1),(, xTxIxFxA AAA

c 
 

Hence 
  

ccA AxFxIxTx AAA )(),(),(,
  

Note: 

  N

c

NN

c

N 0)1(,10 
 

Proposition 3.13 : 

 Let A be a Fineutro set in X then the following properties hold: 

AAivAiiiAiiAAi NNNNNN  1)(00)(11)(0)(
 

Proof: 

 Let A=
)(),(),(, xFxIxTx AAA ,

0,1,1,1,1,0,0,0 xx NN 
 

A

xFxIxTx

xFxIxTxAi

AAA

AAAN







)(),(),(,

)1),(min(),0),(max(,)0),(max(,0)(

 

N

AAAN

x

xFxIxTxAii

10,1,1,

)0),(min(),1),(max(),1),(max(,1)(





 

N

AAAN

x

xFxIxTxAiii

01,0,0,

)1),(max(),0),(min(),0),(min(,0)(





 

AxFxIxTx

xFxIxTxAiv

AAA

AAAN





)(),(),(,

)0),(max(),1),(min(),1),(min(,1)(

 

Proposition 3.14 : 

 Let A and B  be two Fineutro sets in X then ABA  if and only if AB  

Proof: 

Let A and B  be two Fineutro sets in X such that ABA  . (i.e.,) 

)(),(),(,))(),(min()),(),(max()),(),(max(, xFxIxTxxFxFxIxIxTxTx AAABABABA 
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AB

xFxFxIxIxTxT

xFxFxFxIxIxIxTxTxT

ABABAB

ABAABAABA







)()(,)()(,)()(

)())(),(min(,)())(),(max(,)())(),(max(

 

Proposition 3.15:  

Let A and B  be two Fineutro sets in X then A \ B = B
c
 \ A

c
 

Proof: 

Let A = 
)(),(),(,,)(),(),(, xFxIxTxBxFxIxTx BBBAAA 

  

))(),(max(,))(1),(min(,))(),((min,))(\( xTxFxIxIxFxTxxBA BABABA 
  

)(),(1),(,,)(),(1),(, xTxIxFxBxTxIxFxA BBB

c

AAA

c 
 

Hence 

))(\())(\(

))(),(max()),(),(1min()),(),(min(,))(\(

xABxBA

xFxTxIxIxTxFxxAB

cc

ABABAB

cc





 

Proposition 3.16:  

Let A , B and C  be Fineutro sets in X then  

   
   

     
     

)\()\()(\)(

)\()\()(\)(

)(

)(

)(

)(

)(

)(

CABACBAviii

CABACBAvii

CABACBAvi

CABACBAv

CBACBAiv

CBACBAiii

ABBAii

ABBAi

















 

4. Fineutro Topological Spaces 

Definition 4.1: 

 A Fineutro topology on a nonempty set X is a  of Fineutro sets in X satisfying the following axioms 

 

  











JiAfamilyarbitraryanyforAiii

AAanyforAAii

i

ii

NN

:)(

,)(

1,0)(

2121  

In this case the pair (X,  )is called Fineutro topological space and any Fineutro set in   is known as Fineutro open set in X . 

Example 4.2 : 

 Let  X= {a,b,c}and consider the family  ={0N  , 1N,A1,A2,A3,A4} where 

 
 
 
 5.0,3.0,4.0,,5.0,2.0,6.0,,3.0,5.0,6.0,

2.0,7.0,9.0,,4.0,6.0,8.0,,2.0,6.0,7.0,

2.0,7.0,9.0,,5.0,2.0,6.0,,2.0,6.0,7.0,

5.0,3.0,4.0,,4.0,6.0,8.0,,3.0,5.0,6.0,

4

3

2

1

cbaA

cbaA

cbaA

cbaA









 

Then (X,  ) is called Fineutro topological space on X  

Definition 4.3: 

 The complement A
c 
of a Fineutro set A in a Fineutro topological space (X,  ) is called a Fineutro closed set in X . 
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Now we define closure and interior operations in Fineutro topological spaces 

Definition 4.4: 

 Let (X,  ) be a Fineutro topological space and A=
)(),(),(, xFxIxTx AAA  be a Fineutro set in X. Then the closure and 

interior of A are defined by  

 
 GAandXinsetclosedFineutroaisGGAclFine

AGandXinsetopenFineutroaisGGAFine





:)(

:)int(





  

Proposition 4.5: 

Let (X,τ) be a Fineutro topological space over X .Then the following properties hold. 

   cccc AclFineAFineiiAFineAclFinei  int)(int)()(
 

Proof: 

Let A=
)(),(),(, xFxIxTx AAA  

Suppose that the family of Fineutro open sets Gi contained in A are indexed by the family 
 JixFxIxTx

iii GGG :)(),(),(,
 

Then we see that 
)1.........())(max()),((max1)),(min(,)int(

))(min()),((max)),(max(,int

xTxIxFxAFine

xFxIxTxAFine

iii

iii

GGG

c

GGG





 

)(),(1),(, xTxIxFxA AAA

c 
  

 
JixFxFxIxIxTxT

JiAG

AGAGAG

i

iii




)()(),()(,)()(



 

We obtain that 
 JixTxIxFx

iii GGG  :)(),(1),(,
 is the family of Fineutro closed sets containing A

c
 .(i.e.,) 

                              

 
 

cc

GGG

GGG

c

AFineAclFineHence

JixTxIxFx

JixTxIxFxAclFine

iii

iii

)int()(

)2.......(:))(max(),(max1),(min,

:))(max()),(1min(),(min,)(







 

Similarly we can prove (ii). 

Proposition 4.6: 

 Let 
  ),(, 21  XandX

be two Fineutro topological spaces. Denote 
 2121 :   AandAA

then 21  
 is a 

Fineutro topological space. 

Proof: 

 Obviously 211,0  NN   

Let 2121 ,  AA 221121 ,,,   AAAA
 

21  and
are Fineutro topological spaces on X .Then  

2121221121   AAAAandAA
 

Let 
  21:   JiAi  1 iA

 and 
JiAi  2  

Since 21  and
are Fineutro topological spaces on X  

      2121 :::    JiAJiAandJiA iii  

 Therefore 21  
 is a Fineutro topological space. 
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Remark: 

21  
 is not  a Fineutro topological space can be seen by the following example. 

Example 4.7: 

Let X={a,b} ,
   BandA NNNN ,1,0,1,0 11  

where  

 
 4.0,5.0,8.0,,3.0,6.0,7.0,

2.0,7.0,9.0,,2.0,7.0,6.0,

baB

baA





 

Here 21    BANN ,,1,0
, Since 21,   BABA

, 21  
 is not  a Fineutro topological space 

Definition 4.8: 

Let 
),( X

 be a Fineutro topological space on X . 

(i) A family 
 

is called a base for 
),( X

 if and only if each member of   can be written as the elements of β. 

(ii) A family 
 

is called a sub base for 
),( X

 if and only if the family of finite intersections of elements in  γ forms a base 

for   
 ,X

.In this case the Finite topology τ is said to be generated by γ. 

Proposition 4.9: 

Let (X,τ) be a Fineutro topological space over X .Then the following properties hold. 

(i) 0N , 1N  are Fineutro closed sets over X 

(ii) The intersection of any number of  Fineutro closed sets is a Fineutro closed set over X 

(iii) The union of any two  Fineutro closed sets is a Fineutro closed set over X  

Proof: It is obvious. 
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