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Introduction

Malgonde [1] investigated the following variant of the generalized Hankel-Clifford transform defined by
FO) =y 3, (2Jxy) f(R)dx, (a-p)=-1/2 )
0

where J,_,(X), being the Bessel function of the first kind of order (az— /), in spaces of generalized functions. Note that (1)
reduces to well-known Hankel-Clifford transform for suitable values of the parameters viz. for ¢« =0 and g =-u, a transform
studied in [4].

We can write generalization Hankel-Clifford of the Bessel-Clifford transform of f (x) as

F,0=[ 1003, , (2 )X“"dx, (a-p)=-1/2
’ )

The reverse transform from [2] is given by
F00=[FI,,(20)y "y, (a—p)2-1/2
’ 3)

where _[f(x)x(‘””)’zdx must exist must exist and be absolutely convergent, and where f(x) satisfies Dirichlet's conditions (of
0

limited total fluctuation) in the interval [0, oo] .
For the purpose of determining a discrete transform as in [3], assume f(x):O that for all x>T and define

r=yT/j, (jN =N " zero of Jop (2@ )) so that the forward transform can be written as

a+ﬂ)
F,,(fy IT)=T 2 jf(xT)J ( xer)x<“+ﬂ>’2dx, (a-p)=-1/2

(4)
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And the reverse transform is written as

oc _ _ f ~(a+p)i2 i
f(xT)=J'F(rJN /T)JH(Z G )(—Nj (—der (a-pB)=-1/2

T T
. B (a+ﬂ)+1 .
2

f (xT):(JNj [F iy 1T)3,, (2t )r«2dr, (a-B)=-1/2

T 0

©)
We can now expand f(XT) over [O,l], using Lommel's generalized version of the Fourier-Bessel series [8], namely,

= C j X

Z%(Jm-), <x< 1,
f(XT) =401 In ya,ﬂ—l(Jm)

0, 1<x<w

(6)

where j_ arethe zerosof J, P (X) arranged in ascending order, and where the coefficients C, aregivenby

1

C, = [X“ 2 (xT)I,., (2 Xi., )dx.
0 @)

Considering the additional assumption that C, =0 for all m>N choose N and T arbitrarily large, with no loss of generality by

having imposed this additional assumption on the properties of f(xT). Taking the transform of eq. (6) utilizing eq. (4), the well

established result is obtained:

] 7(a+ﬁ)+1 ) )
Faﬁ(jm/T)ZT 2 C, and r=j,/j,. (®)
and
NIE j /T My)j
F (i /T)=Y “’ﬁ(Jm_ )i”"ﬂ( J_N)im , 0<r<ow
m=1 ya,[i—l(.lm)(]m _(rJN) ) (9)
Applying eqg. (8) to eq. (6) it is seen that
= Fa,/i‘(jm /T)ya/i(JmX) O<X<1
_ —MH , B -
FOM =" 2 7, 2,030
0, 1<x< o0, (10)

A new discrete generalized Hankel-Clifford transform algorithm

This last equation gives an exact relationship between f(xT) and the values of its transform at particular values of r. We now

need a similar relationship, relating F, ,(rj, /T) to values of FXT) 4t particular values of x. Setting x=j_ /j, in eq. (10),

multiplying to both the sides by J,_, (2 (Jpdn)/! i ) and assuming, one obtains

(esp) o
T 2 N’lyaﬂ(Jme/JN) H i
N L oI NS F(,T ), 0<x<1,
Fa,ﬁ(Jm/T)_ J,i ; Jm ya,/}fl(Jp) i "
0, 1<x<w

(12)
Therefore, exact pair of discrete transform equations are written as

1 N-1 T 2-(a+p) N_1

P = o 2 Yo (NP (M) (M) === 2 Y (M) £ 0),




24992 V. R. Lakshmi Gorty/ Elixir Appl. Math. 71 (2014) 24990-24998

FapUndi 1 n)
i 7 paCin) -

This now can be taken a step further. Inserting eq. (12) into eq. (9), the relationship between f (p) and F, , (r In /T) at continuous

F

s (M)=F, (i, /T); f(i)=1 (jpT / jN);Yaﬁ(i,m):

values of r is obtained.

T‘”ﬂ“lf(JT/JN)NZ pUndo /i) oy (V) B
(Jn
X

rJN)ﬂaﬂl(Jm)

. - , 0<x<1],
Fa,ﬂ(rJN /T): J[%] p=1 gaﬁ 1( ) m=1

0, 1<

I/\

(13)

This can be further simplified by recognizing that the inner sum on the right-hand side of the above equation is the first (N —l) terms

in the Fourier-Bessel series for ¢, , (r jp) in [5]. Therefore for I <1,

T (5T )

2

Fo(in T =4 it = #,.(0)

0, 1<x<ow

F.5(r i) +e 0<x<1

(14)
where

2—(a+p)

T 1 f(j T/JN)Z9a,5(jmjp/jN)ya’ﬂ(er)jm.

| ] yaﬂ 1(J ) m=N (jm_er)faa.ﬁfl(jm)

For most functions f (xT), the error in approximation (14) rapidly becomes small for increasing values of N . In fact, for values of

N greater than 10 this error can be less than 1%. In [7], Oppenheim et al presented an algorithm for the numerical evaluation of the
Hankel transform.

Calculations in [9] give,

oy (Andi i) B (Bndo T i) o Bapaldy) 2(a+p+1) jo” o

=0 - 1(N),
mZ:l %,ﬁ_l(ﬂm) J’i p.r 2 ( j’i(a+ﬂ+l)) té ( )
An=m"zeroof 2, ., (x),
N ya,ﬁ—l(jmﬂklﬂ‘ )yaﬁ l(jmﬂ“p/ﬂ‘N) yjﬁ(ip)

=0 ——— t&(N),

mz=‘1 yaﬂ 1(Jm)/12 > 2 +3( )
Nflya,ﬂ—l(imjp/ﬂ“N)ya,ﬂ(ﬂmjr/ﬂ“N)_ yjﬁ(Jr) ya,ﬂfl(jf)yaﬁfl(jp)
% %y (in) 20 B 2N ra)
&y Lap jm/jN @ jmjp/jN I .
ZJ_N Fuops (K : )g ﬁ.g ):J‘yaﬁ(ij)yaﬁ_l(xa)dx+e4(N),
m= Jm ya,ﬁ—l(]m) In 0

where numerical analysis indicates that for a=-p=0.
&(N)<ini /s wherek, p<N,N>3,
&(N)<j, 1 in: where k, p<N,N >3,
& (N) <% where k, p<N,N >3,
es(N)<(icj,) /0% wherek, p<N,N>3,

These additional relations combined with the original orthogonality relation in eq. (11) may prove to be useful in numerically

computing the solutions to various types of differential equations which require generalized Hankel-Clifford transforms.
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Computations

The discontinuous function as presented in [6],
1é<a
Lo-;
,£>a
which has analytic transform

Fes(n) =§\/5J0 (2@)(@)% _EJEJO (2J/ap) LommelSl@,L 2@}
+2a3,(2ap) LommelSl(%,O, 2.Jap j

(15)
and the reciprocal of the above, namely
4 12 3
f,(£)= 5\/5% (Z/af)(af)zl —5«/2a J, (2Q/a§)|_omme|31(§,1, 2Q/a§j
1
++/2a, (Za/af) LommelSl(— 0, za/agj.
2 (16)
which has the transform
1r<a,
F ()=
s (1) {0,r>a.
For the purpose of separating f,(£) and f,(&) into discrete points we choose
Ln<h
f n — 1 i)
:(n) {O,n > h,
where
n=1..,N,T =zN/2 for our transform,
Nn=-M/2,-M/2+1,..,M/2-1,M/2;T'=xzM for Candel’s transform as in [6]
and
4 - - . L\ 2 - - 3 - -
fz(n):gJo(Z RN )(]nT liy) —5\/5‘]0(2 T/ 0y )LommeISl E,1,2 RN
+429,(2[i;T Ty )LommelSl@,O,Z T/ j
17)
n=1..,N,T =zN/4 for our transform,
And
gJO(ZJZnT’/ M )(2nT"/M i
—%«/EJO(Z\/ZnT’/ M )LommelSl@,l, 22nT'TM j
23, (22T’ T™ )LommelSlG,o, 22nT'TM ];n =1..,M/2,
fz(n)= 1/2. ;n=0,
4 , o
gJo(z (2n-1)T'7M )((2n-1)T'/ M )
—%«/530(2 (2n-)T'IM )LommelSl[%,l,Z (2n—1)T’/Mj
23, (22n-)T' /M )LommelSl(l,o,z (2n-1)T'/M );n =1.,-M/2.
? (18)

for Candel’s transform.
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f3(§):(§2 —1)_1/2 which has applications in the problems with elastic scattering of electrons. The analytic function is found by

MATHEMATICA 5.0 gives these results

If fp eReaIs&&ﬁzo&&Re[ﬁkg ﬁeReals&&pZO&&Re[ﬁk;

3_F8
w20,

[ 1

{4(3—2,3)},

a+f 1

2
11 1 1 p
~ = 2(5-2p),> 2+a—/33+a—,8},
ety 3 i el

L5-2p),
+pr[i_ﬂ1':4 {4(5 2/)’)}

Now considering (a —ﬂ) > -1/ 2; the transform of the function is shown below:

2
{2,2(7—2,8),;(3+a—[)’),;(4+a—ﬁ)},EG

The solid line is the exact transform, the dots are the numerical transform.

Transform of a step function
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Figure 1: Results of the exact transforms and numerical transforms
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Figure 2: Results show the step function considering the exact transform at « =
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The dotted line is the numerical transform for alpha=1/4 and beta=1/6
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Figure 3: Results show the step function considering the numerical transform at « =
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Figure 4: Results of the exact transform and numerical at
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The dotted line is the numerical transform for alpha=1/4 and beta=1/6
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Figure 6: Results show the function f, =r the numerical transformat « =

Y

The solid line indicates exact transform,dotted line numerical transform for alpha=1/4;beta=1/6
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Figure 8: Results show the function exact transform and numerical transform at « =
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For f, =r2?;

The solid line is the exact transform for alpha=1/4 and beta=1/6
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Figure 9: Results show the function f, =r2 the exact transform at o = 1
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The dotted line is the numerical transform for alpha=1/4 and beta=1/6
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Figure 10: Results show the function f, =r? the numerical transform at « = Z;ﬂ = 5
The solid line indicates exact transform,dotted line numerical transform for alpha=1/4;beta=1/6
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Figure 11: Results show the function f, =r? the exact and numerical transform at « = Z,ﬂ =5

Results and discussion

In some of the applications it may be necessary to find an analytic solution where equation (15) will help to solve generalized
Hankel-Clifford Transforms. It may additionally be possible to use one of the relationships in equation (16)-(18) in determining a
solution. In solving a differential equation requiring generalized Hankel-Clifford transforms, one may be able to dramatically improve
the speed of calculation utilizing some of the fundamental principles outlined in this paper.
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