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ABSTRACT

Keywords

In this paper we introduce the variant of domination called S - domination for semigraphs.
The concept of S - domination is stronger than the concept of domination in semigraphs. We
prove that the S - domination number of a semigraphs does not increase when a vertex is
removed in a semigraphs. This is unlike in the case of domination. We also consider
maximal independent sets in semigraphs and observe that they are exactly independent S -
dominating sets in semigraphs. We prove some related results.

Semigraph,

S - dominating set,

S - dominating Number,
i—set.

1. Introduction:

Semigraphs have been studied by several authors [1], [3].
The concept of domination in semigraphs has also appeared in
research papers [2], [3], [4], and [5]. However it must be noted
that the concept of domination in semigraphs does not reflect the
fact that the edges of the semigraph can have more than two
vertices. In order to appreciate this factor we define a new
concept called S - domination for semigraphs. We will observe
every S - dominating set is a dominating set. Also we will see
that any maximal independent subset of a semigraph is a
(minimal) S - dominating set of the semigraph.

2. Preliminaries:
Definition: 2.1 S - dominating set

Let beG a semigraph, veV (G) andS <V (G) thenS
is said to be a S - dominating set in G if for every vertex V
inV (G)—S , there is an edge € such that Ve eand e —{v} is
subset of S .

Note that S - dominating set is always dominating set, but
converse is not true. For example:

Consider the semigraphG, whose vertex set
V(G)={1,2,3} and edge setE(G)={(1,2,3)}. Then
S={1} is a dominating set but not

sincee =(1,2,3),V[e—{2}|={13} «S.

S- dominating set.
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Definition: 2.2 Minimum S - dominating set
A S- dominating set with minimum cardinality is called

minimum S - dominating set. A minimum s — dominating set is
also called a y, —set.

Definition: 2.3 S - domination Number
The cardinality of a minimum S - dominating set is called

S- domination number of the semigraphG . It is denoted
as7,(G).
Definition: 2.4 S - adjacent

Let G be a semigraph and S <V (G) andu,veS. We

say that Uand V are S-adjacentin$S , if there is an edge € of

G such that
1) uvee

(2 ecS.
Definition: 2.5 Minimal S - dominating set

Let G be asemigraphand S bea S - dominating set of G ,
then S is said to be minimal S- dominating set if for every

vertex Vin S, S —{V} isnota S-dominating set.
Definition: 2.6 Maximum Independent Set

An independent set S ofa semigraph G is said to be a
maximum independent set if for every vertex V¢ S, S U{V} is

not an independent set.
Definition: 2.7 Strong Private Neighbourhood

Let G be a semigraph,VeV(G), SCV(G) and
veS. Let WeV(G) then W is in the strong private

neighborhood of v with respect to S, if one of the following
conditions holds.
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1. WeS, W=V and W is not strongly adjacent to any
other vertex of S .

2. WgS and

(i) There is an edge € which contains
that (e—{v,w})<S.

(i) If

W and V such

f is an edge containing W and f #e, then f
contains a vertex which is not in S —{V} .

The strong private neighbourhood of V with respect to S is

denoted as p,,[Vv,S].

In this paper we will consider two types of subsemigraph
onV (G)—{v}.

» In this subsemigraph those edges are included which are
obtained by removing Vv from every edge of semigraph G . Itis

referred to as subsemigraph of type I.
> In second subsemigraph those edge of G are included

which do not contain vertex V. It is referred to as subsemigraph

of type II.

3. Main Result:
Theorem: 3.1 A S- dominating set S is minimal S-
dominating set if and only if for each vertex vV inS , one of the
following statements holds.

(1) v isnot S - adjacent to any other vertex of S .

(2) There is a vertex V such that U ¢ S and
iS an edge €containing U

(e—{u,v}) = Sand

and V such that

. If T isany other edge of G containing U then f contains a

vertex which is not in S — {V} .

Proof: Suppose S is minimal andV € S, then S —{V} is not
a S- dominating set.

Case: | For every edge € containing v,(e—{v}) zS.

In this case V is not strongly adjacent to any other vertex of S .
Case: 11 Suppose there is a vertex U such that U¢ S and for

f containing U ,(f —{U})¢(S—{V}).

However, S isa S- dominating set of G . Hence there is an

every edge

edge € such that(e—{u}) C S. Also by the above statement
€ must contain V and thus, (e—{u,v})g S.If f isanedge

of G suchthat Ue fand f #2€, and if (f —{u})gS then

note that V & S (because otherwise e f will contains two
vertices U and V which is not possible). Therefore,

(f —{U})C(S —{V}). This is again a contradiction. Thus,
( f— {u}) must contain a vertex outside (S - {V}) .

Conversely, suppose S is S- dominating set, V€ S and any
one of conditions (1) and (2) holds.

Case: | Suppose condition (1) holds.
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Then for every edge € containing V,(e—{v})contains a

vertex outside S, and thus, (S —{V}) is not a S - dominating
set.

Case: 11 Suppose condition (2) holds.

Let U be the vertex outside S, which satisfies the conditions.
Then for every edge § containing U, (g —{u}) contains a
vertex outside (S —{V}). Hence (S —{V}) is not a S-

dominating set since V is an arbitrary vertex of S .
Then theorem is proved. o
Here, if G is a semigraph and v eV (G) then

G—{V} will be the subsemigraph whose vertex set

V(G)—{V} and edges are obtained by removing v from

every edge of the semigraph G . (That is subsemigraph of type

).
Theorem: 3.2 Let G be a semigraph and v eV (G) then

7.(G-{v})=~.(G).

Proof: Let S be a minimum S - dominating set of G .

First suppose that V& S. Let x be any vertex of G—{v},
which is not in S. There is an edge e of G such that
(e—{x}) — S . Obviously, (e’—{x}) cS, ( e’ =e—{v}).
Thus, S isa - dominating set of G —{v}.

Therefore, y, (G — {v}) <7.(G).

On the other hand suppose S is a minimum S - dominating set
of G suchthat v e S . Consider the set S —{v} .

Let x be any vertex of G—{v} which is not in S—{v}.
Now there is an edge e such that (e—{x})gS, then
(e'={x})=(S—{v}). (¢'=e—{v}). Therefore, S —{v}
isa - dominating set of G —{v}.

Hence, 7, (G—{v})S‘S—{V}‘<|S| =7,(G).

Thus, 7 (G—{v})<7,(G). .
Theorem 3.3 Let G be a semigraph and veV (G), then
2 (G —{v}) <7, (G) ifand only if there is a minimum S -
dominating set S of G suchthat veS.

Proof: Suppose there is a minimum S- dominating set S of
G such that ve S. Then from the proof of theorem 3.2 it

follows that y, (G —{V}) <7.(G).

Conversely, suppose /s (G —{V}) <7s (G) . Let S, be a
minimum S - dominating set of G —{v}. Then S, cannot be a
S - dominating set in G . So there is a vertex X €V (G) such

that for every edge e containing x, e—{X} contains a vertex

which is not in S, . Also, there is an edge €’ of G —{v} such
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that Xxee' and(e’—{x})gSl. If e—{v}:e’ then
e—{x} is asubset of S, U{v}. Thus, S :(Slu{v}) is a
s - dominating set of G . Since 7, (G —{V})<7.(G), S is

a minimum S - dominating set of G and veS. o
Now we consider G is a semigraph and v eV (G)

then G—{V} will be the subsemigraph whose vertex set

V(G)—{v} and edges are those edges of G are included
which do not contain vertex V. (That is subsemigraph of type

).
Theorem: 3.4 Let G be a semigraph andv eV(G), then

s (G —{V}) >y (G) if and only if each of the following

three conditions are satisfied.
(1) v isnotan isolated vertex.

(2) VeS, forevery minimum s—dominating set of G .

(3) There is no subset S such
that N[v]~((V(G)—{S})= 4. [S|<r.(G) and S isa
s - dominating set of G — {v} .

Proof: Suppose y5 (G —{v})>7(G).

(1) If v is an isolated vertex then V € S , for every minimum
s—dominating set S, then S —{v} isan s — dominating set
subsemigraph G —{V } . This
that y (G — {v}) <75 (G). Which is contradiction.
(2) Suppose there is a minimum s —dominating set S of
Gsuch thatveS. Let X be a vertex of G—{v}such

of the implies

that X € S . Since S is an s—dominating set in G, there is
anedge e of G such that (e—{x}) — S . Obviously, Vge.

Thus, e is an edge of G—{v}such that xee

and (e—{x})gS. Hence S is an s—dominating set of
G —{v}. Therefore, y,(G—{v})<|S|=y5(G) which is
a contradiction.

(3) If such a set exist then (G —{v}) <, (G), which is a
contradiction.

Conversely, suppose conditions (1), (2) and (3) are satisfied.
First suppose that y, (G—{v})<y,(G). Let S be a
minimum s — dominating set in G —{v}, then |S| =y (G).
Suppose there is an edge e of G such that
Veeand (e—{v})gS. Then S is a

s —dominating set in G not containing v, which contradicts
condition (2). On the other hand suppose for every edge e of

minimum

G, which contains the vertex v, (e—{v}) contains a vertex

outside S, then it implies that
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N[V]"(V(G)-S)#4, |S|=7,(G) andS is a
s — dominating set of G —{v} . This contradicts condition (3).
So it is impossible that ¥, (G —{v}) =y (G).

Suppose ¥, (G —{v}) <75(G).

Let S be a minimum s—dominating set of G —{V}.
Then |S| <7, (G). If there is an edge e of G such that
Vvee and (6—{V}) S, then S isa s—dominating set of
G with |S| <7, (G), which is a contradiction. Therefore, for
every edge € containing V, (e—{v}) & S. Thus, e—{v}

contain a outside S . Hence,

N[V]m(V(G)—S)¢¢, |S|S}/S(G) and S is an

s — dominating set of G —{V} , Which is again contradicts the

vertex

condition (3). Thus, ¥, (G —{V}) <7, (G) is an impossible.

Thus, only possibility left is (G —{V}) A (G) Hence,
the theorem is proved. o
Theorem: 3.5 Suppose G be a semigraph and VeV (G) If

7. (G—={v})<7,(G) then y,(G—{v})=7,(G)-1.

Proof: Let S, be a minimum s —dominating set in G —{V},
then S, cannot be s—dominating set in G . Consider the
set =S, U{v}. Then S is a s—dominating set of G.
Obviously, S is a minimum s—dominating set of G . Thus,
7.(G)=Is|=[s] +1=7, (6 {v})+1
7s (G —{V}) = 7,(G)—1. Hence the theorem is proved. o

Therefore,

Theorem: 3.6 Let G be a semigraph and VeV(G), then
A (G —{V}) <7, (G) if and only if there is @ minimum S -
dominating set of G suchthat veSand P, [v,S]={v}.

Proof: Suppose (G —{V}) 2 (G) Let S, be a
minimum S- dominating set of G—{V}, then as proved
theorem3.3 S =S, u{v} is a minimum s - dominating set of
G . Since Sl not an S- dominating set in G for every edge
(e={v})

of (V (G)—S). Thus V is not strongly adjacent with any

€ containing V, containing a  vertex
other of S. Thus, V € P, [V,S].

Suppose, W#V and We P [V, S], then weg S . Now there
is an edge € which contains V and W such that
(el—{v,w})c S. Also, since S, is an s- dominating set

of G—{V}, there is an edge €, such that (e2 —{W}) cS.
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Therefore, V&€,. Hence, € #€,. Since We p, [V,S]

and & #€,, (e,—{W}) must contain a vertex X
outside S —{V} . This is a contradiction, because as mentioned
above, (e,—{v})=(S—{v}). Thus, we have proved that if
W=V then we p, [V, S].

Thus, it follows that p,[v,S]={v}.

Conversely, suppose there is a minimum S - dominating set of
G suchthat veS and p,[v,S]={v}.

Consider the set S, =S —{v}. Let
G-{v} in S—{v},
Therefore, We p,[v,S]. Then one of the following

possibilities holds.
(1) For every edge

W be a vertex of

which is  not then Wg S .

e of G

(e —{v, W}) contains a vertex outside S . Therefore, for every

containing VvV and w,

edge e containing V and W, (e—{w}) contains a vertex

outside S. Now S isa S- dominating set of G . Therefore,
!
of G

(e’—{w})gS by above statement €' cannot contain a

there is an edge € containing W such that

vertex V. Therefore, €' isanedge of G —{v} contain vertex
w and (e’—{w}) cS,.

Thus, we have proved that for every vertex W in G —{V}
which is outside Sl, there is an edge €’ containing W such
that (€' —{w}) =S, . This proves that S, isa - dominating
setof G —{V}.

(2) There is an edge f
that (f —{w}) <= (S—{v})=S,. This also proves that S, is

containing W  such

an S - dominating set of G — {V} .

Thus, 7, (G—{v})<|S,|<|S|=7.(G).
This completes the theorem. i
Corollary: 3.7 Let G be a semigraph veV (G) and

suppose ¥, (G —{V}) <7,(G).If v isnot an isolated vertex

of G, then there is a minimum S - dominating set Sof G

suchthat V&S,

Proof: By above theorem 3.6 there is a minimum S-
dominating set S of G such that VveS
and P, [V,S] :{V}. Now there is no edge which containing
V and it is a subset of S. Since V is not isolated. There is a
vertex W notin S suchthat W is adjacentto V in G . Now

let T :(S —{V})U{W}, then it can be proved that T is a
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S- dominating set in G which does not contain vertex V.
Hence the corollary is proved. o
Theorem: 3.8 Let G be a semigraph and u,veV (G).

suppose 7, (G —{v}) <7 (G)and y,(G—{u})>r,(G)
S such that
U,veS and V isnot strongly adjacentto U in S.

then there is a minimum S- dominating set

Proof: Let S be a minimum S - dominating set of G such
that Ve S and p, [v,S]={v}.

since 7, (G—{u})>7,(G). ueS. It u and v are
strongly adjacent vertices in S then imply
that V. & P, [V,S]. Thus, U and V cannot be strongly

it will

adjacent vertices in S . O
Theorem: 3.9 Let G be a semigraph and U be a vertex of G

such that 7S(G—{u})>7s(G) then for every S-

dominating setof S, u€S and p, [u,S] contains at least
two vertices.
Proof:  Since 7,(G—{v})>7,(G) andueS. Als,

since S is a minimal S- dominating set of G and
hence P, [V,S]#¢. If p,[u,S]={u}, then by theorem
35 7,(G—{u})< 7,(G). which is a contradiction. So,
P [u, S] contains at least one vertex different from U .
Suppose U’ is a vertex of G such that p, [u,S]={u,u’}.
Now consider the set S, =(S—{u})u{u’}. Obviously,
.| =8|
Now we prove that S, is an S- dominating set of G (not
containing U ).
First there is an edge € of G such that u,u’ee and
(e—{u,u’}) < S (because U’ € p, [u,S]).
Therefore, (e—{U}) = S,. Let X be any vertex outside S,
such that X #U . Now X & P, [u,S]. Nowsince S isa s-
dominating set in G, there is an edge € of G such
that Xee  and (e—{x})c S.  Suppose, U e(e—{x})
then (e—{x,u})g S. Now x¢& p,[u,S], therefore, there
isanedge f suchthat f #e and (f —{X})Q(S—{u}).
That is ( f —{X}) cS,.
Suppose U é(e—{x}) then (e—{x})g S,. Thus, we have
proved that there is an edge h of G such
that Xxe h, (h—{x})<S,. This proves that S, is an s-

dominating set of G and it is minimum also,
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because |Sl|:|S|. Further, U ¢ S;. This is a contradiction
because, 7, (G —{V}) >7,(G). Thus, ug p,[u,S].

Suppose, P, [u,S]={u,} where U #u, then U, S . Now
consider the set S, =(S—{u})u{u,}. Here also we can
prove that S, is an S- dominating set not containing U . This
is again a contradiction. Therefore the p. [u,S] must
contains at least two vertices U, and U, such that U, # U,,

u,#Uu.

This completes the proof of theorem.
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