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1.  Introduction: 

Semigraphs have been studied by several authors [1], [3]. 

The concept of domination in semigraphs has also appeared in 

research papers [2], [3], [4], and [5]. However it must be noted 

that the concept of domination in semigraphs does not reflect the 

fact that the edges of the semigraph can have more than two 

vertices. In order to appreciate this factor we define a new 

concept called s - domination for semigraphs. We will observe 

every s - dominating set is a dominating set. Also we will see 

that any maximal independent subset of a semigraph is a 

(minimal) s - dominating set of the semigraph. 

2.  Preliminaries:  

Definition: 2.1 s - dominating set  

Let be G a semigraph, ( )v V G  and ( )S V G  then S  

is said to be a s - dominating set in G  if for every vertex v  

in  V G S , there is an edge e  such that v e and { }e v  is 

subset of S . 

Note that s - dominating set is always dominating set, but 

converse is not true. For example:  

Consider the semigraph G , whose vertex set 

( ) {1,2,3}V G   and edge set ( ) {(1,2,3)}E G  . Then 

{1}S   is a dominating set but not s - dominating set. 

Since (1,2,3)e  ,    2 1,3V e S     . 

 

 

 

 

 

 

 

 

 

 

Definition: 2.2 Minimum s - dominating set 

A s - dominating set with minimum cardinality is called 

minimum s - dominating set. A minimum s – dominating set is 

also called a s set  . 

Definition: 2.3 s - domination Number 

The cardinality of a minimum s - dominating set is called 

s - domination number of the semigraph G . It is denoted 

as  s G . 

Definition: 2.4 s - adjacent 

Let G  be a semigraph and  S V G  and ,u v S . We 

say that u and v  are s - adjacent in S , if there is an edge e  of 

G  such that  

(1) ,u v e  

(2) e S . 

Definition: 2.5 Minimal s - dominating set 

Let G  be a semigraph and S  be a s - dominating set ofG , 

then S  is said to be minimal s - dominating set if for every 

vertex v  in S ,  S v  is not a s - dominating set. 

Definition: 2.6 Maximum Independent Set 

An independent set S  of a semigraph G  is said to be a 

maximum independent set if for every vertex  ,v S S v   is 

not an independent set. 

Definition: 2.7 Strong Private Neighbourhood 

Let G  be a semigraph,  v V G ,  S V G  and 

v S . Let  w V G  then w  is in the strong private 

neighborhood of v  with respect to S , if one of the following 

conditions holds. 
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1. w S , w v  and w  is not strongly adjacent to any 

other vertex of S . 

2. w S  and  

(i) There is an edge e  which contains w  and v  such 

that   ,e v w S  .  

(ii) If f  is an edge containing w  and f e , then f  

contains a vertex which is not in  S v . 

The strong private neighbourhood of v  with respect to S  is 

denoted as  ,nsp v S .  

In this paper we will consider two types of subsemigraph 

on    V G v . 

 In this subsemigraph those edges are included which are 

obtained by removing v  from every edge of semigraph G . It is 

referred to as subsemigraph of type I. 

 In second subsemigraph those edge of G  are included 

which do not contain vertex v . It is referred to as subsemigraph 

of type II. 

3. Main Result: 

Theorem: 3.1 A s - dominating set S  is minimal s - 

dominating set if and only if for each vertex v  in S , one of the 

following statements holds. 

(1) v  is not S - adjacent to any other vertex of S . 

(2) There is a vertex v  such that u S and  

i. There is an edge e containing u  and v  such that 

  ,e u v S  and 

ii. If f  is any other edge of G  containing u  then f  contains a 

vertex which is not in  S v . 

Proof: Suppose S  is minimal and v S , then  S v  is not 

a s - dominating set. 

Case: I For every edge e  containing v ,   e v S  . 

In this case v  is not strongly adjacent to any other vertex of S .  

Case: II Suppose there is a vertex u  such that u S  and for 

every edge f containing u ,      f u S v   . 

However, S  is a s - dominating set of G . Hence there is an 

edge e such that   e u S  . Also by the above statement 

e  must contain v  and thus,   ,e u v S  . If f  is an edge 

of G  such that u f and f e , and if   f u S 
 
then 

note that v S (because otherwise e f will contains two 

vertices u  and v  which is not possible). Therefore, 

     f u S v   . This is again a contradiction. Thus, 

  f u must contain a vertex outside   S v . 

Conversely, suppose S  is s - dominating set, v S and any 

one of conditions (1) and (2) holds. 

 

Case: I Suppose condition (1) holds.  

Then for every edge e  containing v ,   e v contains a 

vertex outside S , and thus,   S v is not a s - dominating 

set. 

 

Case: II Suppose condition (2) holds.  

Let u be the vertex outside S , which satisfies the conditions. 

Then for every edge g
 
containing u ,   g u  contains a 

vertex outside   S v . Hence   S v  is not a s - 

dominating set since v  is an arbitrary vertex of S . 

Then theorem is proved.                       □ 

Here, if G  is a semigraph and ( )v V G  then 

 G v  will be the subsemigraph whose vertex set 

 ( )V G v  and edges are obtained by removing v  from 

every edge of the semigraph G . (That is subsemigraph of type 

I). 

Theorem: 3.2 Let G  be a semigraph and ( )v V G  then 

    s sG v G   . 

Proof: Let S  be a minimum s - dominating set of G .  

First suppose that v S . Let x  be any vertex of  G v , 

which is not in S . There is an edge e  of G  such that 

  e x S  . Obviously,   e x S   ,   e e v   . 

 Thus, S  is a s - dominating set of  G v .  

Therefore,     s sG v G   .  

On the other hand suppose S  is a minimum s - dominating set 

of G  such that v S . Consider the set  S v .  

Let x  be any vertex of  G v  which is not in  S v . 

Now there is an edge e such that   e x S  , then 

     e x S v    ,   e e v   . Therefore,  S v
 

is a s - dominating set of  G v . 

Hence,     s G v S v S       s G . 

Thus,     s sG v G   .                          □ 

Theorem 3.3 Let G  be a semigraph and ( )v V G , then 

    s sG v G    if and only if there is a minimum s - 

dominating set S  of G  such that v S . 

Proof: Suppose there is a minimum s - dominating set S  of 

G  such that v S . Then from the proof of theorem 3.2 it 

follows that     s sG v G   . 

Conversely, suppose     s sG v G   . Let 
1S  be a 

minimum s - dominating set of  G v . Then
1S  cannot be a 

s - dominating set in G . So there is a vertex ( )x V G  such 

that for every edge e  containing x ,  e x  contains a vertex 

which is not in
1S . Also, there is an edge e  of  G v  such 
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that x e  and    1e x S   . If  e v e   then 

 e x
 
is a subset of  1S v . Thus,   1S S v 

 
is a 

s - dominating set of G . Since     s sG v G   , S  is 

a minimum s - dominating set of G  and v S .              □ 

 Now we consider G  is a semigraph and ( )v V G  

then  G v  will be the subsemigraph whose vertex set 

 ( )V G v  and edges are those edges of G  are included 

which do not contain vertex v . (That is subsemigraph of type 

II). 

Theorem: 3.4 Let G  be a semigraph and  v V G , then 

    S SG v G    if and only if each of the following 

three conditions are satisfied. 

(1) v  is not an isolated vertex. 

(2) v S , for every minimum s  dominating set of G . 

(3) There is no subset S  such 

that       (N v V G S    ,  sS G  and S  is a 

s - dominating set of  G v . 

Proof: Suppose     S SG v G   . 

(1) If v  is an isolated vertex then v S , for every minimum 

s  dominating set S , then  S v  is an s  dominating set 

of the subsemigraph  G V . This implies 

that     S SG v G   . Which is contradiction. 

(2) Suppose there is a minimum s  dominating set S of 

G such that v S . Let x
 

be a vertex of  G v such 

that x S . Since S
 
is an s  dominating set in G , there is 

an edge e
 
of G

 
such that   e x S  . Obviously, v e . 

Thus, e
 

is an edge of  G v such that x e
 

and   e x S  . Hence S
 

is an s  dominating set of 

 G v . Therefore,     S SG v S G    , which is 

a contradiction. 

(3) If such a set exist then     S SG v G   , which is a 

contradiction. 

 

Conversely, suppose conditions (1), (2) and (3) are satisfied. 

First suppose that     S SG v G   . Let S
 

be a 

minimum s  dominating set in  G v , then  SS G . 

Suppose there is an edge e  of G  such that 

v e and   e v S  . Then S
 

is a minimum 

s  dominating set in G  not containing v , which contradicts 

condition (2). On the other hand suppose for every edge e  of 

G , which contains the vertex v ,   e v  contains a vertex 

outside S , then it implies that 

   ( ) , ( )sN v V G S S G    
 

and S
 

is a 

s  dominating set of  G v . This contradicts condition (3). 

So it is impossible that     S SG v G   . 

Suppose     S SG v G   .  

Let S  be a minimum s  dominating set of  G v . 

Then  sS G . If there is an edge e  of G  such that 

v e  and   e v S  , then S  is a s  dominating set of 

G  with  sS G , which is a contradiction. Therefore, for 

every edge e  containing v ,   e v S  . Thus,  e v  

contain a vertex outside S . Hence,  

    N v V G S    ,  sS G  and S  is an 

s  dominating set of  G v , which is again contradicts the 

condition (3). Thus,     s sG v G    is an impossible. 

Thus, only possibility left is     s sG v G   . Hence, 

the theorem is proved.                            □ 

Theorem: 3.5 Suppose G  be a semigraph and  v V G . If 

    s sG v G    then      1s sG v G    . 

Proof: Let 1S be a minimum s  dominating set in  G v , 

then 1S  cannot be s  dominating set in G . Consider the 

set  1S S v  . Then S  is a s  dominating set of G . 

Obviously, S  is a minimum s  dominating set of G . Thus, 

    1 1 1s sG S S G v       . Therefore, 

     1s sG v G    . Hence the theorem is proved.     □ 

Theorem: 3.6 Let G  be a semigraph and  v V G , then 

    s sG v G    if and only if there is a minimum s - 

dominating set of G  such that v S and    ,nsp v S v . 

Proof: Suppose     s sG v G   . Let 1S  be a 

minimum s - dominating set of  G v , then as proved 

theorem 3.3  1S S v   is a minimum s - dominating set of 

G . Since 1S  not an s - dominating set in G  for every edge 

e  containing v ,   e v  containing a vertex 

of   V G S . Thus v  is not strongly adjacent with any 

other of S . Thus,  ,nsv p v S .  

Suppose, w v  and  ,nsw p v S , then w S . Now there 

is an edge 1e  which contains v  and w  such that 

  1 ,e v w S  . Also, since 1S  is an s - dominating set 

of  G v , there is an edge 2e  such that   2 1e w S  . 
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Therefore, 2v e . Hence, 1 2e e . Since  ,nsw p v S  

and 1 2e e ,   2e w  must contain a vertex x  

outside  S v . This is a contradiction, because as mentioned 

above,      2e v S v   . Thus, we have proved that if 

w v
 
then  ,nsw p v S . 

Thus, it follows that    ,nsp v S v . 

Conversely, suppose there is a minimum s - dominating set of 

G  such that v S
 
and    ,nsp v S v .  

Consider the set  1S S v  . Let w  be a vertex of 

 G v  which is not in  S v , then w S . 

Therefore,  ,nsw p v S . Then one of the following 

possibilities holds. 

(1) For every edge e  of G  containing v  and w , 

  ,e v w  contains a vertex outside S . Therefore, for every 

edge e  containing v  and w ,   e w  contains a vertex 

outside S . Now S  is a s - dominating set of G . Therefore, 

there is an edge e  of G  containing w  such that 

  e w S    by above statement e  cannot contain a 

vertex v . Therefore, e  is an edge of   G v  contain vertex 

w  and    1e w S   .  

 Thus, we have proved that for every vertex w  in  G v  

which is outside 1S , there is an edge e  containing w  such 

that    1e w S   . This proves that 1S  is a s - dominating 

set of  G v . 

(2) There is an edge f  containing w  such 

that       1f w S v S    . This also proves that 1S  is 

an s - dominating set of  G v . 

Thus,     1s sG v S S G     .  

This completes the theorem.           □ 

Corollary: 3.7 Let G  be a semigraph  v V G  and 

suppose     s sG v G   . If v  is not an isolated vertex 

of G , then there is a minimum s - dominating set S of G  

such that v S .  

Proof: By above theorem 3.6 there is a minimum s - 

dominating set S  of G  such that v S  

and    ,nsp v S v . Now there is no edge which containing 

v  and it is a subset of S . Since v  is not isolated. There is a 

vertex w  not in S  such that w  is adjacent to v  in G . Now 

let     T S v w   , then it can be proved that T  is a 

s - dominating set in G  which does not contain vertex v . 

Hence the corollary is proved.                             □ 

Theorem: 3.8 Let G  be a semigraph and  ,u v V G . 

Suppose     s sG v G   and     s sG u G    

then there is a minimum s - dominating set S  such that 

,u v S  and v  is not strongly adjacent to u  in S . 

Proof: Let S  be a minimum s - dominating set of G  such 

that v S  and    ,nsp v S v .  

Since     s sG u G   , u S . If u  and v  are 

strongly adjacent vertices in S  then it will imply 

that  ,nsv p v S . Thus, u  and v  cannot be strongly 

adjacent vertices in S .                           □ 

Theorem: 3.9 Let G  be a semigraph and u  be a vertex of G  

such that     s sG u G    then for every s - 

dominating set of S , u S  and  ,nsp u S  contains at least 

two vertices. 

Proof: Since     s sG v G  
 

and u S . Also, 

since S  is a minimal s - dominating set of G  and 

hence  ,nsp v S  . If    ,nsp u S u , then by theorem 

3.5   s G u     s G , which is a contradiction. So, 

 ,nsp u S  contains at least one vertex different from u . 

Suppose u  is a vertex of G  such that    , ,nsp u S u u . 

Now consider the set     1S S u u   . Obviously, 

1S S .  

Now we prove that 1S  is an s - dominating set of G (not 

containing u ).  

First there is an edge e  of G  such that ,u u e  and 

  ,e u u S  (because  ,nsu p u S ). 

Therefore,    1e u S  . Let x  be any vertex outside 1S  

such that x u . Now  ,nsx p u S . Now since S  is a s - 

dominating set in G , there is an edge e  of G
 

such 

that x e  and   e x S  . Suppose,   u e x   

then   ,e x u S  . Now  ,nsx p u S , therefore, there 

is an edge f  such that f e  and      f x S u   . 

That is    1f x S  .  

Suppose   u e x   then    1e x S  . Thus, we have 

proved that there is an edge h  of G  such 

that x h ,    1h x S  . This proves that 1S  is an s - 

dominating set of G
 

and it is minimum also, 
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because
1S S . Further, 1u S . This is a contradiction 

because,     s sG v G   . Thus,  ,nsu p u S .  

Suppose,    1,nsp u S u  where 1u u , then 1u S . Now 

consider the set     1 1S S u u   . Here also we can 

prove that 1S  is an s - dominating set not containing u . This 

is again a contradiction. Therefore the  ,nsp u S  must 

contains at least two vertices 1u  and 2u  such that 1 2u u , 

2u u .  

This completes the proof of theorem.         
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