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Introduction 

In this paper we shall establish various properties of the polynomial solutions and its Appell transforms of the generalized heat 

equation of the n
th

 order. 

   

   
 
   

 
 
  

  
 
  

  
    

  

  
    

where       
     

        
   We shall also give a series expansion of the generalized temperature in terms of Laguerre 

polynomials and confluent hypergeometric functions. Most of the results derived here are similar to the ones found in [6, 7], which are 

for the less general equation 

   

   
 
  

 
 
  

  
  
  

  
 

which in turn is a generalization of the ordinary heat equation [8] 

   

   
  
  

  
  

These known results can be considered as special cases of our more general results when              

Preliminaries:  

Consider the equation 
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If the solution is of the type 

 (   )   (   )  ( )  

then
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ABSTRACT 

In this paper we consider the generalized heat equation of n
th

 order 

If the initial temperature is an even power function, then the heat transform with the 

source solution as the kernel gives the heat polynomials. We discuss various properties of 

the heat polynomial and its Appell type transform. Also, we give series representation of 

the heat transform when the initial temperature is a power function. 
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we finally have 
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where          the generalized heat equation. 

Now from (2.1), we have 
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Let         then from above, we obtain 
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which has a solution 

 ( )   (    )         
  ( )    

where   
 

 
(   )        (     )    (    ) and  

    
  ( ) is the Legendre function of the first kind [       ]  

Also by elementary methods (   [ ])  we can find the solution of (2.2) as 
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where 

                                   (     )   
 

  
         (   )   

 

  
 (     )      *

  

  
+                                 (2.3) 

where (   )   (   )      and      ( )  the usual modified Bessel type function of the first kind. We shall call the function U 

to be the source solution of the heat equation (2.2). If U is considered as the kernel, then for a suitable    its heat transform F is 

defined by  

    (   )   ∫  (     )     ( )      

 

 

 

where                 (   )   ( )     the initial temperature. Numerous properties of the heat transform have been given 

in [ ]   We note that its inversion is given by 

                                                     ( )   ∫  (      ) (
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                                    (2.4) 

Suppose now that the initial temperature is the power function  ( )          real and positive, then from (2.3), its heat transform, 

                                                      (   )   ∫  (     )        
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(   )         [       ]   Thus giving a solution of (2.2) involving the hypergeometric function      As a special case if  
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then  
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defining the heat polynomial of degree    in   and of degree   in  , involving the Laguerre polynomial. If we let      we have the 

special case given in [ ]  

 Next we define the Appell type transform of       (   )  m real and positive as  
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where      , the Green’s function is defined by 
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It can be readily seen that 
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therefore we can write 
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   ⁄        (    )  

where            

3. Properties of       (   )           (   )  

In this section we shall establish various results involving the function        (   )and its Appell type transform        (   )  Using 

the asymptotic expansions, it is an easy matter to calculate the following estimates: 
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Lemma 3.1: For               

                                               ∫  (     )        (    )  
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Proof: With the help of above estimates, one can easily conclude that the integral converges. By using (2.6) the definition of         

twice, we have, 
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Now consider the inner sum 
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Thus the inner sum is   if     and 1 if     i.e. if      Therefore (3.2) reduces to      and hence  

∫  (     )        (    )     
     

 
as desired. 

This completes the proof. 

The equation (3.1) gives us an inversion formula of (2.5) with       We now derive a generating function for        (   )  
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Proof: Let      using (2.5) and (2.3), we have 
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[       ] as required. The interchange of summation and integration is valid since 
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If      the result can easily be computed, since        (   )    
      

For      we use the fact that 
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            (    )                                      (3.3) 

from its representation given is (2.6). The lemma is then proved on the similar lines as for the case      

Now we give a generating function for        (   )  the Appell type transform of        (   )  
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Lemma 3.3: For     | |   
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due to Lemma 3.2 and making use of the definition of      given by (2.9). 

 If we expand the right hand side of (3.4) by Taylor series in powers of     we have  
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On comparing this series with the series on the left hand side of (3.4), we obtain 
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giving us an integral representation for         (   )  

 Also we give other generating functions for the function         (   ) and its Appell type transform         (   )  We shall 

simply write down the results, which can be proved following a similar analysis as used for the Lemmas 3.2 and 3.3 above. 
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 Now we shall prove an important property of the sets of functions         (   ) and         (   ) and show that they form a 

biorthogonal system. 

Theorem 3.1: For      
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where      is the Dirac-delta function. 
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Proof: Using (2.8), 
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The integral on the right hand side of (3.6) with a change of variable can be written as, [       ]    
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as required. 
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Proof: By (2.5), we have 
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as required 

 A similar result can also be proved involving          
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4. Series expansion:                   

 In this section we shall establish a series representation of the heat transform  (   )in terms of Laguerre polynomials and 

confluent hypergeometric functions.    

As mentioned earlier, for a suitable    its heat transform F is given by 
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due to (3.3). Hence the result. 
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giving us a representation involving Laguerre polynomial and confluent hypergeometric function. 

 If we set      i.e.         and      throughout most of the results derived here, reduce to known results given in [6] 

and [7]. Further, if we set      
 

 
  i.e.      the results coincide with those derived in [5]. 

Remarks:  

1. If we set   
 

 
 
 

 
     

 

 
 
 

 
    

 

 
    

 

 
 
 

 
  throughout this paper, then the results derived here reduce to known results 

given in [7] and thereby in [4] and [5]. 

2. If we set   
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    then results coincide with those derived in [8]. 
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