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1. Introduction

The problem of calculating the number of spanning trees on the graph G is an important, well- studied problem in graph theory.
Deriving formulas for different types of graphs can be prove to be helpful in identifying those graphs that contain the maximum
number of spanning trees. Such an investigation has practical consequences related to network. Thus for both theoretical and practical
consequences related to network. Thus for both theoretical and practical purpose, we interested to deriving formulas for the number of
spanning trees of a graph based on its time complexity in order to calculate the formula. Many cases have been examined depending
on the choice of G . It has been studied when G is labeled molecular graph [18], when G is a circulant graph [21], when G is a
complete multipartite graph [20], when G is a cubic cycle and quadruple cycle graph [20], when G is a threshold graph [11] and so
on. A spanning tree of G is a minimal connected subgraph of G that has the same vertex set as G . The number of spanning trees in
G , also called, the complexity of the graph, denoted by 7(G). A classical result of Kirchhoff [5], can be used to determine the

number of spanning trees for G = (V ,E). Lety ={v v v} then the Kirchhoff matrix H defined as N >N characteristic

.......

matrix H =D — A, where D is the diagonal matrix of the degrees of G and A is the adjacency matrix of G , H =[aij] defined

as follows: (i) cH —_1vy. and v, are adjacent and j # (i) a equals the degree of vertex y, if j =j ,and (iii) a =0
I I

otherwise. All of cofactors of H are equal to 7(G).

There are other methods for calculating (G ). Let, denote the eignvalues of H matrix of a p point graph. Then it is easily shown

A =d A Ay ,ﬂpfl are the eigenvalues of the corresponding adjacency matrix of the graph. However, for a few special

families of graphs there exist simple formulas that make it much easier to calculate and determine the number of corresponding
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spanning trees, especially when these numbers are very large. One of the first such results is due to Cayley [4] who showed that

complete graph on N vertices, K _ has n"2

N spanning trees that He showed z(K_ )=n""?,n>2. Another result,

T(Kp,q)= p?q®*, p,q =1, where Kog is the complete bipartite graph with bipartite sets containing p and g vertices,

respectively. It is well known, as in e.g., [9, 10]. Another result is due to Sedlacek [7] who derived a formula for the wheel on N +1

vertices, W, He showed that 7 (W )= (3+2"/§)” + (3_2*‘@)" —2, for N >3. Sedlacek [8] also later derived a formula for

the number of spanning trees in a Mobius ladder, M, z(M ) = %[(2+J§)" +(2_J§)” +2] for n > 2. Another class of graphs

for which an explicit formula has been derived is based on a prism. Boesch, et .al. [2, 3].
Now we introduce following lemma which describe a way to calculate the number of spanning trees by an extension of Kirchhoff

formula.

Lemma 1.1 [14] Let G be a graph with N vertices. Then
1 -
7(G)=—det(nl —D +A)
n

where A, D are the adjacency and degree matrices of G , the complement of G , respectively, and | isthe N xn unit matrix.

The advantage of these formula in Lemmal.1 is to express 7 (G ) directly as a determinant rather than in terms of cofactors as in

Kirchhoff theorem or eigenvalues as in Kelmans and Chelnokov formula.
2. Chebyshev Polynomial
In this section we introduce some relations concerning Chebyshev polynomials of the first and second kind which we use it in our

computations. We begin from their definitions, Yuanping, et. al. [22].

Let A, (x)be N XN matrix such that:

2x -1 0 L O
-1 O O O ™M

A, (x)=l 0 O O O o0
M O O O -1

0O L 0 -1 2x

where all other elements are zeros.

Further we recall that the Chebyshev polynomials of the first kind defined by:
T, (Xx)=cos(narccosx )

@)
The Chebyshev polynomials of the second kind are defined by:
B
It is easily verified that
U,x)-2xU,,(x)+U ,(x)=0 3)
It can then be shown from this recursion that by expanding det A (x) one gets
U, (x)=det(A,(x)), n=1 )

Furthermore by using standard methods for solving the recursion (3), one obtains the explicit formula
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1 2 _q\n+l _ _ 2 _q\n+l
Un(x)_r\/z__l[(x+\/x 1) (x =x2=1)""], n>1 -

where the identity is true for all complex X (exceptat X =21 where the function can be taken as the limit).

The definition of U _(x) easily yields its zeros and it can therefore be verified that
n-1 jﬂ'
U, (x)=2""T](x -cos-=) (6)
! n

One further notes that:

U n—l(_X) = (_1)”—1U n—1(X)

()
These two results yield another formula for U (x),
n-1 H
U, (x) =4"* ] J(x* —cos® J—ﬁ)
n (8)
Finally, simple manipulation of the above formula yields the following, which also will be extremely useful to us latter:
U, ( XLZ):ﬁ(x—Zcosm)
o " ©)
Furthermore one can show that:
U f(x):#n—T2 ]:;[14 (2x2-1)], (10)
" 2(1-x2) " 2(1-x?) "
and
Tn(x):%[(x D) (= —D)']
. (11)

Lemma 2.1 [15] Let B (X ) be nxn matrix such that:

x -1 o0 L L
-1 1+x O O o
5 |lo o o o o
D= o o o o
M o O O 1+x
o L L o -1
. 1+Xx
Then: det(B,(x))=(xx -DU (T)

Lemma 2.2 [16] Let C (X) be nxn matrix, N >3, X > 2 such that:

C.(x)=

Pggrox
mr00O0, o
rO0OO0O0O0 r
~OOO0O0O0OCF
oy O0O0O0T
xerzzghk
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Then:

det(C, (x) =(n+x ~2U ., ().

Lemma 2.3 [13] Let D (X) be N <N matrix, N >3, X >4 such that:

x 0 1 L 1 O
0 O O O O 1
10 O O O M
Dn(X):
MO O O O 1
1 0 O O O ©
0O 1. L 1 0 x
Then: det(D, (x)) = 2¢ N X~y g
X -3 2
Lemma 2.4 [17] Let E_(x)be nxn matrix, X > 2 such that:
x 1 L L L 1
1 0 O O O M
MO O O O M
E.(x)=
MO O O O M
MO O O O 1
1 L L L 1 x

Then
det(E,)=(X +n -1 (x —)"*.
We can generalize the above Lemma as follows:

Lemma25 Let A,B e F™ and F e F*™*" gych that:

A B L L L B
B (@) (@] (@) (@] M
E— M O (@] (@] (@) M
M O (@] (@] (@) M
M O (@] (@] (@] B
B L L L B A
Then: det F =[det(A —B)J* * det[A + (k —1)B].

Formula in Lemma 2.5 gives some sort of symmetry in some matrices which facilitates our calculation of determinants.

3. Number of Spanning Trees of Cartesian Product of Some Graphs

The Cartesian product, G, xG,, of two graphs G, and G,, is the simple graph with vertex set Vv (G,xG,)=V,»V,, and edge set
E (G,xG,) =[(E,»xV,)U(, xE,)] such that two vertices (u,,u,) and (v,,v,) are adjacent in G, xG, iff, either u, =v, and u, is

adjacenttov, in G, ,or u, isadjacenttov, in G, and u,=v, [6].

Theorem 3.1 For m >1, and n >2 , we have:
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T(Km ><F)n):n’]mz[ﬁ((rn +2+\’m2+4m)n —(m +2—\/m>n)]m—1.

Proof: Applying Lemma 1.1, we have:

(K, xPn)z;Zdet(mnl —D +A)
(mn)
m+1 O 1 L 1 0 1 L L 1
A B L B
0 m+2 O (e} M 10 O O M
1 B O O M
= > det A=l 1 O O o 1 ,B={MO O O M
(mn) MO O B
M (@] O m+2 0 MO O O 1
B L B A
mm 1 L 1 0 m+1) 1L L 10),
Using Lemma 2.5, we get:
(K, <P )= 1 —[det(A— B)]" '[det(A+ (M —1)B)]
(mn)
m+1 -1 0] L 0 m+1 m-1 m L m
1 -1 m+2 O (@] M m-1 m+2 O (@] M
=(mn)2(det 0 (@) @) @) 0 PD"'xdet] m @) e) @) m
M O O m+2 -1 M o O m+2 m-1
0 L 0 -1 m+1 m L m m-1 m+1
Using Lemma 2.1, we obtain:
1 m +2 m +2
(K, xP )=——(mU "xmn?=mm? —)"?
( m n ) (m n)2 ( n—l( 2 )) (LJn—l( 2 ))

=m""2[2n /m1+4m‘((m +2+m?+4m )" —(m +2—m?+am )]

Theorem 3.2 For m >1, and n >3, we have:

(K, xC, ):%[(m +2+m?+4m )" +(m +2—«fm2+4m )" =2,
m

Proof: Applying Lemma 1.1, we have:

1 _— —
(KA =<C = —— ——det(mnl — D + A
( m n) (mn)z ( )
m+2 0 1 L 1 0 0O 1 L L L 1
A B L B 0 O O O M 1 10 O O O M
_ 1 4l B O M Al 1T © O O O M 5_|MO O O 0o M
©(mn)? MO O B | M O o o o 1 “IMO O O O ™M
B L B A 1 O O O O 0 MO O O O 1
0 1 L 1 0 m+2 1L L L 1 o0

nxn nxn

Using Lemma 2.5, we get:
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1
(K, *xC,)= ()2 [det(A—B)]™ " [det(A+ (m—-1)B)]
m+2 -1 0 L 0 -1 m+2 m-1 m L m
-1 O O O O 0] m-—1 (@] O O O
_ 1 (det 0 O O O o Y det| ™ O O O O
(mn)? M O O O O 0 M (@] O O O
0 O O O O -1 m (@] O O (@]
-1 0O L 0O -1 m+2 m-—1 m L m m-1
m+3 O 1 L 1 (6]
(0] o O O o 1
1 o (@] o o M
__ 1 5 ( M_ get )™ < mn®.
(mn) n+m M o O O o 1
1 o O O o (0]
0 1 L 1 0 m+3
Using Lemma 2.3, we obtain :
1 m L 2™ (m+n)™?t m+2 o R
T(KmXCn):W(m)m x e [T, ( > )" xmn
=D omtr (12
m 2

:% [(M+2+m?+4m)"+(m+2—Jm? +4m )" —2"]
m

Theorem 3.3 Form >2, and N > 2, we have:
(K, <K, )=m"? n"? (m +n)™POD,

Proof: Applying Lemma 1.1, we have:

1

r(Kmen):—Zdet(mnl—B—n—K)
(mn)
m+n-1 O L L 0 0O 1 L
A B L B
0 O O O M 1 0 O
B O O M
=———det ; A= M O O O M [[B=MO O
(mn) MO O B
M O O O 0 MO O
B L B A
0 L L O m+n-1 1 L L
Using Lemma 2.5, we get:
(K, xK,)= 1 ~[det(A—B)]™ ' [det(A+ (m—1) B)]
(mn)
m+n-1 -1 L L -1 m+n-1 m-1 L L
1 -1 O O O M m-1 O O O
= > (det M O O O M )™ x det M O O O
mn
(mn) M O O O -1 M O O O
-1 L L -1 m+n-1 m-1 L L

Using Lemma 2.4, yields :

m+2

m-1

~ OO0
OszH
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1 n—1qm-1 n _Mn n n-1
7 (K Ky) = o I (meem) ™17 [(m=D)” S5 (P
:mmfZ I,.ln72 (m+n)(m71)(nfl).

4. Number of Spanning Trees of Tensor Product of Some Graphs

The tensor product, or Kronecher product, G, ®G,, of two graphs G, and G, is the simple graph with V (G, ®G,)=V,xV,
where (U, U,) and (v,,V,) areadjacentin G, ®G, iff U, isadjacenttoV, in G, and U, is adjacentto v, in, G, [12].

Theorem 4.1 For m > 2, and N > 2, we have:

r(k, ®p,)={M=D" MM=2) (1, fm-17 1) —(m-1+(m-1y 1)"*)]""

m 2(m-1)*-1

Proof: Applying Lemma 1.1, we get:

r(Km®Pn)=;2det(mnl—E_)+K)
(mn)
m 1 L L L 1 10 1 L L 1
A B L B 1 2m-1 O O O M 00 O O O M
1 B0O0M M O 0O O M S [t0 000 M
~ (mn)? MO O B| '~ |M O OO O M '~ |MO O O O 1
B L B A M O O O 2m-1 1 MO O O O 0
1 L L L 1 m) 1L L 1 0 1)
Using Lemma 2.5, we obtain:
(K, ®P,) = [det (A~ B)]" *[det (A+ (m—1)B)]
(mn)
m-1 1 0 L 0 2m-1 1 m L m
1 2m-2 O O M 1 3m-2 O O M
=( v (det| 0 (o] O ) 0 |[)™'xdet|] m o] o] 0 m
mn
M O O 2m-2 1 M O O 3m-2 1
0 L 0 1 m-1 m L m 1 2m-1

Straightforward induction using properties of Chebyshev polynomials. We have:

(K, ®P,) =~ [m(m-2)U, ,(m-D]"* [mn(m-1)"]
mn)

_m=DT e MM =2) g f(m D)7 1) (m L y(m D)7 1)" )]

m 2,J(m-1)* -1

Theorem 4.2 For m > 2, we have:

n(mT_l)H[(m ~1+f(m 1) -1)" +(m-1-f(m-1)-1)" +2]" % n =3,57,.......
n(%l)”’l[(m “1+ (M =1)7 1)+ (m -1- (M -1)7=1)"-2]"; n =4,6,8,.......

Proof: Applying Lemma 1.1, we get:

(K, ®C,)=
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2m-1 1 L L L 1 10 1L 1 0
A B L B 1 O O O O M 00O O O O 1
_ 1 4BOO M | M OOOO M 5_|1 © 0 0 0 M
~(mn)? MO O B 7] M O O O o M ""IMO O O O 1
B L B A _ M O O O O 1 MO O O O 0
1 L L L 1 2m-1) 01 L 1 0 1)
Using Lemma 2.5, we obtain:
1
7(K,®C,)= W[det(A— B)]™ *[det(A+ (m—1)B)]
2m—-2 1 0 L 0 1 3m—-2 1 m L m 1
1 O O O O 0 1 O O o o m
_ 12(det 0 O O O O M )7 det O O O O M
(mn) M O O O O 0 M O O O O m
0 O O O O 1 m O O O O 1
1 OL 0 1 2m-2 1 m L m 1 3m-2
Using Lemma 2.3. We get:
ﬁ (2[T.(Mm=1)+1])? (Mn(M=1)"*):; m>2,n=3,5,7,.......
mn
(K, ,®C,))= 1
o7 (2[T,(m-1)-1)?> (mn®*(m-1)""); m>2,n=4,6,8,........

Thus:

”(mﬁl)nfl[(m—1+«/(m—1)2 1) 4 (m-1-(M-1)2-1)"+2]"% m>2,n=35,7,......

7(K,®C,)=

n(mTDM[(m_“V(m_l)z_l)n+(m—1—\/(m—1)2—l)"—2]"”; m=2n=468,..
Theorem 4.3 For m > 2, and N > 2, we have:
T(Km ®Kn )=m m-2 n n-2 (n _1)m—1 (m _1)n—1 (m n—-m _n)(m—l)(n—l).

Proof: Applying Lemma 1.1, we get:

r(Km®Kn)=%det(mnl—5+5)
(mn)
(m-Hn-(m-2) 1 L L 1 1 0L L O
A B L B
1 0O 0O M 00 O O M
1 B OO M
= > det JA= M 0O 0O M ,B={fMO O O M
(mn) MO O B
M 0O 0O 1 MO O O 0
B L B A
1 L L 1 (m-Dn-(m-2)) oL L 01,
Using Lemma 2.5, we obtain:
(K,®K,)= #[det(A— B)]™ " [det(A+ (m—1)B)]

(mn)?
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(m-)(h-1) 1 L L 1 (m-Hn+1 1 L L 1
1 O O O M 1 O O O M
:ﬁ(det M O 0O M )™ x det M O 0 O M
(mn) M O O O 1 M O O O 1
1 L L 1 (m-1)(n-1 1 L L 1 (m-1)n+1
Using Lemma 2.4, we have :
(K, ®K, )= 1)2[((m—l)(n—1)+n—l)((m—1)(n—1)—l)"1]““1(n(m—1)+1+n—1)(n(m—1))nl
mn

=m m-2 n n—Z(n _1)m—1 (m _1) n-1 (m n—-m _n)(m—l)(n—l).

5. Number of Spanning Trees of Composition Product of Some Graphs

The composition, or lexicographic product, G, [G, ], of two graphs G, and G, is the simple graph with V,xV, as the vertex set in

which the vertices (U;,U,) and (V,,V,) are adjacent if either U, is adjacentto V, or U, =V, and U, isadjacentto V, in G, [12].

Theorem 5.1 For m >1, and N > 2 , we have:

(K. [P )=m"™2n"[ n+2 ’ (m- n+2 )n+2_,((m—1)n+2)2_1)n)]m
, n+2 2

Proof: Applying Lemma 1.1, we get:

(K [P1) = —~ _det(mnl — B + A)
(mn)
A B L B (m-)n+2 0 1 L 1 oL L L O
. 50 0 M 0 (m-)n+3 O 0 M MO O O M
(mn)zdetMOOB D A= 1 o o 0 1 ,B=[MO O 0 M
5L 8 A M 0 O (m-Dn+3 0 MO O O M
1 L 1 0 (m-Dn+2) oL L L O,
(M=Dn+2 0 1 L 1
0 (m-)n+3 O (0] M
:(mn)z(det 1 o} o} o} 1 )
M @) O (m-)n+3 0
1 L 1 0 (m-1)n+2
Using Lemma 2.2, we obtain:
m-1)n+2 m2 e m-1)n+2
(K, [R D)= oo (b, (B ooy, (R

n2 me2 1 (m 1n+2 m n+2 m -On+2 m 1)n+2
=m™ n"[ CEN ((
m-1)n+
\/() -1

Theorem 5.2 Form >1, and N > 3, we have:

_om" o m=Dn+2 [ (m-D)n+2., o (m=Dn+2 [ (m=D)n+2., o,
T(Km[Cn])_nz(m_l)m[( 5 +,/( > )"-1)"+(( > ﬂf( > )" -1)"-2

Proof: Applying Lemma 1.1, we get:




27146 S. N. Daoud/ Elixir Dis. Math. 74 (2014) 27137-27150

1 —
z(K,[C,]) =———det(mnl —D+ A)
(mn)
(Mm-Hn+3 0 1 L 1 0 OL L L L 0
A B L B 0 O 0 0O 1 MO O O O M
1 qBOO M 1 O 0 0O M g_|MO O 0 0 M
(mn)? MO O B| ' M O O O O 1 ""7IMO O O O M
B L B A 1 O 0 0O 0 MO O O O M
0 1L 1 0 (m-Jn+3) . oL L L L 0,
(m—Hn+3 0 1 L 1 0
0 O O o o 1
1 O O o o M
__1 ~ (det »
(mn) M O O o o 1
1 O O O o 0
0 1 L 1 0 (m-1n+3
Using Lemma 2.3. We get:
1 2m m-1)n+2 2" mm"2 m-1)n+2
F(K[C D= o (2T, (M2 gy S, A2y e
(mn) “nZ(m-1)
m™2 (m-1)n+2 \/ (m-1)n+2, W, (m=1)n+2 \/ (m-1)n+2_, 0 oam
= + -1)"+ - -1)"-2]".
2 (m—l)’“[( ( > ) -1)"+(( > ( > ) -1)"-2]

6. Number of Spanning Trees of Normal Product of Some Graphs

The normal product, or the strong product, G, oG, , of two graphs Gl and G2 is the simple graph with v (G, oG, ) =V, xv, where
(u,u,) and (v,,v,) are adjacent in G, oG, iff either u, =v, and u, isadjacenttov,, or u, isadjacentto v, and u, =Vv,, or u, is

adjacent to v, and u, is adjacent to v, [12].
Theorem 6.1 For m >1, and n > 2, we have:
T ( Km OPn ) — 22m—2 ><3(m—1) (n-2) <m mn—2-

Proof: Applying Lemma 1.1, we get:

(K, 0P)=—2__det(mnl — 5+ A)
(mn)
2m 0 1 L L 1 0 0 1 L L 1
A B L B 0O 3m O O O M 0O O OO M
__1 44/B© O M |1 O OO0 O Mo _|1 0 O 0 0 M
(mn)2 MO O B/ M O O O O 1| MO O O O 1
B L B A M O O O 3m O MO O O O O
1 L L 1 0 2m 1L L 1 0O
Using Lemma 2.5, we get:
7(K,0oPR,) = 1 ~[det(A— B)]™* [det(A+ (M —1)B)]
(mn)

2Zm O L L 0] 2Zm O m L m

0] 3m O (@) M 0 3m O (@) M

__1 ———(detf M O O O M|)™™ detf m O O O m

- (mn) M O O 3m O M O O 3m O

0] L L 0 2m m L m 0 2m
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_ 1 _ [(2m)2 (3m)n—2]m—1 =< mn n2 — 22m—2 ><3(m—1)(n—2) =< mmn—Z.

(mn)
Theorem 6.2 For m >1,and n >3, we have:
(K, 0C, )=3""Yxnmm?2,

Proof : Applying Lemma 1.1, we get:

1

(K, 0C,)=———>det(mnl — D+ A)
(mn)
3m 0 1 L 1 O 0 0 1 L L 1
A B L B 0 O O OO 1 00O O OO M
__1 BOO M |1 0O0O0O M 5|1 © 0 0 0 M
~ (mn)? MO O B "I MO O 0o 0o 1 ""7IMO O O O 1
B L B A . 1 0 O O O 0 MO O O O O
0O 1 L 1 0 3m) 1L L 1 0 0
Using Lemma 2.5, we obtain:
(K, oC,) = 1 > [det(A— B)]™ " [det(A+ (m—1)B)]
(mn)
3m O L L L (6] 3m O m L m (0]
0O O O O O M 0O O O O O m
M O O O O M| .. m O O O O M
= ——— (det ) =< det
(mn) M O O O O M M O O O O m
M O O O O (o] m O O O O o]
0} L L L O 3m 6] m L m O 3m
1

— ((Sm)n)mflxmn n3 — 3n(m71) <N mmnfz.

(mn)*

Theorem 6.3 For m >1, and N =2, we have:
(KoK )=7(K_ [K ])=(mn)""=2.

Proof: Applying Lemma 1.1, we get:

r(KmoKn)=z-(Km[Kn])=;2det(mnI—54—3\)
(mn)
mn O L L o oL L L O
A B L B
0O O O O M MO O O M
B O O M
= > det ;A= M O O O M ,B= MO O O ™M
(mn) MO O B
M O O O o MO O O M
B L B A
m<m O L L 0 mn/ oL L L o)
mn O L L o
1 (0] (@] o o M
= ~(detf] M O O O M|[)" =———= < (mMn)™ = (mn)™2.
(mn) (mn)
M O (@ (@] 0]
(0] L L o mn
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7. Number of spanning trees of Strong Sum of Graphs

The Strong, G, ®G, , of two graphs G, and G, is the simple graph with V (G, @G, )=V, »V, , where (u,,u,) and (v,,v,) are

adjacent in G, @G, iff u, isadjacenttov, in G, and either u, is adjacenttov, in G, or u, =v,[12].
Theorem 7.1 For m >1 and N > 2, we have:
T( K @ P ) — 2(m71)(n72) =< mmnfz
m n "

Proof: Applying Lemma 1.1, we get:

T(Km@Pn)Z;Zdet(mnl—S—l—Z\)
(mn)
m+1 O 1 L L 1 10 1 L L 1
A B L B 0 2m+1 O O O M 00O O O O M
_1tBOOM_A_1 O O o o M 5_|1 © 0 0 0 M
~ (mn)? MO O B| ' | M O O O O 1] ' |MO O O O 1
B L B A . M O O O 2m+1 © MO O O O 0
1 L L 1 0 2m) 1L L 1 0 1)
Using Lemma 2.5, we get:
(K, ®P,)= %[det(A— B)]™* [det(A+ (M —1)B)]
(mn)
m 0} L L 0 2m (0] m L m
1 0O 2m O (@) M (0] 3m O O M
:(mn)z(det M O O O M )™ detf m O O O m
M O O 2m O M O O 3m 0}
O L L 0] m m L m 0} 2m
— 1 [m2 (Zm)nfz]mfl>< mn r.|2 — 2(mfl)(n72) = mmnfz.
(mn)?®
Theorem 7.2 For m >1and N >3, we have:
__ o»(m-1)n mn—2
(K, ,®C,)=2 xnm :
Proof: Applying Lemma 1.1, we get:
1
z-(KmG—)Cn):( )Zdet(mnl—D+A)
N
2m+1 0 1 L 1 0 10 1 L 1 0
A B L B 0 O O O O 1 00O O O O 1
_ 1 el B © mM | 1 O0O0OO0O M g_|1 © 0 0 0 M
© (mn)? MO O B 77l M o0 o o o 1 "7 IMO O O O 1
B L B A 1 O O O O 0 10 O O O 0
0 1L 1 0 2m+1) 0o 1 L 1 0 1)
Using Lemma 2.5, we get:
1

[det(A— B)]™ " [det(A-+ (m —1)B)]

7(K,@C,) = s
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2m O L L L 0} 3m O m L m (6]
0O O O O O M 0O O O O O m
~ @ Mo o oo M Mo oo o m
M O O O O o] m O O O O 0
(e} L L L O 2m (0} m L m O 3m
1 n(m-1) n 3 (m-1)n mn—2
ZW (2m) xm" n®>=2 <X nnm .
mn
Theorem 7.3 For m, n > 2, we have:
1
(K,®K,)=—= (n(Mm=-1)"™Y (n(m-1)+m)".
(mn)
Proof: Applying Lemma 1.1, we get:
z-(KmG—)Kn):;Zdet(mnl—IS—kﬂ)
(mn)
A B L B nim-)+1 0 L L 0 1 0L L O
1 B O O M 0 O O O M 00O O O ™
B L B A M O O O 0 MO O O O
mm 0 L L 0 nm-1)+1) oL L o0 1)
Using Lemma 2.5, we get:
(K, ®C,) =7 1 Sz [det(A— B)I" [det(A + (M —~DB)]
mn
n(m-1) 0 L L 0 n(m-1)+m O L L 0
1 0 O O O M 0 O O O M
=——(det M O O O M |)™* det M O O O M
(mn)?
M O O O 0 M O O O 0
0 L L 0 n(m-=-1 0 L L 0 nm=-DD+m
1 n(m-1) n

8. Conclusion

The number of spanning trees 7(G ) in graphs (networks) is an important invariant. The evaluation of this number is not only
interesting from a mathematical (computational) perspective, but also, it is an important measure of reliability of a network and
designing electrical circuits. Some computationally hard problems such as the travelling salesman problem can be solved

approximately by using spanning trees. Due to the high dependence of the network design and reliability on the graph theory we

introduced the above important theorems and their proofs.
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