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Introduction
Let D be the open unit disk in the complex plane and denote Lebesgue measure on D by dA, normalized so that A(D) = 1. The

Hardy space HP is the space of functions f that are analytic on D and satisfy

2n p
1612 =im = [ lere®)| de < oo
HP T r-1- 21 0 ’

and the Bergman space AP consists of those analytic functions such that

1615 = [ 1f1PaA <o
D

Let ¢ : D — D be an analytic self-map of D. It is a well known consequence of Littlewood’s subordination principle [1], [2] that
¢ induces through composition a bounded linear operator on the classic hardy and Bergman spaces (see for example [3], [4] , [5] .[6]
or [7]. That is, if we define C, by C, () =1 o ¢, then

C,: H" 5 H' andC: A’ A" are bounded operators. Such operators are called composition operators.

The open unit ball in n- dimensional complex Euclidean Spaces

C" =C xC xL xC isthesetB,={zeC":|z]<1}.

The space of holomorphic functions in B, will be denoted by H (B,,). Let dv be Lebesque volume measure on B, , normalized so
that v (B,) =1. Forany ¢ >-1 welet dv, (z)=C_(1- z|? ) dv (z),Where C,, is a positive constant chosen so that v, (B,) = 1. The

Weighted Bergman space AP , where p > 0, consists of functions f € H (B;) such that [ 1f@)|Pdvy(z) < o
Bn a

The space A% is a Hilbert space with inner product (£,g) = [. £(2)g(@)dvy(z) Every holomorphic ¢ : B, — B, induces a
] Bl‘l o

composition operator
C,:H(Bn) —» H(Bn) namely, C, f =fo ¢ .Whenn =1, itis well known that C is always bounded on AP ; and C, is compact
on A‘; if and only if

lim 1-1z2 =0
1-]¢(2)|?

See[8], [91.[10] and [11].  |Z| >

When n > 1, not every composition operator is bounded on AP .
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Theorem1.1. Suppose p > 0and o > —1 . If the composition operator C_ is bounded on Al[; forsome g>0and -1<f < &,

then C, is compact on AP if and only if

lim 1-1z2 =0 Q)
1-|e(@)|?

Theorem1.2. Let 0 < p < g and suppose ¢ is an analytic self-map of D. Then
a) C,; A" A" is bounded if and only if

N, 2 (W) = O ([log (UMWDI**®) (W] — 1);

b)C,: A°- H® isbounded if and only if

N, .1 (W) = O ([log (UMWDI**®) (W] — 1);

¢) C,: H— A" is bounded if and only if

N, 2 (W) = O ([log (UMWDI™)  (w| - 1);

Theorem1.3. [R, Theorem IV.3 and Theorem IV.4]. Let 0 < p < ¢ and suppose ¢ is an analytic self-map of D. Then C :

bounded if and only if
N, 1 (W) =0 ([log (UMWD]™) (W] - 1),
and moreover C is compact if and only if
N, 1 (W) = O ([log (1/|w])*") (Wl — 1).
Corollaryl.4. Letyy > 2 and suppose ¢ is an analytic self-map of D. Then the following are equivalent.
a) There exists p >0 suchthat C,: H’— H" is bounded;
b) C,: H’— H"™ isbounded for all p > 0;
c) There exists p >0 suchthat C: A’ H"™ is bounded;
d) C,: AP— H™? is bounded for all p > 0.
Moreover, these four statements remain equipment when “bounded” is replaced by “compact”
Corollaryl.5. Let > 1and suppose ¢ is an analytic self-map of D. Then the following are equivalent.
a) There exists p >0 such that C, : A’ H" is bounded;
b) C,: A°— A" is bounded for all p > 0;
c) There exists p >0 suchthat C : H°— A*” is bounded;
d) C,: H’— A" is bounded for all p > 0.
Moreover, these four statements remain equipment when “bounded” is replaced by “compact” .

Corollaryl.6. Lety > 1 and suppose¢ is an analytic self-map of D.

HP HY is

If C,: H— H" is bounded for some (and hence all) p > 0, then C, : A’ A" is bounded for all p > 0 . Moreover, this

remains true when “bounded” is replaced by “compact”.

Background

Definition2.1 We introduce a family of weighted Bergman type spaces that allows us to handle the classical Bergman and Hardy

spaces in a unified manner.

For o >-1 define the measure dA, on D by dA, (w) = [log (1/|w[)]*dA (w).

For 0<p<o and o >-1 we define the weighted Bergman space AP to be those functions f analytic on D and satisfying.

1615 = | IFG)IPAALw) < o
« D
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In this definition, the measure dA_, can be replaced by the measure (1 - |w|)* dA(w), as in [3], [12] and [13] . This result in the
same space of functions and an equivalent norm, since (1 - |w|)*and [log (1/|w|)]* are comparable for Y2 < |w| < 1, and the singularity
of dA,, at the origin is integrable.

Definition2.2 Let dA (z) be the area measure on D normalized so that area of D

is 1. For each g€ (-1,00) , we set dA (2)= (o+1) (1 - lz))®)*dA(z), z € D.

Then dA,, is a probability measure on D. For 0 < p < o0 the weighted Bergman space AP is defined as

1/p
AG = if € HD): [Ifl] , = (f |f(z)|PdAa(z)> < oo}.
« D

Note that ||f||Ap isatrue normonly if 1 <p <o andin this case AP is a Branch space.
a

Definition2.3 For any ¢ > 0, the space A consists of Analytic functions f in D such that ||f||,-« = sup{(1 — |z|*)%|f(z)|:z €
D} < oo,

Each A is a non-separable Branch space with the norm defined above and contains all bounded analytic functions on D. The
closure in A of the set of polynomials will be denoted by Ag* , which is a separable Banach space and consists of exactly those
functions f in A" with

lim (1 - |z»)%f(z)| =0
z—>1-

For general background on weighted Berman spaces AP and Bergman type spaces, A and Ag* , one may consult [14] and [15]
and the references therein.

Lemma2.4. If 0<p<w,then

1615, ~ IEOI7 + [ 101718 () PdA gz (W)
a D

Here the symbol “~” means that the left hand side is bounded above and below by constant multiples of the right hand side, where
the constants are positive and independent of f.

Proposition 2.5. Let ¢ be an analytic self-map of D and let f be analytic on D. Then, for a > -1, |Ifoe|l, =~ |f(@(0))" +

Jp IEIP21E' 1PN iz A
Lemma2.6. Let 0<p<o and a>-1. If f € AP and w € D, then

| f(w)| < C ~@r2)

€1l (1 — 1w
Lemma2.7. Suppose p >0 and ¢ > -1 . Then the following conditions are equivalent for any positive Borel measure , on B, .

(i) pis a Carleson measure for AP , that is, there exists a constant C > 0 such that

[y, EPdn < C [, If@Pay,  foral feag

(if) For some (or each) R > 0 there exists a constant C > 0 (depending on R and & but independent of a) such that

u (D (@R))<Cv, (D@&R))

For all a € B, where D (a,R) is the Bergman metric ball at a with radius R.

Proof. See [14] for example.
Corollary 2.8. Suppose p>0, q>0 ,and ¢ >-1. Then C, is compact on A? ifand only if C_ is compacton A? .

We need two more technical lemmas. The first of which is called Schur’s test and concerns the boundedness of integral

operators on L” spaces. Thus we consider a measure space (X ,u ) and an integral operator

TX) = [y Hx)Iduy), )



26809 Elhadi Elnour Elniel and M. E. Hassan/ Elixir Appl. Math. 74 (2014) 26806-26820

Where H is a nonnegative measerable function on X x X.

Lemma 2.9. Suppose there exist a positive measurable function h on X such that

Lﬂaym@mmwscmv

for almost all x and

fx H(x, y)h(x)dp(x) < Ch(y)

for almost all y , where C is a positive constant. Then the integral operator T defined in (2) is bounded on L? (X ,du). Moreover, the
norm of T on L2 (X ,dp) is less than or equal to the constant C.
proof. See [16], [17]and [18].

Lemma 2.10. Suppose ¢ > -1 and t > 0. Then there exists a constant C > 0 such that

[ dve (W) c forall ze B,
B |1_(Z'w)|n+1+a+t - (1—|Z|2)t

Proof. See [2].
Theorem 2.11. Suppose p >0, ¢ > -1 and t > 0. Then the composition operator C_ is bounded on AP if and only if

W) [ e <o ®

2<Bn Bn [1—(ap(0)[ "1 et

Proof. It follows from Lemma2.10 that the boundedness of C, on AP implies condition (3).

Next we assume that condition (3) holds. Then by the change of variables formula there exists a constant C > 0 such that
(L-faf) Bou®  <C

Bn |1—(a,z)|“+1+“+t
For all a € B, . For any fixed positive radius R we have

(1-[af*)’ dpo® < C
D(a,R) |1_<alz)|n+1+u+t

forall a € B, . Itis well known that
11— (a,z)|~1~—|a?
for z € D (a,R), and it is also well known that

(1—|a)™*1** ~ v(D(a,R));

see [14]. It follows that there exists another positive constant C (independent of a) such that

pa(D(@ R)) < Cvy(D(a R))

for all a € B,. By Lemma 2.7, the measure is Carleson for AP and so the composition operator C, is bounded on AP .

He,a
Theorem 2.12. Suppose p>0,q>-1,and t>0. Then C_iscompacton AP ifand only if
lim (1-af)" [ dva(2) =0 @)

Bn |1—((x,(p(z))|"+1+“+t

lal -

Necessary and Sufficient Conditions for Bounded

In this section we justify Necessary and sufficient conditions for C_ : AI(Ja+1)2 - A?B+1)2 to be bounded(see [2]and [10]).

For any holomorphic ¢ : B, — B, we can define a positive Borel measure i, (,+1), 0n By as follows. Given a Borel set E in B,, ,

we set

@ ot (E):Va"' ( 71(E)):C(p,“ . (1_
Ho.(at1) 2 ()2 \O oM (E) |(Z)|2)(“+1)2dv(z) .
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Obviously, p,(,+1), is the pullback measure of dv(,.1), under the map ¢ . Therefore, we have the following change of variables
formula: _ ,
[T @0 = [Tdu, .
Bn Bn

Where f is either nonnegative or belongs to L' (B, A (a+1) 2 )-

A sufficient condition for C(p : A?

q
w2 = A(B+1)zt0 be bounded

Theorem3.1. Let 0 <p < q suppose ¢ is an analytic self-map of D satisfying.
N(psnz42 W) = O ([log (U] 2729%) — (w] 1),

- 4P q i
Then C,: Al 2 Ay 18 bounded .
Proof.
By the Closed Graph Theorem, it suffices to show that C_ (f ) e A?[Hl)z if
p
fe A(a+1)2 '
» .
Let f € A(a+1)2 . Then, by Proposition 2.5,
Ifo@ld = IF@O)I+ [ 1721 Nz, dA
(a+1)2 D

anditisclearthatC (f ) e A?BH)Z if and only if there is re (0,1) such that

f |f |‘1‘2|f’|2N(L,,+1)zJr2 dA < oo,
D\rD
By our hypothesis on the growth of N(p+1)2+2 there is a constant K < o0 and

ro € (0,1) such that

Nps1y2e2 (W) < K (log (Lw]) ™ 2729w ep\roD

Using this and the growth estimate for | f | from Lemma 2.6,

f I 1921 12N da <
D\T()D

B+1) +2
2

(oD 2 +2)a/p(W).
(p-q)| (a+1) +2
dA

CKIFIG oo o FORIP2LF W) (L — [wl)

(a+1)2
We may assume ro > ¥, so that log (1/|w]) < 2(1 - |w|). Using this estimate in our upper bound above, we see that

Joregn IF 1972 1F 1PN dA
(B+1) +2
2

S CIFIGY ool W21 )2 dateez (W)
(a+1)

< CIf 1%

(a+1)2
which completes the proof.
Theorem3.2. Let0<qg < pand suppose ¢ is an analytic self-map of D satisfying.
Npi1y242 (W) = O ([log (1/|w)]") (Iwl — 1),

for some
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<(a+1)2 +1>q+p

n > P
Then
. 14 q
C‘P ’ A(a+1)2 - A(s+1)2
is bounded.
Proof.

Let f € 47 . As in the proof of Theorem 3.1, it suffices to show that f ¢ (f) € 47 and for this it suffices to show there is
(a+1)? ¢ B+1)?

r e (0,1) such that

f I 1921 12N dA < o,
D\rD B+1)  +2
2

By our hypothesis on the growth of N(p+1)2 there is a constant K < o0 and

+2'
ro € (0,1) such that
Ns1)242 (W) < K (log (2/|w)™, W eD\ryD

where

<(a+1)2 +1>q+p

p
Now, (a+1)2+1>0andso ny>1.Thus, by Lemma 2.4, it suffices to show that

n >

[ ironrea - wraam < o
D\roD

By Hoélder’s inequality, this integral is bounded by
(p-a/p

o g (ot1) q p
(L [If(w)l"(l—le)(““’zq/"]p/q) jD [(A—w)"™*" 27 Jp-adA(w)

The first factor is bounded by || £ ||Z,, and so is finite, while the second factor is finite because the assumed lower bound for r
(a+1)2

is equivalent to the exponent in the integral being strictly greater than -1. Thus the proof is complete.

o . p q
A necessary condition for C,, Aliryz > A1z to be bounded

Lemma3.3. [5, Corollary 6,7]. Let y be an analytic self-map of D and lety > 1. If y (0) O and 0 <r <|y (0)], then

1
N,,(0)<— | N,dA
r rD

The next lemma shows how the counting functions transform under composition.
The case y = 1 of this lemma can be found in [5].

Lemma3.4. Let y be an analytic self-map of D let ¢, € D and let

( ) < a—w
9aW) =1 aw
By the Mdbius self-map of D that interchanges 0 and a. Then

(N\y,y)o 0, = NGaO\V,’\/.

Theorem3.5. suppose that ¢ is an analytic self-map of D that induces a bounded composition operator C, : A’(’ a2 A?ﬁ+1)2 .
(04

Then
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N(psnz42 W) = O ((log (Lw]) =D 2729%) (| — 1),
Proof: By Proposition 2.5, there is a constant C; such that
CollCo (D [I30 2 | KWK QW) PN g 12, (W) AA (W)

(B+1)2
— /)
- , |a|2 (1 _ |a|2) (1) 2 +2)alp f N(ﬁ+1)2+2(W) dA(W)
4((a+1) +2) D
p? |1-aw|ZH2(Cr D) +Da/p
— 2 2 1 2)q/p-2 ’ 2
= o - ZE N0 o (w)] *OAMW)
4((a+1) +2) D
p?

|1—éw|2((°‘+1) 5 +2)q/p-2

= , |a|2 (1 _ lalz) ((atD) 2 +2)alp-2 f N(ﬁ+1)2+2(o‘a(z)) dA(Z)
4((a+l) +2) D

p?

|1—éaa(z)|2((°‘+1) 5 +2)q/p-2
Here g, = 0,1 is the Mdbius self-map of D that interchanges 0 and a, as in Lemma 3.4 and the change of variable z = g, (W)

was made in the last line. Now,

1 [1-az] 1 1 1
- = > — Jzl = 5
[1-30,(2)] 1-—|a*>” 21-]al? 2
and so
C1|C, (ka) |17 >
ST 2_<(a+n >/
4

((a+1) +2)2|al?
5 f%n N@psn2ez (04(2))dA(2) .
p2(1_|a|2)((a+1) 5 +2)q/p

We now apply first Lemma 3.4, then Lemma 3.3 and then Lemma 3.4 again to see, provided that &, o ¢ (0) > %, the integral in
the line above is at least
i N(B+1)2+2~ cao@(0)= i N(B+1)2+2 (@)

Since o, o ¢ (0) > % if |a| is sufficiently close to 1, this provides the estimate that

Ngi10242 (@) <C1|C, (Ka) |2 (1- Jafp)(@+) 2 +29p ()
(B+1)%+2 [1C, (Ka HA‘(IBH)Z @) 42 Ja/pt
4 p?

((a+1)  +2)2]al?
2

For all such a. Since ||kg|| ,» ~1 and log (1/fa]) is comparable to (1-]a") for % < |a| < 1, the assumption that C, is
(a+1)2

bounded provides the asserted bound for Np+1)2+2 and the proof is complete.

As noted at the beginning of this section, the necessary condition in Theorem 3.5 for C to be pounded agrees with the
sufficient condition from Theorem 3.1 that holds for g > p, and so the following corollary results.
Corollary3.6. Let 0 <p < q and let ¢ be an analytic self-map of D. Then

. p q
C<° ’ A(a+1)2 - A(p+1)2
is bounded if and only if

N(pe1y2s2 (W) = O ((log (Uw) =2 729%) (|  1).

Compatness of C,,
A bounded linear operator T from a Branch space X to a Branch space Y is said to be compact provided the closure of T (B)
is a compact subset of Y, where B is the unit ball of X. Equivalently, T is compact if and only if some subsequence of {T (x,)}

converges in Y, whenever {x,} is a bounded sequence in X.
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Our goal here is to characterize those analytic functions ¢ : D — D that induce bounded composition operators from one higher
order weighted Bergman to another such spaces (see [2]and [4]).

Theorem4.1. Let0<p <qand letp be an an analytic self-map of D . Then

Co Ay = A

(at+1 (B+1)?2
is compact if and only if
Ngsnyze2 (W) = O ((log (Uw]) @ 2729 (w] - 1).
Proof. We first show that C is compact, assuming that Np+1)2+2 satisfying the given growth condition. Let ||f,,|| » <1

(a+1)2

for n > 1. We must show that {f; o ¢} has a subsequence that converges in A?ﬁ+1)2 . By Lemma 2.6, the f,, are uniformly bounded on

compact subsets of D, and hence { f, } is a normal family there. Thus there is a subsequence, which for simplicity we continue to

denote by { f, }, that converges uniformly on compact subsets of D to an analytic function f. Now, for each r e (0,1),
-2 g1 |2 T 21 g1 12
frl) | f lp |f nl dA(a+1) 2+27 lim frD | fﬂlp |f nl dA(u*'l) 2 t2

n—o
<limsup C||fnll,p _<C,
(a+1)2
n—oo
by Lemma 2.4. It follows that f € AZHI)Z ,and so fog € A7 by Theorem 3.1. To complete the proof, it suffices to show

(B+1)
2

[|fno@ — fool| a > 0as n— .
(B+1)?

To establish this, note that from Proposition 2.5 it suffices to show that
| T (@ (0))- T (@ (0))F° + [, fom F I —F 1 Nigynyze A

-2| g1 2
+fD\rD| fo— 1 |fn Al N(L’v+1)2+2dA (6)

can be made arbitrarily small by choosing n large. For any fixed r € (0,1), the uniform convergence of f, to f on compact subsets of D
shows that the first two terms in the display above converge to 0 as n — oo . Thus it suffices to show that the third term in (6) tends to

zero, uniformly of n, asr — 0. To this end, let ¢ > 0, and note that by hypothesis we can choose r € (0,1) so that

q-2| g1 112 a-2| g1 2
foveo | fo =1, - F N(B+1)2+2dA£8fD\TD| fo— T2 — £ dAGe1 5 200 -

We are now in exactly the same situation that occurred at the end of the proof of Theorem 3.1. Without providing all the details

from that proof, the bound for [f, — f | from Lemma 2.6 leads to the estimate

f.—fI"f — f°N dA <& C|If,— |12
Jpp | T T =T NG 242 I ”A?s+1>2

P q

<e C(IIfl AT, 1 +1)%,

Since ¢ > 0 was arbitrary , C, is compact and the first part of the proof is complete.

We now finish the proof by assuming that C, is compact and proving that Ngp+1)2+2 satisfies the stated growth conditions. For a

€ D, let K; be as defined in ¢ 3,

2
Ke(W) = (1-fap) 2
a - 2
(1_§w)2((a+l) +2)lp
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and recall that ||k ~ 1. Let {a,} c D satisfy | a, | »1 as n — . From the definition of k,, it is clear that this implies

a”Al(’a+1)2
k. (z) converges uninformly to 0 on compact subsets of D as n — «. Hence the zero element of A?‘m)z is the only possible limit
a,

point of { kan (z)og }. The compactness of C therefore yields that

lim|| Co(ko)ll g2 =0

B+1)
la| > 1
The required growth condition for Nps1)242 is an immediate consequence of this and (5), the bound for N(B+1)z+2that was

derived in the proof of theorem 3.5, and the proof is complete.
Theorem4.2. Let 0 < q<p and suppose @ is an analytic self-map of D satisfying the conditions of Theorem 3.3. Then
. p q i

C,: Ay Al S compact.
Applications of Compactness on the higher order weighted Bergman spaces and Hardy spaces
We show the conditions that a composition operators C¢ is compact on the higher order weighted Bergman spaces and Hardy spaces
of the open unit ball in ¢ n (see [18] and [19] .
Applications of Compactness on the higher order weighted Bergman spaces

Theorem 5.1. Suppose p >0 and (o+1) 2 +1> 0. If C is bounded on A?[Hl)z forsome q>0and -1 <(p+1)2 <(at+l)2,thenC,

. v . .
is compact on A(a+1)2 if and only if

lim 1-1z% =0 @
1-|p(2)|?

lz] - 1-
Proof. According to Corollary 2.8, we may assume that p=2.

The normalized reproducing kernels of A?a+1)2 are given by

((u+1) +n+1)/2
2
_ a-z®

k,(w) =

|1—(w,z)|(“+1) +n+1
2

Each k, is a unit vector in A?a+1)2 and it is clear that

limk,(w)=0 weB, lz| > 1-

Furthermore, the coverage is uniform when w is restricted to any compact subset of B,. A standard computation shows that

J- |C,k,|*d < 1-z|? )(a+1)2+n+1
v =|l—
e R C e PTeo T
2

n

) . . ) N .
So the compactness of C  on ,4(0‘“)2 (which is the same as the compactness of C;, on A(a+1)2) implies condition (7).

We proceed to show that condition (7) implies the compactness of C, on A?a+1)2 , provided that C_ is bounded on Agp+1)2 for some

B+ 1?2 el (a+1)?).
An easy computation shows that the operator

‘. a2 2
CoCoi Ayi1y2 = Agin)?

admits the following integral representation:
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fWdv  , 1y2W)

®)

, f € A®

A—~(p(2),0(w)))(@+D) ) +n+1, (a+1) ,

C(pC:;)f(Z) = an

We will actually prove the compactness of C,,C;, on A?(x which is equivalent to the compactness of €, on A?a+1)2' In fact,

+1)2°

our arguments will prove the compactness of the following integral operator on L* (B, dv . q)2):

fWdv 2w ©)

Tf@) = Jj,
1—(p(2).pw)))(e+D) ) +n+1

Forany r € (0,1) let X, denote the characteristic function of the set {z € C": r < |z| < 1}. Consider the following integral operator on L?

(Bny dV(a+1)2):

T,f(2) = [, Ho(z,w)fW)dv e, 12(W), (10)
where
H.(z,w) = 1 Dty W)

1—~{p(2),pw))) (@D ) +n+1

is a nonnegative integral kernel. We are going to estimate the norm of T, on L? (B,, d”(a+1)2) in terms of the quantity.

M, =sup _1-|z?
1-1¢(2)|?
r<izl<1

We do this with the help of Schur’s test.
Let (a + 1)% = (B + 1)? +o, where g > 0, and consider the function
h(z) = (1 - |z|*)™°, z€B,
We have
H.(z, w)h(w)dv(aﬂ)z (w)

By

Cc c
(a+1) X (Z)X,. w) d”(|3+1)2 (w) < _(at1) Xr (2) dv(3+1)2 w)

D™ 1 (@), p(w))) D , Tmrort FE (1 (@), p(w)) D p ot

By the boundedness of C,, on A?B+1)2 , there exists a constant C, > 0, independent of r and z , such that

dv(B+1)2 (W)

H,.(Z, W)h(W)dv(cH.l)Z (W) < CIXT(Z)
B, Bn _ 1 1
|1 <(P(z)'w)|(ﬁ+ )2 +n+c+

We apply Lemma 2.10 to find another positive constant C, , independent of r and z, such that

Cyx,.(2)
H,.(z,w)h(W)dv 4,2 (W) < ﬂ—?(pw

Bn

" 1@ (22) )

1-lg(2)|?

< C,M°h(z)

For all z € B,.. By the symmetry of H (z,w) e also have
r )

H,(z, w)h(z)dv(aﬂ)z(z) < C;M?Zh(w)

Bn
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for all w e B,. It follows from Lemma 2.9 that the operator T, is bounded on L2 (Bn, dv(a+1)z) and the norm of T, on L2
(Bn, dv 4,4y2) does not exceed the constant ¢, M7.
Now fix some r € (0,1) and fix a bounded sequence {fi} in A?a+1)2 that converges to O uniformly on every compact subset of

B,. In particular, {f,} converges uniformly to 0 on |z| < r. We use (8) to write

C,Cofk(2) = Fy(2) + Gy(2), z € By,

where
Fo(2) = f k(W)dV(a+1)2 (w) ‘
wisr (1 — (p(2), p(w)))@+D , T
and
6, (2) = % W) f W)dv g, 12(W)

(1~ (p(@), pw)))(arD) 41
Since { f,(w) } converges to 0 uniformly for |w| <r, we have

e (@ dv g, 12(2) =°
k— o
For any fixed z € B, , the weak convergence of {f,} to 0 in L® (B,, d"(a+1)2) implies that Gy (z) — 0 as k — « . In fact, by
splitting the ball into |z| < § and
8 <|z| <1, itis easy to show that
lim G(z) =0

k— o

uniformly for z in any compact subset of B,,.
It follows from the definition of T, that

f [ Sf |Gk|2dv(a+1)2+f T, (If kD12 dv g 1y2-
B, |z|sr Bn

Since {f} is bounded in L? (B, dv(a+1)z), and since the norm of the operator T,on L? (B, dv(u+1)2) does not exceed C,M¢

we can find a constant C; > 0, independent of rand k, such that

ITe(1fiD 1AV g, g2 < CME°
Bn

for all k. Combining this with

m Siger 162 AV g 1y2(2) 0

we obtain kK— o0

limsu
P Jg, 1Gk|? @V g sy < CsME°.
k—> o

This along with the estimates for Fy in the previous paragraph gives
MSUP [ |CyCofic 2V gy qy2 < C;ME°
k— o
Since r is arbitrary and M, — 0 as r — 1- (which is equivalent to the condition in (7)), we conclude that

lim |C,Cofi|? < dvg,,y2 = 0.
k—> o
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So C,, is compact on A?(x+1)2 , and the proof of the theorem is complete.

Applications of Compactness on the Hardy spaces
Theorem5.2. Suppose p >0 . If C, is bounded on o for some g >0, then C is compact on p if and only if lim

1-1z2 =0
1-|9(2)|?

lz] —» 1-

Proof. According to Corollary 2.8, we may assume that p=2.

The normalized reproducing kernels of | 2 are given by

_ 2\(n+1)/2
ke, (8) =
[1—(re ,z)|nt+1
i0
Each k, is a unit vector in and it is clear that
H 2

lim =0 w e B,
k,|re
i0

|zl >
Furthermore, the coverage is uniform when @ is restricted to any compact subset of B,. A standard computation shows that

IJ C.k,|do = 1-lz \"™
2n ), GO =TT

So the compactness of C on py 2 (which is the same as the compactness of €7, on 1 2) implies condition (7).

We proceed to show that condition (7) implies the compactness of C on p 2 , provided that C is bounded on |y a . An easy

computation shows that the operator

C,Cor -
: I . H?Z H?
admits the following integral representation:
( > (11)
flre de
N 1 i6
C(pcq)f(z) = ;an ’ f € )
(-to@pe )" H

I
We will actually prove the compactness of €, C;, on (2 , which is equivalent to the compactness of €, on py 2. In fact, our

arguments will prove the compactness of the following integral operator on L? (B,,, d@):

(12)

f<re_ )de
Tf@) ==, -
A—~(p(2).p(re 0 mnt
For any r € (0,1) let X, denote the characteristic function of the set {z € C": r < |z| < 1}. Consider the following integral operator on L?
(Bn, dO):

=it (are, )1 re oo ©
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where

H, (Z, re ) _ Xr(z)xr(rew)
i0
(1—(p(2).p(re ) mnl

I
is a nonnegative integral kernel. We are going to estimate the norm of T, on L? (B,, d®) in terms of the quantity.

M,=sup 1-z?
1-|o(@)?
r<izl<1

We do this with the help of Schur’s test.
Let 5 > 0, and consider the function

h(z) = (1 - |zI»)™° z€B,

We have ( )
xr(z)xr re de
io
Js Hr<z,re )h(re )dBSC Js :
n i0 i0 n

A-(p@gtre et
1

A (z)de

<cf,

(1—~(p@).0(re , ymntott

I
By the boundedness of €, on | a , there exists a constant C, > 0, independent of r and z , such that

de
f H, (z,re )h(re )de < Cyx,(2)
j: io io

Bn11 —(@(2),re ) [ntott
ig

We apply Lemma 2.10 to find another positive constant C, , independent of r and z, such that

1 Cyy,(2)
), HTG’”m)"(rem)des(1—|<p(z>|2)<f

)a h(z)

1—-|z|?

€2, (2) (1—|zp(z)|2
< C,M?h(z)

For all z € B,.. By the symmetry of (z reie) , We also have
r )

1

— Hr<z,re )h(z)dGSCzM‘r’h(re )
2m g i0 i0

for all € B,. It follows from Lemma 2.9 that the operator T, is bounded on L2 (Bn, dB) and the norm of T, on L2 (Bn, dO)
re

ig
does not exceed the constant C, M?.

Now fix some r € (0,1) and fix a bounded sequence {fi} in that converges to 0 uniformly on every compact subset of B,

2
In particular, {f} converges uniformly to 0 on |z| < r. We use (11ﬂ0 write
CoCofk(2) = Fi(2) + Gi(2), z € B,,

where

)

X fl fk<rem>d9

F(z) = —
e 54— 0@, pre

and

yn <re_ )fk(re_ )de
ig ig

G, (2) = 1 f
i _
2 Bn 1- ((p(z),(,o(reig)))"+1
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Since { ) } converges to 0 uniformly for | | <1, we have
fr(re e

i6 i0
i 1 =
MLy fu(@Pde =0
For any fixed z € B, , the weak convergence of {f} to 0in L® (B, d@) implies that G, (z) —» 0 as k —» oo . In fact, by splitting
the ball into |z| < & and K— oo
8 <|z| < 1, itis easy to show that
lim G(z)=0
k— o
uniformly for z in any compact subset of B,,.
It follows from the definition of T, that

|Gy|?d8 < f 1G|?d8 + | [T (Ifi])I*d6.
By |z|<r By
Since {f,} is bounded in L? (B, d@), and since the norm of the operator T,on L? (B,, d@) does not exceed C,M? we can find a

constant C3 > 0, independent of r and k, such that

1 2 20
2m ), Tr(fDI?d0 < C;M;
for all k. Combining this with

. 1 -
lim _f|z|5r|Gk|2de 0,

2n

we obtain K— o0
li 1
Im sup om o 1Gi[*d6 < C3MZ°,
: . . k>0 . . :
This along with the estimates for Fy in the previous paragraph gives
li 1 *
im sup - an |C,Cofil>d0 < C;MZ°
k—> o

Since r is arbitrary and M, — 0 as r — 1- (which is equivalent to the condition in (7)), we conclude that
lim 1 x
mo— Js, 1CoCofi?dB = 0.

k— o
So C,, is compact on 7 and the proof of the theorem is complete.
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