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Introduction 

In this article we will consider a direct problem and then write its inverse which is treated as inverse heat conduction problem 

mostly the inverse heat conduction problem is related to heat manufacturing process. Over the years, a number of related 

computational works have employed various techniques in the analysis of inverse heat conduction problem, for example a boundary 

element method [3], a fundamental solution method [7-8], a boundary element method[9], Fourier and wavelet method[10] and some 

other methods [11, 12]. In this paper, we use boundary integral method (BIM) to solve the problem. In Boundary integral method, we 

use initial and boundary data with the basic solution of given differential equation in some domain on boundary of the domain. 

Ammari and Kang [13] also solve inverse heat conduction problem by using boundary integral method. In [13] both single layer 

potential and double layer potential are used. But our work is based on the use of only single layer potential. In this paper our 

boundary integral method is based on the output of [14]. In [14] a formula for that heat conduction problem with Neumann boundary 

condition is discussed. Here the equation is assumed to be homogeneous.  

Mathematical formulation of the problem: 

Boundary integral method includes the initial and boundary conditions together with the basic solution of a given differential 

equation defined in some domain say Ω. Further we construct an integral equation on this boundary. By boundary integral method we 

try to obtain the unknown kernel and after getting it the solution of given problem is obtained by integrating the product of basic 

solution and unknown kernel over the boundary. 

Now we consider the following direct problem. 

 
 

-   
  

= 0                 0 ≤  x ≤  1, 0 ≤ t ≤ T                           (2.1) 

 (x,0)        = 
 

(x)   ,                    0 ≤  x ≤  1                            (2.2) 

  

  
 (0,t) = ᴪ (t)                                       0 ≤t ≤ T                             (2.3) 

  

  
(1,t) = ɸ (t)                                       0 ≤ t ≤ T                             (2.4) 

When k>0 is a constant and U(x, t) is the temperature distribution function. 

The above problem is known as direct problem when it is solved with given ψ(t) and ϕ(t). 

Let the inverse problem of above direct problem is  

  
-     

=  0                 0 ≤  x ≤  1, 0 ≤ t ≤ T                           (2.5) 
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 (x,0)  =  
(x)               0 ≤  x ≤  1                                           (2.6) 

  

  
 (1,t) = ɸ (t)               0 ≤t ≤ T                                               (2.7) 

  

  
(1,t) = ɳ (t)                      0 ≤ t ≤ T                             (2.8) 

where y ε (0,1) is a fixed observation point. 

Boundary Integral Method: 

Method for Initial data: -                                                                                             

During the study of [14], we observed that the given solution is explained by the boundary integral equation. Here the case of 

homogeneous initial data is first discussed i.e. we suppose that   (x) = 0. 

Let G (x,t)  denote the basic solution of heat conduction problem then we have 

G(x,t) =      

  √  
 
   

   
  

    
  

where H(t) is the Heaviside function.  

In [14] only single layer potential is considered and for the direct problem 2.1 to 2.4 following formula is used. 

U (x,t)  = ∫                
 

 
 

                                +∫                  
 

 
                  (3.1) 

Substituting (3.1) into (2.3) and (2.4) we get  

 

 
      ∫

  

  
                    

 

 
                             (3.2)      

 

 
      ∫

  

  
               ɸ   

 

 
                             (3.3) 

To find the solution of direct problem (2.1) – (2.4) i.e. to find the value of u(x,t) , equation (3.2) and (3.3) is solve with respect to   (t) 

and   (t)  

Method for non homogeneous initial data: 

Now we discuss the method having non homogeneous initial data. Let us consider the function given by   

U (x,t)  = ∫                   
 

 
 

satisfying 

           

and                    =       

Here, we assume that 

 ̅      

So that, we get 

  ̅ 
-   ̅  

= 0                     ( x,t) ϵ (0,1) x (0,t) 

 ̅ (x ,0)      = 0                        x ϵ (0,1) 

  ̅

  

 (0,t) = f (t) -   
  

 (0,t)            0 ≤ t ≤ T 

  ̅

  

 (1,t) = g (t) -   
  

 (1,t)            0 ≤ t ≤ T 

Since we have  ̅ is the solution of (2.1) – (2.4) with homogeneous initial data, it can be solved by (3.1) – (3.3). Therefore the problem 

can be solved by superposition of v and solution of homogeneous initial data.  

Discretization Method 

In this method we partition the time internal t for n elements where n is an integer. Let    = 0,   =   + ih, i=1,2,3,……..,n where n 

is an integer and h =  
 
 .  

Now we discretize (3.2) and (3.3) as  
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        ∑

 

   

  

  
(        )  (  )       

 

                                                                                 i=1,2,3,……,n 

 

 
        ∑

 

   

  

  
(       )  (  )  ɸ    

 

                                                                                 i=1,2,3,……,n 

In this way, the integral equation (3.2) and (3.3) is changed to linear equations  

                                          ( 
 

 
 I + G) x = ψ                                                  (3.4) 

where  

G   =  (       

      

) 

With            

          
  

  
          

 

               
  

  
         

                       if  J ≤ i 

                                                  if J ≥ i+1 

Ψ =        
  

                                      i= 1,2,3,………,n 

        ɸ     

T denotes the transpose of a vector. 

On solving the above linear equation we find the value of x and also we get  

  (i) = x (i)             i=1,2,3,……..,n 

  (i) = x (i+ n)        i=1,2,3,……..,n 

Therefore we obtain the discrete values of   (t) and   (t) 

Numerical Example: 

Let f(t) be a piecewise continuous  function and consider the direct problem. 

   -  
         =  0                           0≤x≤1, 0≤t≤T 

U(x,0)            =    (x)                    0≤x≤1 

  

  
 (0,t)        = ᴪ (t)                  0≤t≤T 

  

  
(1,t)    = ɸ (t)                           0≤t≤T 

In this problem we choose  

 ɸ (t) =1   and we define the piecewise continuous function f(t)  

f(t)  =  
{

                                    
                                    

              

To find the solution of the direct problem we use the boundary integral method described in the presented paper. After obtaining 

the numerical values from above, we use it as measured data for the inverse problem. Here we choose y = 0.5, M =50, N =55.  

Therefore the condition number of the coefficient matrix G is 50.682 

 Let    (t) denote the numerical result for the inverse problem.  
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The numerical result for f(t)  is shown in figure 5a and the error between exact f(t) and numerical result     (t) is shown in figure 

5b. 

Conclusion: 

In this paper we consider the one dimensional inverse heat conduction problem. Here we try to solve the inverse heat conduction 

problem using boundary integral method. In presented paper we discussed the boundary integral method for the one dimensional 

inverse heat conduction problem. Also we applied it on a numerical example. The numerical result shows that the method is effective. 

In a similar way the method is applied for two and three dimensional cases.  

References:  

[1]   J.I. Frankel, and M. Keyhani, A Global Time Treatment For Inverse Heat Conduction Problem., International Journal of Heat 

Transfer, 119 , pp. 117-130(1997).                                         

[2] O.M. Alifanov, Inverse Heat Conduction Problems. Springer-Verlag Berlin, (1994).                    

[3] P. Jonas And A. K. Louis., Approximate Inverse For One Dimensional Inverse Heat Conduction Problem, Inverse Problems, 8 pp. 

849-872(1992).                                                                             

[4] J. I. Frankel, Residual-Minimization Least Squares Method for Inverse Heat Conduction, Computer& Mathematics with 

Applications, 32, No.4 pp 117-130 (1996),.                                      



Pius Kumar and G.C.Dubey/ Elixir Appl. Math. 77 (2014) 29255-29259 
 

29259 

[5] R. Chapko, R.Kress and J.R. Yoon, On the Numerical Solution of Inverse Boundary Value Problem For The Heat Equation 

.Inverse Problem,14, pp. 853-867 (1988).                                         

[6] J. V Beck B. Blackwell, C. R.Clair, Inverse Heat Conduction: Ill-Posed Problems Wiley New Yark, (1985).                                                                                                                                    

[7] Y. C. Hon T. Wey., A Fundamental Solution Method For Inverse Heat Conduction Problem. Engineering Analysis with Boundary 

Elements, 28,  pp. 489-495 (2004),.                                           

[8] A,  Bogmolny., Fundamental Solution Method For Elliptic Boundary Value Problems.,SIAM ,Journal On Numerical Analysis, 22, 

pp. 644-669 (1985).                                                                     

[9] L. Elden, F.Berntsson and T. Reginska, Wavlet and Fourier Method For Solving Sideways Equation., SIAM   J. Sci. Comput.21,  

No.6,  pp 2187-2205 (2000),.                                                    

[10] S. Y. Shen., A Numerical Study Of Inverse Heat Conduction Problems. Computers And Mathematics with Applications, 38, 

pp.173-188 (1999).                                                                    

[11] C. F. Weber, Analysis and Solution Of Ill-Posed Inverse Heat Conduction Problem., International Journal of Heat and Mass 

Transfer, 24 No.11, pp.1723-1792 (1981).                         

[12] P. C. Hansen, Numerical Tool for Analysis and Solution of Fredholm Integral Equations of the First Kind. Inverse Problems, 8 , 

pp 849-872 (1992),                               

 


