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Introduction  

Generalized open sets play a very important role in general topology and they are now the research topics of many topologists 

worldwide. One of the most well known notions and also an inspiration source is the notion of b-open sets [2] introduced by 

Andrijevic in 1996. Levine [9] introduced the concept of generalized closed sets as a generalization of closed sets in topological 

spaces. This concept was found to be useful to develop many results in general topology. The notion of nano topology was introduced 

by Lellis Thivagar [11] which was defined in terms of approximations and boundary region of a subset of an universe using an 

equivalence relation on it. He also established the weak forms of nano open sets namely nano  -open sets, nano semi open sets and 

nano pre open sets [11]. Extensive research on generalizing closedness in nano topological spaces was done in recent years by many 

mathematicians [5, 6, 16].  

In the present paper, the authors have studied basic properties of nano gb-irresolute functions. The relationships of nano gb-

continuity with the other stronger forms of nano gb-continuity have also been studied.  

Preliminaries 

Definition 2.1[17]: Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U named as the 

indiscernibility relation. Then U is divided into disjoint equivalence classes. Elements belonging to the same equivalence class are said 

to be indiscernible with one another. The pair (U, R) is said to be the approximation space.  

Let XU  

1. The lower approximation of X with respect to R is the set of all objects, which can be for certainly classified as X with respect to R 

and it is denoted by LR(X). That is  

    LR(X) = 

 
Ux

xx


X  ) R(: )R(

, where R(x) denotes the equivalence class determined by x U.  

2. The upper approximation of X with respect to R is the set of all objects, which can be possibly    classified as X with respect to R 

and it is denoted by UR(X). That is  

   UR(X) = 

 
Ux

xx


   X)R( : )R(

 

3. The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor as not-X with respect to 

R and it is denoted by BR(X). That is  

    BR(X) = UR(X) – LR(X). 

Definition 2.2[11]: Let U be non-empty, finite universe of objects and R be an equivalence relation on U. Let XU. Let 
)(XR   = 

{U,


, LR(X), UR(X), BR(X)}. Then 
)(XR  is a topology on U, called as the nano topology with respect to X. Elements of the nano 

topology are known as the nano-open sets in U and 
 )(, XU R  is called the nano topological space. 

c

R X )]([
 is called as the 

dual nano topology of 
)(XR . Elements of  

c

R X )]([
 are called as nano closed sets. 

Definition 2.3[12]: If 
 )(, XU R   is a nano topological space with respect to X where XU and if AU, then the nano interior 

of A is defined as the union of all nano-open subsets of A and it is denoted by Nint(A). That is, Nint(A) is the largest nano open subset 

of A. The nano closure of A is defined as the intersection of all nano closed sets containing A and is denoted by Ncl(A). That is, 

Ncl(A) is the smallest nano closed set containing A. 
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Definition 2.4: A subset A of a nano topological space  
 )(, XU R  is called nano generalized b-closed (briefly, nano gb-closed), if 

Nbcl(A)G whenever AG and G is nano open in U. 

 The complement of a nano generalized b-closed set is called nano generalized b-open (simply nano gb-open). 

Definition 2.5[12]: Let 
 )(, XU R  and 

 )(, ' YV R  be nano topological spaces. Then a mapping 

   )(,)(,: ' YVXUf RR  
 is said to be 

(i) nano continuous if  f
-1

(B) is nano open in U for every nano-open set B in V. 

(ii) nano α- continuous if  f
-1

(B) is nano α-open in U for every nano-open set B in V. 

(iii) nano semi-continuous if  f
-1

(B) is nano semi-open in U for every nano-open set B in V. 

(iv) nano pre-continuous if  f
-1

(B) is nano pre-open in U for every nano-open set B in V. 

(v) nano g-continuous if  f
-1

(B) is nano g-open in U for every nano-open set B in V. 

(vi) nano gb-continuous if  f
-1

(B) is nano gb-open in U for every nano-open set B in V. 

Nano gb-irresolute functions 

Definition 3.1: A function 
   )(,)(,: ' YVXUf RR  

 is called a nano gb-irresolute function if the inverse image of every 

nano gb-closed set in  
 )(, ' XV R  is nano gb-closed in

 )(, XU R . 

Remark 3.2: The notion of nano irresolute functions and nano gb-irresolute functions are independent as can be seen from the 

following examples. 

Example 3.3: Let U = {a, b, c, d} with 
RU

 = {{a}, {b, d}, {c}} and X = {b, d}. Then the nano topology is defined as 
)(XR = 

{U, 


, {b, d}}. Let V = {x, y, z, w} with 
'RV
= {{x}, {z}, {y, w}} and Y = {x, y}. Then 

)(' YR = {V,


, {x}, {x, y, w}, {y, 

w}}.Define 
VUf :

as f(a) = x, f(b)= z, f(c) = w and f(d) = x. Then f is nano gb-irresolute but not nano irresolute since 

})({1 zf 

 = {b} is not nano closed in 
 )(, XU R . 

Example 3.4: Let U = {a, b, c, d} with 
RU

 = {{a}, {c}, {b, d}} and X = {a, b}. Then the nano topology is defined as 
)(XR = 

{U, 


, {a}, {a, b, d}, {b, d}}. Let V = {x, y, z, w} with 
'RV
= {{x}, {y, w}, {z}} and Y = {y, w}. Then 

)(' YR = {V,


, {y, 

w}}.Define 
VUf :

as f(a) = x, f(b)= y, f(c) = z and f(d) = w. Then f is nano irresolute but not nano gb-irresolute because  

}),,({1 wyxf 

= {a, b, d} which is not nano gb-closed in 
 )(, XU R . 

Theorem 3.5: A map 
   )(,)(,: ' YVXUf RR  

 is nano gb-irresolute if and only if the inverse image of every nano gb-open 

set in 
 )(, ' XV R  is nano gb-open in 

 )(, XU R . 

Proof: Let f be nano gb-irresolute and G be any nano gb-open set in 
 )(, ' XV R , then 

)(1 cGf 

is nano gb-closed in 

 )(, XU R . Since
cc GfGf )()( 11  

, 
)(1 Gf 

is nano gb-open in 
 )(, XU R . Conversely, let G be a nano gb-closed set 

in
 )(, ' XV R , then 

)(1 cGf 

is nano gb-open in
 )(, XU R . Since

cc GfGf )()( 11  
, f is nano gb-irresolute. 

Theorem 3.6: If a map 
   )(,)(,: ' YVXUf RR  

 is nano gb-irresolute, then it is nano gb-continuous. 

Proof: Let G be any nano open set in 
 )(, ' XV R . Since every nano open set is nano gb-open, and f is nano gb-irresolute 

)(1 Gf 

is nano gb-open in 
 )(, XU R . Therefore, f is nano gb-continuous. 

Remark 3.7: The converse of the Theorem 3.6 need not be true as seen from the following example. 

Example 3.8: Let U = {a, b, c, d} with 
RU

 = {{a, c}, {b}, {d}} and X = {a, d}. Then the nano topology is defined as 
)(XR = 

{U, 


, {d}, {a, c, d}, {a, c}}. Let V = {x, y, z, w} with 
'RV
= {{x}, {y, z}, {w}} and Y = {x, z}. Then 

)(' YR = {V,


, {x}, {x, y, 

z}, {y, z}}.Define 
VUf :

as f(a) = x, f(b)= y, f(c) = w and f(d) = z. Then f is nano gb-continuous but not nano gb-irresolute 

because 
}),({1 wzf 

= {c, d} which is not nano gb-closed in 
 )(, XU R . 

Definition 3.9: A function 
   )(,)(,: ' YVXUf RR  

 is said to be strongly nano gb-continuous if the inverse image of every 

nano gb-open set in  
 )(, ' XV R  is nano open in

 )(, XU R . 

Theorem 3.10: If 
   )(,)(,: ' YVXUf RR  

 is strongly nano gb-continuous then it is continuous. 

Proof: Let G be any nano open set in 
 )(, ' XV R . Since every nano open set is nano gb-open, G is nano gb-open in 

 )(, ' XV R .Then 
)(1 Gf 

 is nano open in 
 )(, XU R . Therefore, f is nano continuous. 

Remark 3.11: The converse of the Theorem 3.10 need not be true as seen from the following example. 
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Example 3.12: Let U = {a, b, c, d} with 
RU

 = {{a, d}, {b}, {c}} and X = {a, c}. Then the nano topology is defined as 
)(XR = 

{U, 


, {c}, {a, c, d}, {a, d}}. Let V = {x, y, z, w} with 
'RV
= {{x}, {y}, {z}, {w}} and Y = {x, w}. Then 

)(' YR = {V,


, {x, 

w}}. Define 
VUf :

as f(a) = x, f(b)= y, f(c) = z and f(d) = w. Then f is nano continuous but not strongly nano gb-continuous 

since for the nano gb-open set {x, z} in 
 )(, ' XV R , 

}),({1 zxf 

= {a, c} which is not nano open in 
 )(, XU R . 

Definition 3.13: A function 
   )(,)(,: ' YVXUf RR  

 is said to be strongly nano continuous if 
)(1 Gf 

is nano clopen in 

 )(, XU R for every subset G in 
 )(, ' XV R . 

Theorem 3.14: If 
   )(,)(,: ' YVXUf RR  

 is strongly nano continuous then it is  strongly nano gb-continuous. 

Proof: Let G be any nano gb-open set in
 )(, ' XV R . Then 

)(1 Gf 

 is both nano open and nano closed in 
 )(, XU R . Hence f 

is strongly nano gb-continuous. 

Remark 3.15: The converse of the Theorem 3.14 need not be true as seen from the following example. 

Example 3.16: Let U = {x, y, z, w} with 
RU

 = {{x, z}, {y}, {z}} and X = {x, z}. Then the nano topology is defined as 
)(XR = 

{U, 


, {z}, {x, z, w}, {x, w}}. Let V = {a, b, c, d, e} with 
'RV
= {{a}, {b}, {c, d}, {e}} and Y = {a, b, d}. Then 

)(' YR = {V,


, 

{a, b}, {a, b, c, d}, {c, d}}. Define 
VUf :

as f(x) = e, f(y) = e, f(z) = d and f(w) = e. Then f is strongly nano gb-continuous but 

not strongly nano continuous since for the subset {c, d} in
 )(, ' XV R , 

}),({1 dcf 

= {z} which is not nano closed in 

 )(, XU R . 

Theorem 3.17: Let 
 )(, XU R  be any nano topological space and 

 )(, ' XV R  be a T Ngb

*

space and 

   )(,)(,: ' YVXUf RR  
 be a map. Then the following are equivalent. 

(i) f is nano gb-irresolute 

(ii) f is nano gb-continuous 

Proof: (i)   (ii) Let f be nano gb-irresolute. Let G be nano closed set in 
 )(, ' XV R . Then, G is nano gb-closed in V. Since f is 

nano gb-irresolute 
)(1 Gf 

 is nano gb-closed in 
 )(, XU R . Thus f is nano gb-continuous. 

(ii)   (i)Let F be a nano gb-closed set in 
 )(, ' XV R . Since V is a T Ngb

*

-space F is nano closed in V. By assumption, 

)(1 Ff 

is nano gb-closed in 
 )(, XU R . Therefore f is nano gb-irresolute. 

Theorem 3.18: Let 
 )(, XU R  be any nano topological space and 

 )(, ' XV R  be a T Ngb

*

-space and 

   )(,)(,: ' YVXUf RR  
 be a map. Then the following are equivalent. 

(i) f is strongly nano gb-continuous. 

(ii) f is nano continuous. 

Proof: (i)   (ii) Follows from Theorem 3.14 

(ii)   (i) Let G be any nano gb-open set in 
 )(, ' XV R . Since 

 )(, ' XV R  is a T Ngb

*

-space, G is nano open in 
 )(, ' XV R  

and since f is nano continuous, 
)(1 Gf 

is nano open in 
 )(, XU R . Therefore f is nano gb-continuous. 

Theorem 3.19: Let 
   )(,)(,: ' YVXUf RR  

 be a map and both 
 )(, XU R  and 

 )(, ' XV R  are T Ngb

*

-spaces. Then 

the following are equivalent. 

(i) f is strongly nano gb-continuous 

(ii) f is nano continuous 

(iii) f is nano gb-irresolute 

(iv) f is nano gb-continuous. 

Proof follows from Theorems 3.17 and 3.18. 

Theorem 3.20: A map 
   )(,)(,: ' YVXUf RR  

 is strongly nano gb-continuous if and only if the inverse image of nano gb-

closed set in 
 )(, ' XV R  is nano closed in

 )(, XU R . 

Proof is similar to Theorem 3.5. 
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Theorem 3.21: If 
   )(,)(,: ' YVXUf RR  

 and 
   )(,)(,: ''' YWXVg

RR
 

 are strongly nano gb-continuous, then 

their composition 
   )(,)(,: ''' YWXUfg

RR
 

 is also strongly nano gb-continuous. 

Proof: Let G be nano gb-open set in
 )(, '' YW

R


. Since g is strongly nano gb-continuous, 
)(1 Gg 

is nano open in 
 )(, ' XV R . 

Since 
)(1 Gg 

 is nano open, it is nano gb-open in 
 )(, ' XV R . As f is also strongly nano gb-continuous, 

)()())(( 111 GfgGgf   
is nano open in 

 )(, XU R  and so 
fg 

is strongly nano gb-continuous. 

Theorem 3.22: Let 
   )(,)(,: ' YVXUf RR  

 and 
   )(,)(,: ''' YWXVg

RR
 

 be any two functions, then their 

composition 
   )(,)(,: ''' YWXUfg

RR
 

 is  

(i) strongly nano gb-continuous if g is strongly nano gb-continuous and f is nano continuous. 

(ii) nano gb-irresolute if g is nano strongly nano gb-continuous and f is nano gb continuous (or f is nano gb-irresolute) 

(iii) nano continuous if g is nano gb-continuous and f is strongly nano gb-continuous. 

Proof: (i) Let G be a nano gb-open set in 
 )(, '' YW

R


. Since g is strongly nano gb-continuous, 
)(1 Gg 

is nano open in 

 )(, ' XV R . Since f is nano continuous, 
)()())(( 111 GfgGgf   

 is nano open in 
 )(, XU R  and so 

fg 
 is nano gb-

continuous. 

(ii)Let G be a nano gb-open set in 
 )(, '' YW

R


.Since g is strongly nano gb-continuous 
)(1 Gg 

is nano open in 
 )(, ' XV R . As f 

is nano continuous, 
)()())(( 111 GfgGgf   

is nano gb-open in 
 )(, XU R  and so 

fg 
is nano gb-irresolute. 

(iii) Let G be a nano gb-open set in 
 )(, '' YW

R


.Since g is nano gb-continuous 
)(1 Gg 

is nano gb-open in
 )(, ' XV R . As f is 

strongly nano gb-continuous,  
)()())(( 111 GfgGgf   

is nano open in 
 )(, XU R  and so 

fg 
is nano continuous. 

Definition 3.23: A map 
   )(,)(,: ' YVXUf RR  

 is called perfectly nano gb-continuous if the inverse image of every nano 

gb-open set in 
 )(, ' XV R  is both nano open and nano closed in 

 )(, XU R . 

Theorem 3.24: If 
   )(,)(,: ' YVXUf RR  

 is perfectly nano gb-continuous, then it is strongly nano gb-continuous. 

Proof: Since 
   )(,)(,: ' YVXUf RR  

 is perfectly nano gb-continuous 
)(1 Gf 

 is both nano open and nano closed in 

 )(, XU R  for every nano gb-open set G in 
 )(, ' XV R . Therefore f is strongly nano gb-continuous. 

Remark 3.25: The converse of the Theorem 3.24 need not be true as seen from the following example. 

Example 3.15 shows that f is strongly nano gb-continuous but not perfectly nano gb-continuous. Since for the nano gb-open set {d} 

in
 )(, ' XV R ,

})({1 df 

= {z} which is not nano closed in 
 )(, XU R . 

Theorem 3.26: If 
   )(,)(,: ' YVXUf RR  

 is strongly nano continuous, then it is perfectly nano gb-continuous. 

Proof: Since 
   )(,)(,: ' YVXUf RR  

 is strongly nano continuous 
)(1 Gf 

 is both nano open and nano closed in 

 )(, XU R  for every nano gb-open set G in 
 )(, ' XV R . Therefore f is perfectly nano gb-continuous. 

Theorem 3.27: A map 
   )(,)(,: ' YVXUf RR  

 is perfectly nano gb-continuous if and only if the inverse image of every 

nano gb-closed set in 
 )(, ' XV R is both nano open and nano closed in

 )(, XU R . 

Proof: Let G be nano gb-closed set in 
 )(, ' XV R . Since f is perfectly nano gb-continuous, then 

)(1 cGf 

is both nano open and 

nano closed in 
 )(, ' XV R . Since 

cc GfGf )()( 11  
, 

)(1 Gf 

is both nano open and nano closed in 
 )(, XU R . 

Conversely, let G be any nano gb-open set in 
 )(, ' XV R . Since 

cc GfGf )()( 11  
, 

)(1 Gf 

is both nano open and nano 

closed in 
 )(, XU R . Hence f is perfectly nano gb-continuous. 

Theorem 3.28: If 
   )(,)(,: ' YVXUf RR  

 and 
   )(,)(,: ''' YWXVg

RR
 

 are perfectly nano gb-continuous, then 

their composition 
   )(,)(,: ''' YWXUfg

RR
 

 is also perfectly nano gb-continuous. 
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Proof: Let G be nano gb-open set in
 )(, '' YW

R


. Then, 
)(1 Gg 

is both nano open and nano closed in 
 )(, ' XV R . Since any 

nano open set is nano gb-open and f is perfectly nano gb-continuous 
)()())(( 111 GfgGgf   

is both nano open and nano 

closed in 
 )(, XU R  . Hence 

fg 
is perfectly nano gb-continuous. 

Theorem 3.29: Let 
   )(,)(,: ' YVXUf RR  

 and 
   )(,)(,: ''' YWXVg

RR
 

 be any two functions, then their 

composition 
   )(,)(,: ''' YWXUfg

RR
 

 is  

(i)  nano gb-continuous if g is strongly nano gb-continuous and f is nano gb-continuous. 

(ii) nano gb-irresolute if g is perfectly nano gb-continuous and f is nano gb continuous (or f is nano gb-irresolute) 

(iii) strongly nano gb-continuous if g is perfectly nano gb-continuous and f is nano continuous(or f is strongly nano continuous). 

(iv) perfectly nano gb-continuous if g is strongly nano continuous and f is perfectly nano gb- continuous. 

Proof: (i) Let G be a nano gb-open set in 
 )(, '' YW

R


. Then, 
)(1 Gg 

is both nano open and nano closed in 
 )(, ' XV R . Hence 

))(( 11 Ggf 

 is nano gb-open in 
 )(, XU R  . Thus, 

fg 
 is nano gb-continuous. 

(ii)Let G be a nano gb-open set in 
 )(, '' YW

R


. Then, 
)(1 Gg 

is nano open or nano closed  in 
 )(, ' XV R . As f is nano gb-

continuous, 
))(( 11 Ggf 

is nano gb-closed or nano gb-open in 
 )(, XU R  . Thus, 

fg 
is nano gb-irresolute. 

(iii) Let G be a nano gb-open set in 
 )(, '' YW

R


. Then 
)(1 Gg 

is both nano open and nano closed in
 )(, ' XV R  and 

hence
))(( 11 Ggf 

is both nano open and nano closed in 
 )(, XU R  and hence

fg 
is strongly nano gb-continuous. 

(v) Let G be a nano gb-open set in 
 )(, '' YW

R


. Then 
)(1 Gg 

is both nano open and nano closed in
 )(, ' XV R  which is nano 

gb-open in 
 )(, ' XV R  then hence

))(( 11 Ggf 

is both nano open and nano closed in 
 )(, XU R  and hence

fg 
is perfectly 

nano gb-continuous. 
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