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ABSTRACT

Binary pseudo random noise sequences are sequences of 1’s and 0’s having properties which
make them appear to be noise-like but yet are deterministic. The NO-Kumar sequences were
discovered by Jong-Seon No and P.V.Kumar and are known to have optimal correlation
properties and a large linear span. The families of NO sequences are periodic with period =
2"-1 where ‘n’ is an even integer and contain within them a GMW sequence and also small
set of Kasami sequences as special case. In this paper we investigate the properties of these
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sequences such as balance, run and even correlation properties. Odd correlation properties of

NO-Kumar sequences, these sequences which are not described in the NO-Kumar paper are also highlighted. The

Trace function,
Odd correlation,

sequences are first simulated in MATLAB and then implemented by writing a Verilog code
on the Nexys 4 FPGA board.

Even correlation,
Nexys-4 FPGA.

Introduction

In spread spectrum multiple access communication systems
it is desirable to have signals that have either or both of the
following conditions met, (a) the signal should be easy to
distinguish with a time shifted replica of itself, (b) signals in the
set should be easy to distinguish from other time shifted signals
in the set. These signals have been studied for the last 60 years
and their generation methods and properties have been
extensively studied. But certain applications like spread
spectrum systems require that these pseudo random signals have
good odd correlation properties along with even correlation
properties, while Code Division Multiple Access (CDMA)
systems require these signals to have low cross correlation.
Signals which are used in anti-jamming and cryptographic
applications should also have the additional property of having a
large linear span. Signals based on linear feedback shift register
like m-sequences, Gold and Kasami sequences have good auto-
correlation properties but the drawback is that they have a small
linear span. Pseudo random signal generators function similar to
an oscillator in that they do not require an input to generate the
output. Once the initial conditions or the state of the shift
register are known the next state and the output is generated by
the feedback connections. The length of the shift register for a
given length of the pseudo random signal N is given by m =
ceil(log,N). The pseudo random signals employed in a number
of applications are usually periodic as periodic signals are
simpler to implement.

The family of NO-Kumar [1] sequences are periodic with N
= 2" 1, where n = 2*m is an even integer. There are 2™
sequences within the family and the maximum over all
nontrivial auto- and cross-correlation values equals 2™ +1. Each
family contains a Gordon-Mills-Welch (GMW) sequence, and
the families of sequences include the families of Kasami
sequences (small set) as a special case. The linear span of these
sequences varies within a family but is never less than the linear
span of the GMW sequence contained within the family.

The rest of the paper is organized as follows: section Il
introduces NO-Kumar sequences and their shift register
structure, section Il contains the simulation results, section 1V
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shows the FPGA implementation results with section V
concluding the paper.
NO-Kumar Sequences

Let n, n > 0 be even, set N= 2" -1, m = n/2, and T= 2™+1.
Then a family of NO-Kumar sequences is a collection of 2™
binary {0,1} sequences given by:

S ={si(t) | 0<t<N-1, 1< i <2™}, where

si(t) = try™{[try"(a®) + yia '} - (1)

In Eq. (1) try," denotes the trace function [2,3] which is a
mapping from Galois field GF(2") to GF(2™) according to the
rule

tr"(X) = Eli‘:_-‘;l_lx: fem -(2)
=0

In Eq. (1) ‘o’ is a primitive element of GF(2"), the integer
r, 1 <r<2™1, satisfies gcd(r,2™-1) =1, and the elements ¥;
range over all of GF(2™) taking on each value once as ‘i’ ranges
between 1 and 2™. If the value of ‘t” =1 then (1) gives the small
set of Kasami sequences.

For implementation on a hardware platform like FPGA we
slightly modify equation (1) by using the property of trace
transform and replacing y; with o'” where,1 < i< 2™ then 0< z <
2™-2. The equation is as shown below

s.(t) = tr{[tr" (o) +o2™Hereen]} - (3)

The structure shown in figure 1 of NO-Kumar sequences
implemented in this paper is for n=6, m=3 and the primitive
polynomial considered over GF(2) of degree 6 is f(x) =x® +x°+

X2+ X +1.
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Figure 1. Shift register structure of NO-Kumar sequences of
length 63 bits
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In the above figure ‘B> = o’ and is the primitive element of
the polynomial x® + x +1 and the value of ‘r’ considered to
generate the sequences is 3. The initial value of the shift
registers ‘a’ and ‘b’ was kept fixed and the value of the shift
register ‘z” was changed thereby obtaining different sequences.
The number of different sequences is given by the expression
[(2™-1)/m * @(2"-1)/n] where ‘@’ indicates Euler’s totient
function. The next section describes the properties of these
sequences along with their results.

Simulation results

The various properties of a pseudo random sequence that
are generally studied for use in spread spectrum communication
are the balance property which indicates the number of 1’s to the
number of 0’s, runs property- indicating the continuous runs of
I’s and 0’s and even and odd correlation properties.

The results of the balance property indicated that the
difference between number of 0’s to 1’s was in the range {-1, -9,
7}.

Of all the “runs” of the sequence (i.e. runs consisting of 1’s
and runs consisting of 0’s), the runs property states that 4 of
runs are of length 1, % of runs are of length 2, 1/8 of runs are of
length 3 and so on. The result of NO-Kumar sequences for the
input in the shift register z=[1 1 0] and z= [1 0 1] are shown in
table 1.

Table 1. Runs test

No. of runs | No. of runs | Run length
z=[110] z=[101]

10 22 1

9 9 2

8 3 3

0 1 4

1 2 5

1 0 6

Testing the runs property for all the sequences of length 63
bits indicated that they do not satisfy the property like the m-
sequences.

The correlation property is of two types [4]: even or
periodic correlation when there is no bit flip that occurs during
transmission and odd or aperiodic correlation whenever a bit flip
happens. The even correlation for a sequence ‘@’ consisting of -
1’s and +1’s is defined as

ACFeen (7)) = E?'r:_nl Giliir - (4)

CCFeven (1) = Eit s by

ACF indicates auto-correlation whereas CCF denotes cross-
correlation between sequences ‘a’ and ‘b’ and = and N indicate
the delay and length of the sequences respectively. The even
correlation side-lobes are 3-valued taking the values in the set {-
1, -9, 7) as shown in the figure below.

even ACF of M-K sequences

even CCF of N-K sequences
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Figure 2. Even correlation of NO-Kumar sequences of length
63 bits

Odd or aperiodic correlation is defined as follows

'
(i}

auto-correlation value
cross-corelation value
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ACFqqq (1) = E.E.’:—Dr—l L };_W'.}—T GiCiLg -(5)
CCFouq (1) = ?;I\T_LQ'EBHT - I1‘I'r=_".!-—1 a; By,
Figure 3 shows the odd correlation side-lobes for the same
two sequences of and unlike even correlation the side-lobes are

not bounded and appear to be of random nature.
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Figure 3. Odd correlation of NO-Kumar sequences of length
63 bits

The Welch bound [5] which gives the minimum of the
maximum correlation achievable is given by the expression,
Welch bound = n*sqrt{(M-1)/(Mn-1)} where ‘n’ is the length of
the sequence and ‘M’ is the size of the family of sequences
which are 63 and 12 respectively in our work. The correlation
side-lobes of the NO-Kumar sequences shown in figure 2 and
figure 3 are compared against the Welch bound in the following
table.

Table 2. Welch bound comparison

Welch bound | Even ACF | Odd ACF | Even CCF | Odd CCF
(dB) (dB) (dB) (dB) (dB)
-18.365 -16.90 -7.36 -16.90 -11.37

From the table we can conclude that although the even
correlation is good the odd correlation side-lobes could degrade
the performance of the system.

The NO-Kumar sequences when it comes to the linear span
have the largest possible value, that is the linear span > m*2™
'compared to m-sequences, Gold, Kasami and bent sequences
[6,7].

Figure 4. Part of an RTL schematic of NO-Kumar sequences
FPGA Implementation Results

The generation of sequence is implemented on the Nexys 4
Artix 7 FPGA[8], with the code being written in Verilog. The
Nexys4 board is a complete, ready-to-use digital circuit
development platform based on the latest Artix-7™ Field
Programmable Gate Array (FPGA) from Xilinx. With its large,
high-capacity FPGA (Xilinx part number XC7A100T-
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1CSG324C), generous external memories, and collection of
USB, Ethernet, and other ports, the Nexys4 can host designs
ranging from introductory combinational circuits to powerful
embedded processors.

The Register Transfer Logic (RTL) schematic of the NO-
Kumar sequence generation is as shown in figure 4 and the
simulation results for initial conditions in the shift registers ‘a’
=[100], ‘b>=[00 0] =[0 0 0] is shown in figure 5.
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Figure 5. Simulation results using ModelSim
Table 3. Device utilization summary

Logic Utilization Used | Available | Utilization

No. of slice LUT’s 35 63400 0%

No. of fully used LUT-FF pairs | 0 35 0%

No. of bonded IOB’s 67 210 31%

No. of BUFG/BUFGCNTRL 1 32 3%
Conclusion

Sequences with low correlation are widely used in wireless
communications for distinguishing multiple users or channels
with low mutual interference. In addition, a large linear span
also provides a major advantage by making the information less
predictable and thereby increasing the security. The NO-Kumar
sequences described here may not have the ideal properties
required for say CDMA applications as seen with the results of
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the runs test and the aperiodic correlation results but their large
linear span does make them suitable for cryptographic
applications as it becomes difficult for an eavesdropper to
predict the sequence. The FPGA implementation results indicate
that the generation of these sequences is not complex. In future
these sequences could be used as one of the possible encryption
codes for the P(Y) codes of GPS systems.
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