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Introduction

Usually fuzzy relation equations are dealt using sup- i composition where i is a continuous t- norm. this is done by Zadeh [6,7]
where he introduce compositional rule of interference with the help of sup- min composition. L.A. Zadeh [8] in 1965 introduced fuzzy
set in his seminal paper. Goguen [4] in 1967 generalizes the concept of fuzzy sets defining them in terms of maps froma non empty
set to a partially ordered set. Brown [2] in 1971 shows that Zadehs basics results carry over to the maps froma non empty set to a
lattice. Sanchez [5] suggested the composition inf- j operation. The properties of this composition have been investigated in [1,2].
However in our paper we have defined inf- j along with sup- u; composition some of its properties are characterized.
Preliminaries
Fuzzy Set

LetX be a non empty set. A fuzzy set 4 in X is characterized by its membership function p,: X — [0,1] and pa(x) is

interpreted as the degree of membership of element x in fuzzy set 4 foreachx £ X.

t- Norm
A fuzzy intersection/t- norm i is a binary operation on the unit interval that satisfies atleast the following four axioms for all

a,b,d € [01]

(i) i(a,1) = a (boundary condition)

(i) b < d implies i(a,b) =< i(a,d) (monotonicity)

(iii) i(a,b) = i(b,a) (commutativity)

(iv) i[a,i(b,d)] = i[i(a, b), d] (associativity)

Three of the most important requirements are expressed by the following axioms
(v) i is a continuous function (continuity)

(vi) i(a,a) < a (sub idempotency)
(Vi) @, < a,and by < b, implies i{a,,b,) < i(a,, b,) (strict monotonicity)
t- Conorm
A fuzzy union/t-conormy is a binary operation on the unite interval that satisfies atleast the following four axioms for all

a,b,d € [01]

(i) j(a, 0) = a (boundary condition)

(i) b < dimplies j(a, b) =< j(a,d) (monotonicity)

(iii) j(a, b) = j(b, a) (commutativity)

(v)  jla,j(b,d)] = j[i(a, b).d] (associativity)

The most important additional requirements for fuzzy unions are expressed by the following axioms
(v) j is a continuous function (continuity)

(vi)  j(a,a) = a (superidempotency)
(vi) @, < a,and by < b, implies w(a,,b,) < u(a,, b,) (strict monotonicity)
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Sup- i Composition
Sup- i composition of binary fuzzy relations, where i refers to a t- norm, generalize the standard max- min composition. Given a

particular t- norm i and two fuzzy relations P X, ¥ )and @ (¥, Z), the sup-i composition of Pand ( is a fuzzy relation iQ on
o
X ¥ Z defined by
[P Q](x L Z) = supL[P(x YL 2] (1) forallxy € X,z € Z.
o
Definition
Given a continuous t- normy, let Wi[a!bj = sup{x [ [[I,l]\.i,(a,x] = b} .................... )

For every a, b € [0,1]. This operation referred to as operation w;. While t- norm{ may be interpreted as logical conjunction,
the corresponding operation w; may be interpreted as logical implication.

Definition
Given a t- norm i and the associated operation w, the inf- ws, composition, w _, of fuzzy relation P(x,y) and @(y,z) is
°Q
defined by the equation W (3

[P © Q1(x2) = inf w[P(x,y).Q(y. 2)]

forall x e X,z € Z.
Definition (ELIE SANCHEZ[4])

Let P(x,y) beafuzzy relation, the fuzzy relation P -1 (v, x), the inverse or transpose of P, is defined by

P_l(}r,x:] = P[:x,}rjfor all (}r,_xj EV XX 4)

3. Inf- j Compositions of Fuzzy Relations

Inf- j composition of fuzzy relations, where j refers to a t- conorm, generalize the standard min- max composition.
Definition

Given a particular t- conorm j and two fuzzy relations P(X,¥)and @ (Y, Z), the inf- j composition of P and @ is a fuzzy
relation 7 on X % Z defined by

°Q
[PoQI(x.2) = inf J[P(x.¥).Q(y. 2)]

Basic properties of t- conorm are expressed by the following theorem.
Theorem
Foranya, a,, b, d € [0,1], where { takes values from an index set I, operation u; has the following properties.

(i) b= dimplies j{a,b) < j(a,d)andj(b,a) < j(d, a)
(@) jla,j(b,d)] = j[j(a,b).d]

(iii) ( )
| b, W a; | = ﬁupj[b,ﬂe)

) ; (b inf g,

.................................... (SOfor alx € X,z € Z.

inf j(b,a;)

inf j(a; b)

)=
V) (ﬁup a;, ) 5upj(ai,bj
)=

(i) ., (mf a.b
Proof

(i) By definition, t- conorm j is monotonic increasing function i.e., if b < d then j(a, b) < j(a,d), also j is commutative, ie.,
j(b,a) = j(d,a)

(ii) By definition, t-conorm j is associative ie., j(j(a, b),d) = j(a,j(b,d))

(iii) Now we have to prove that . .
j\brswa; | = swpj(ba)

Let S=supa,
iel
a; < sforanyi €[
j(b,a;) < j(b,s)foranyi €[

=sup j(b,a;) < j(b,supai)

iel iel
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(iv) Now we have to prove that j (b, inf a{_) = inf j(b,a,)
el iel

Let |=infa, =1<a

iel

i(b, 1) = j(b,a)
jb,D) < inf j(ba) e (i)
But iirgf j(b,a,) < j(b,a;)
= j(b,inf j(b,a;) < j(b, j(b.&))
= J(b,inf j(b,a;) < j(j(b,b),&))
= iir!}‘j(b,ai)SaifOVa”iEf
= |Inf jb,a) < ||r€1}c a
= j(b,inf j(b,a)) < j(j(b,b),inf a,)
= j(b,inf j(b,a,)) < j(b, j(b,inf a,))
= |Ire]'lf j(b’ai) < j(b, |IrE]T ai) ................................................ (i)

From equation (i) and (ii) we get
i(biinfa,) = inf j(b,a,)
(v) Now let us prove
j|suwpa,b|= supj(a;,b)
i1 i=]

By property (i) - j(b,supa;) >sup j(b,a,)
iel icl
Since t-conorm;j is commulative therefore j(supa;,b) >sup j(a;,b)
iel iel
vi) Now we have to prove that j(j =inf i
(vi) P J(|irelr a,,b) |Inf ij(a;,b)
By property (iv) we have j(b, inf a,)= inf j(b,a,)
iel iel
Since t-conorm j is commulative therefore j(j =inf i
: I ulativ J('ET a;,b) |2T i(a;,b)
Theorem
Let P(X,Y), P;(X,Y), Q(¥, Z)and Q;(¥, Z) be fuzzy relations. Then
(i) @y SQgthen i i and i j
PlegPon Q1°RQQ2°R
(i) j i i
(PeQ)eR=Po(Q°R)

(i) i
PO[UQijQU(POQi)

iel iel

(v) i i
PO(ﬂQiJ:ﬂ(POQi)

iel iel

) j j
(UR}Q;U(RoQ)

iel iel

(vi) i i
(HR]OQ=H(ROQ)

iel iel

EGHORSI S

(i) Since Q1 c Q2
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Le i i
t [PoQI(x.2) =inf JIP(x. y)Q(y. )] < inf JIP(X, ¥). Q. (Y, 2)]=[P°Q,1(x. 2)

Therefore | i

PoQ, c PeQ,
Similarly i i

Q°R2Q, R
(ii) By definition of inf-j composition,
[(PeQ)=RI(x.v) = inf J[(P=Q)(x,2), R(z,V)]
=inflinf J{P(X,Y),Q(y. )L Rz V)]

=inf inf JLi[P(x ). QY. DLREVI

=inf inf j{P(x, ), {1, DLREVI

=inf J(P(x,y), inf JIQ(Y, 2L R(z.V)]

i ]
=[P=(Q-R)](x,2)
(iii) We know that ( )forall iel
i & (

POQi cPo

Ua

iel

Then by property (i) have j ,( ]forall iel

iel

qu;uwiQi)

iel iel

NYGEE P{UQ]

therefore j
p{

(iv) We know that foranyi €]
( ngq
iel

Then by property (i) have

i j forany i €]
()

< POQi
iel

= P‘J’(ﬂQu]gﬂ(PéQ)

iel

But j foranyi €1

j
ﬂ(POQi) c PoQ
Then by property (i) we have

p- i[ﬂ(PiQi)J P o(PeQ)

By property (ii) we have
P i(ﬂ(PiQi)) c(PoP)oQ

iel

Since is super idempotent)

PP oP (j
j foralli ]
:n(POQi)gQi

iel

:>ﬂ(P‘J’Q|) QﬂQi

iel iel

P i(ﬂ(PiQi)Jg (P‘liP)c’{ﬂQi]

iel iel
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pt i(ﬂ(PiQi)j cP? i[P‘J{ﬂQi D

iel iel

j (N (ii)
ﬂ(POQi) - PO(ﬂQiJ

iel iel
From equations (i) and (ii)

ch{nQi]:ﬂ(PiQi)

iel iel
) j j
[UR}Q >J(R-Q)
iel iel
We know that
P gUpiforall iel

iel

Then by property (i)

j j forallie]
ROQQ[URJOQ
iel

U(RiQ)g[URJiQ

(vi) i j
[ﬂH}Q =N(R-Q
iel iel
But we know that

ﬂpl g|:>iforaII;'EJT

iel

Then by property (i)
i j forallie]

[ﬂF’iJOQg PoQ

iel

(_ﬂejiczgn(ai@)

But i forallier

j
((P-Q) <=P-Q
Then by property (i) we have

[ﬂ(a iQ)in-l c(PoQ)eQ*

iel

:(_n(e iQ)JiQ* P 2(Q°Q")

Because J is asuper idempotent

Q" c(Q:QY)
:>ﬂ(P,éQ)g I:)iforall ier

iel

~[NFe9) NP

iel iel

~[NF-Q ‘ng(ﬂeji(qiqw

iel

~[NE iQ‘lg&ﬂF’iinin‘l

iel iel

i L e, (1)
SR E L

iel iel

0 «—.

iel
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From equations (1) and (Il) we get

ﬂ(PiiQ):(ﬂPiin

" it =qripe

Here j ]
(PoQ)™(z,x) = (P=Q)(x,2)

=inf j(P(x,y),Q(y,2))

=inf j(P(z,y), P(y, X))
:(Qliplj(z,x)

i i
(PeQ)* =Q P
Supuj Composition of Fuzzy Relations
Definition
Given at-conorm j, let u, (a,b) =inf{X €[01]j(a,X) = b} «veereeeren (6)
For every a,b [0,1]
Theorem
The operation u; satisfies the following properties.
i) j(a,b)zdiftu; (ad) <b
() w;(u;(ab),b) =a
(i) u;(j(a, b),d) = u;(a,u;(b,d))
(iv) a = b implies u}-[a, d) = uj-(b,d:] and u}-[d, a) = uj(ci, b)
(v) uj(supai,b)sinruj(ai,b)
iel le
vi) u; (i_nT a, b) = Supu; (ai ,b)
le iel
i) u, (b,inf &) <infu, (b,a,)
Vi) u, (b, s,ilele a)< silejlpuj (b,a)
(x) j[a,u;(a,b)]>b forany a, b, d e[01]. where { €1
Proof
(i) Now let us prove j(a, b) = d iff u,(a,d) < b
If j(a,b) = d
Thenb € {x/j(a,x) =d
b = inflx/j(a,x) = d} = u;(a,d)
= uj(ﬂ,d} 5 b
if u;(a,d)=b
then j(ab) = j[a,u;(a,d]]
= j[a, inf{x/j(a,x) = d}]
= inf[j(a,x)/j(a x) = d]
=d
= jla,d)=d
(i) We have to prove u;{u;{@, b),b) = a
ie.j(u;(a,b),a) = b by (i)
Let j(u;(a, b),@) = j(inf{x/j(a,x) = b},a)
= inf{j(x, a)/j(a,x) = b}
= inf{j(a,x)/j(a,x) = b}
=b
= j(u;(a, b),a) = b
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~u;(u;(a,b),b) = a

(iii) Now we have to prove that u;[j(a, b), d] = u;[a,1;(b,d)]
Let u;[a,u;(b,d)] = inf{x/j(a,x) = u;(b,d)}
=inf{x/x = u;[(q,b),d]}
= u_;l' [}-(ﬂ, bj; "-i]
Since by property 1
jla, x) = u;(b,d)
ﬁf[bif(ﬂ;x]'] =d
e jlila, b),x]=d
o x = y;[jlab),d]
(V) a = bimplies u;{a,d) = u;(b,d) andu;{d, a) = u;(d,b)
Let u;(d, @) = inf{x/j(d,x) = a}
= inflx/j(d, x) = b}
=u;(d, b)
~up(d,a) = u;(d,b)
Next we have to prove that u;(a,d) = u;(b,d)
ie.u;(b,d) = u;(ad)
ie.j(bu;(a,d)) =d
letj (b,u;(a,d)) = j(b,inf{x/j(a,x) = d})
= j(inf{x/j{a,x) = d},b)
= j(inf{x/j(a,x) = d},a)
= inf{j(x, a)/j(a,x) = d}
= inf{j(a,x)/j(a,x) = d}s
= d.
~j(bu;(a,d) =d
u;(b,d) = u;(a,d)
ie.u;(a d) = u;(b,d)
(v) now let us prove that [
Uj

supai,b} < i_nT u;(a;,b)
iel e
Let S = Supai then 5 = a;
iel
—
.

;=58

u;(a;,b) = u;(s, b)forany i € I (by property(iv))
. i _
:>|ir€1|fuj(ai,b)2uj(s,b) oranyi €[

ie., ‘ET u;(a;,b) >u; (Silejlpai ,b)
(vi) we have to prove that u; |-I|QT a ,bJ: siglpuj [ai ,b]

Let | =inf a thena; =1 ==1<a,

iel
u;(1,b) = u;{a; b)forany i €1
Hence u; (1, b) Zsupu;(a,b) e (i)
iel
Since supuj(ai,b) > uj(ai Jbyforalli &1

iel

(by property 4)

i(a, .supu;(a;,b)) > bforalli, €1
iel

j(l,supu; (a;,b)) :i_n}c i(a; ,supu;(a;,b)) =b
iel le iel
Again by property (i)
u (I,b) <supu,(a,b) (ii)
From equations (i) and (ii)
u; i_n}c a;,b)=supu;(a;,b)
e iel
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(vii) u, (b,i}nlf a ) <infu;(b,a)

Let | =infa, =1 <4

iel

u;(b,1) <uj(b,a;)foranyi & I (by prop.4)

Hence u, (b,1) <inf u, (b,a,)
u,(binfa )<infu,(b,a)

(viii)
uj(b,supai) =supu; (b, )

iel iel
Let s =supa, =>s>a, =>a <s
iel

u;(b,a;) <u;(b,s)foranyi & I (by prop. 4)
supu; (b,a;) <u;(b,s)foranyi €

iel
On the other hand
Since Supuj (b’ai) > uj (b’ ai ) for all [‘,ﬂ (=
iel °
By property (i) we have
j(b,supuj (b, 8 )) > supa,

iel iel
j(b,supuj (b, ai)j >
iel
u; (b,s) <supu;(b, &)
iel
uj(b,supaij <supu;(b,a)
iel iel
From equations (i) and (ii)we get
uj(b,supaij =supu;(b,a;)
iel iel

) jla,u;(a,b)]=b

Let j[a,u; (a,b)] = j[a,inf(x/ j(a,x) > b)]
=inf{j(a, x)/ j(a, x) > b}

>b
s Jlau;(ab)]=b

Hence the theorem.
Definition

Given a t- conorm j and the associated operation Up the Sup-u; composition,  u;

defined by the equation ( Puj ) (X,2) = supuj[P(x, y),Q(y, 2)]
yeY

°Q

Forall x € X,z € Z.

PoQ

Basic properties of the Sup-u; composition are expressed by the following theorems.

Theorem

Let P(X,¥),Q(Y,Z),R(X, Z)and S(Z, V") be fuzzy relations. Then

(1) The following properties are equivalent

O pioor

of fuzzy relation P (X, ¥) and Q(¥, Z) is

A7)
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@) up i uj
Po(QeoS)=(P°Q)°S
Proof

First let us prove (i) = (ii)

Assume that ]
P-QoR

Then by definition of inf- j composition we have

nf J(P(x,y).Q(Y. 2)) 2 R(x.2)

= j(P(x,¥),Q(y,2)) o R(x,2) VxeX,yeY,zeZ
=Uu;(P7(y,x),R(x,2)) =Q(y,2) VxeX,yeY,zeZ

= supu; (P (y,x), R(x,2)) = Q(Y, 2)

yeY

Yj
= (P72 R)(y,2) = Q(Y,2)
= uj
QoP*oR
This proves (i) implies (ii)
Now we have to prove (ii) imlies (iii)
Let uj
QoP*oR
Then by definition of the sup-u; composition we have

supu; (P (y, %), R(x,2)) = Q(Y, 2)

=Uu;(P(y,X),R(x,2)) =Q(y,z2) VxeX,yeY,zeZ
= j(P(x,¥),Q(y,2)) o R(x,2) VxeX,yeY,zeZ

= jQ*(z,y),P(y,X) 2R (z,x)
=U;(Q(Y,2),R™(z. X)) = p7(Y,X)

= supu; (Q(y, 2),R™(z,X) < P (¥, %)

zel

= (Q - Rl](y,x) c Py, %)
uj -1

= (Q 0 RlJ (x,y) € P(x,Y)

This proves (ii) implies (iii)

Now we have to prove (iii) implies (i)
Let us assume that

Y 1y-1

Po(QoR™)"

-1 ’ -1
—P*'5Q0R
Then by equivalent preposition (8) & (9) we have

i
Q—l ° P—l ) R—l

i
= PoQ R This proves (i) implies (i)

2. Now we have to prove that

sz(Q 5 SJ=(P3QJ )'s
[P UOJ[QUOJ SH (%,v) =supu, [P(x, y), (Quoj 5] (y,v)}

By equivalent preposition in (1) we have
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j {P*(y.x» [P”{Q”o" SD (x,v)} ;(QUJ s} (V)
=supu, (Q(y,2),8(z V)
=j l:Pl(y, X), (PU{QUOJ SD (x,v)} ou;(Q(y,2),8(z,v)) VzeZ
= U, [P(x y), U, Q(y z),S(z, v) [ }(x V)
= u, [P, 1,00y, ) S @) [ u{ Qs ﬂ (xV)

= j{[i(P(x, ¥).Q(Y, Z))]l,{P U{Quoj Sﬂ (x,v)} >5(z,v)

:uj[[PZ(QZS)} (X,V),S7(v, Z)}g J(P(x,y),Q(y,2)) VxeX,yeY,zeZ,veV
cinf j(P(x.),Q(y.2))

= u, [[P E(Qg S)J (X,v),S (v, z)} - (P éQ) (x,2)

-7 ets)] wn e e)un|zs s

= j[(P iqj (z,x),[P U{Quoj SH (X,V)} =25(z,v)

:>uj|:(PcJ)Q) (X,Z),S(Z,V):|g|:P L;J(QL:’JSJ:| (%)

:>supujHPiQJ (X,Z),S(Z,V)}Q{P UOJ(QUOJSH (X,v)

B i u u; Ui N | e (1)
[Pijo S (x,v)g{P {Qo Sﬂ (X,v)

By the definition of Sup-u; composition we have

[PiQJ? S |(x,v) =supquPiQJ(x, z),S(z,v)}

:[(piq)iﬁ s}(x,v);uj[(Pin(x,sz(z,v)}
N j[(PéQ)1(z,x),[(PéQ)ES}(x,v)}QS(Z,V):> jH(PéQ)ES}1(v,x),(P5Q)(X,Z)};S1(v, 2)
:»u.[[(PéQ)is}(x,v),s«v, )| =Peqe)
=u[(pee] }(x 0.5°(,2)|<inf §(P(x).Q0%.2)
=u) | (PeQ)s x5 ) | < POy, 2)

= i{(PQ)es| oo, P20 25 )
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= J|[1(Pexy.QEy. 2] [ (PoQ)S [txv) | 25Gw)
=u[i(PCY.Q(.2)), 8] (PoQ)es |(xv)
=u,[ P(x,¥),u,(Q(Y,2),S(z,v)) | = [(PéQ)ZS}(X,V)

N j(P—l(y, x),[ch{Quoj SH(X,V)J 2U;(Q(Y,2),S(z,v)) vxeX,yeY,zeZ,veV

= J(P (Y, %), { }(X V)] =supu;(Q(y. 2).5(z.V))

= i(P 0 (PeQ)es e |2(Q¢8 )ty
u{P(x, y),[Quésj(y,v)}c[(PS’Q)ZS}(X’W
:igpuj{P(x, y),[Quisj(y,v)}g[(PéQ)QS}X’V)

uj uj <j> ”o‘ .............................. (ii)
:>|:P O(QOSJ:|(X,V)Q|:(P Q) S](X,V)
From equations (i) and (ii) we get

> {ats]-(Pe)-s

This proves (2)
Conclusion
An attempt is made to prove important theorems using the newly defined inf- j and sup- u; compositions. This can be further
developed to solve problems with fuzzy relational equations.
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