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Introduction

Queue with negative arrivals called G-queue was introduced by Gelenbe [3] with a view to modeling neural networks. Here the
arrival of negative customer brings the server down and makes the interrupted customer to leave the system. For a comp rehensive
analysis of queueing systems with negative arrivals, reader may refer to Celenbe[4-6] and Artalejo[1]. Liu et al. [7] analyzed an
M/G/1 retrial G-queue with preemptive resume and feedback under N-policy vacation. Wu and Yin [10] considered an unreliable
M/G/1 retrial G-queue with non-exhaustive random vacations and derived steady state results. Gao and Wang [2] considered a
repairable M/G/1 queue with negative customers and orbital search. Yang et al. [11] investigated an M™/G/1 retrial G-queue with
single vacation subject to the server breakdown and repair. Wu and Lian [9] discussed an M/G/1 retrial G queue with priority resume,
Bernoulli vacation and server breakdown.

This paper is concerned with the analysis of retrial queueing system with negative customers, multi-types of service, feedback,
randomized J vacation and orbital search. Under this policy, at the end of each vacation if no customers are waiting for serv ice, the
server leaves for another vacation with certain probability or remains in the systemwith complementary probability.

Model Description

Consider a single server retrial queueing system with two types of customers, positive and negative. Positive customers arrive in
batches according to Poisson process with rate A*. At every arrival epoch, a batch of k customers arrives with probability Cy. The
generating function of the sequence {C¢} is C(z) with first two moments m; and m,. The server provides M types of services.
Customers opt the ith type of service with probability p; (1 < i< M). If the arriving batch of positive customers finds the serveridle,
then one of the customers receives the service and others join the orbit. Otherwise, all the customers in the batch join the orbit. The
retrial time is generally distributed with distribution function A(x), density function a(x), Laplace Stieltje’s transform A* () and
conditional completion rate n(x) = a(x)/[1-A(X)].

The service time of type i follows a general distribution with distribution function B;(X), density function bi(x), Laplace Stieltje’s
transform B;*(0), n'" factorial moments pi(”) and conditional completion rate (X)) = bi(¥/[1-Bi(x)], for (=1,2,...,M). After receiving
service, the customer may again join the orbit as a feedback customer with probability 6 or depart the system with its comple mentary

probability 9 (=1- 5).

Negative customers arrive singly according to Poisson process with rate 7“_. The arrival of a negative customer removes the
positive customer being in service from the system and makes the server down. When the server fails during it type service, it stops
providing service and is sent for repair immediately. The repair time follows general distribution with distribution function Rj(X),
density function rj(x), Laplace Stieltje’s transform R;*(0), n'" factorial moments Bi(n) and conditional completion rate (X = ri()/[1-
Rix)], for (F1,2,...,M).

If the orbit is empty, the server leaves for a vacation of random length V. At a vacation completion epoch, if the system is still
empty the server either remains idle in the systemwith probability g or takes another vacation with probability g (=1-q) ofsame
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length. This pattern continues until the server finds at least one customer in the orbit or number of vacations reaches J. Atthe end of Jn
vacation, even if the orbit is empty the server remains in the system. The vacation tlme also follows general distribution with
distribution function V(x), density function v(x), Laplace Stieltje’s transform V*(0), n' " factorial moments v and conditional
completion rate y(x) = v(x)/[1-V(X)].

If the orbit is non-empty during the idle period, the server searches for the customers in the orbit with probability 6 or remains

idle with probability 0 (=1- 8). Various stochastic process involved in the systemare independent of each other.
Definitions and Notations

Assuming the existence of steady state, define the following probabilities

1n(¥) is the probability that there are n customers in the system, the server is idle and the elapsed retrial time is x

My - . . . o . L
Pn” () is the probability that there are n customers in the system, the server is busy in it type service and the elapsed service time
isx 1<i<M.

My - . . . N L .
RA'() js the probability that there are n customers in the system, the server failed during i™" type service is under repair and the
elapsed repair time is x, | <i<M.

()
Vi) s the probability that there are n customers in the system, the serveris in jth vacation and the elapsed vacation time is x
J1<j<T.
lp is the steady state probability that the server is idle in the empty system.
Define the following probability generating functions

3 o (%) n P(') x)z" R(') (x)z"
Ixz) =n=1" , PO(xz) =n= 0 ,RV(xz) =n 0 J1<i<M and
5 V(J)(x)z 1<j<]
W(xz= N=0
Steady State Distributions
The systemof equations that governs the model under steady state are given below

[e'e) J—1oo .
Al = cj)vc()‘J)(x)y(x)dx +qj§1 cj)\/(gJ) (<)y(x)dx

@
%In(x)z—(x++n(x))ln(x),n21 2
d _ i n i .
d—XPr(]')(x):—(k++k +ui(x))Pr(]')(x)+(1—8n0)k+kElePr(]l)_k(x),nZO,I —12,.M o
d (i i n i .
&Rg)(x)z—Oﬁ +[3i(x))Rg')(x)+(1—5n0)x+kzlckRg)_k(x),nzo,.:Lz,...,M o
d ' n - .
&vr(]l) ) =—0F + 10V (0 + @ -8,0)2* kElckvrgl)_ 00 N20,j=12,...] o
with boundzj\ry conditions
M <o) 5700 00 ¥ Tl S0
1,0)= % SJPn_l(x)pi(x)dx+8an 1 (x)dx +0 ¥ [Ry (X)B; ()dx+ X [Vp” (x)y(x)dx |,n >1
i=1] 0 0 i=10 =10 ©
OY IS Mo ()
P0 (0) =pj| » C1I0+jll(x)n(x)dx+9 > jR B (X)dx + Z jV (X)y(x)dx
0 i=10 j=1
L @)
(i + i TN ST J e
Py (0) =pj| cn+1lo+jln+1(x)n(x)dx+k Y O k41 (X¥)dx+0] ¥ [R +1 X)Bj(x)dx + X jVn+1(x)y(x)dx
0 k=1"0 i=10 j=10
n>1i=12,..M ®)
R ©0) =2~ Tp dxn=0,i=1.2,. .M
0 ©
oy 81 VD 0100k n=0j=23,...
vil0)= : n

0 n=0,j=23..,J (10)
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V(57 p0 (i)
(1) 0)= 8[ Pj (x)pl(x)dx+9j Rp’ (¥)Bj (x)dx |,n=0
0 ,n=0
The normalizing conditions is

(11)

$ Tindx+ 3 3 {IP(')(x)dxHR(')(x)dx}r 23 jv(J)(x)dx 1
I+ "0 n=0i=1 n=0j=10 (12

Multiplying equations (2) to (11) by z" and summing over all possible values of n, we get the following partial differential equations

ﬂ+(x+ +n(x))}l(x, 7)=0
Lo (13)
Dot e —ate@ (x))}P(i) (x,2)=0,i=12,...M
:ax 14
Ot —ate@) + (x))}R(') (x,2)=0,i=12,...M
Lox (15)
9. o -atc@) +y(x))}vj(x,z) =0,j=12...J
Lox (16)
1020 3 VO e apemxr S {(6(2—1)+1)?P(‘) (x 2)u1; (ax +8 [R D (x,z)Bi(x)dxil—x“Llo ~ 3 vP o

j=10 i=1 0 0 j=1 (17)
P 0, 7) = {ﬁqz)lm 11, ) dx + 57 C@) | jl(x o0 ¥ VO axs > RO 2)p; (x)dx)} i=12,..M

i=10 i=10
18

R 0.2 =1 PO 2, i=12,...M

0 (19)
Solving equation (5) at n=0, we have

V(gj) (x) = V(()J) (0)6_7\'+X [1-V(X)] j=12,...J

(20)
Multiplying equation (20) by y(x) and integrating with respect to x from 0 to oo, we have
o] P o] P +
g)v(()l) (X)y(x)dx = évél) e~ X @ Vv(x)y(x)dx
v ov* ot i=12...3
(21)
Equation (10) gives
Doy~ gvU-D * oy i
Vgl (0 =aVg YOV ("), j=23..J | | )
From equations (10) and (11) it is clear that VW(0,2) = V9(0).
Applying equations (22) repeatedly for j=J,J-1,... we get
: v (0)
v (0,2):07J_1,j:1,2 ..... -1
vt
RG] -
Substituting equation (22) and (23) in equation (1) and after some algebraic manipulations, we get
Wao-
V*(ﬁ){“ ae-@v ey’ ~h
@v et ta-@viaty 24)
Solving the partial differential equations (13),(14),(15) and (16) we get respectively
I(x2)= |(0 Z)e><|0[ AA[L- AX] (25)
POx2)=P"(0,2)exp[-( A"+ A" A-C@NA[L- Bi(®)] ,i=12,...M (26)
RO(xz2)= R(')(O 2)expl- (x A'C @1- R, =1.2,...M @27
Wx2=v0(0.2e[-0.-2°C @N[1- VW] ,i=1.2....) (28)
Substituting the expression of pC (x,z) in equation (19), we obtain
RO 0,2 =2PW (0. 2)0-B  (92) /9(2)i =12,...M )

where, g(z) = A"+1-1"C(2)
Using equations (25), (26) ,(27)and (28) in equation (17) and (18), we get
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J . * . " _ . * .
102=0 3 VP 2v (h(z))+_|\2/| [(5(2—1)+1)P(') 0,2)8; (9(2) +0R D (0,2)R] (h(z))}—k*lo—élvéj)(o)
i=

j=1 i=1 (30)
P (0,2) = pzi[f 1C(2) +10, z)[A*(ﬁ) LCE)1- A*(ﬁ))} + e{ _ %Y(D 0.2V*(h(2) +_'\z/|§e(i)(o, z)R(i)(h(z))H,i —12,.. M
]= ]=
(31)
where , h(z)= A*-1"C(2)
Using equations (23),(24),(29) and (31) in equation (30) and simplifying we obtain
* M * —_ * *
[C(Z)+6QV (h(2)] X p;jl(8(z-1)+Dg(2)B; (3(2)) + 1 6(1-B; (9(2)R; (h(2))] +
10,2) = Igr" M |=1* . 1D(z)
[29(2) -% 6 X pj(1-B;j @@)R; (h@I(1-6)V*(h(2)) -DQ-1]
i=1 (32)

*

M * * % % M * - *
where, D(z) = 29(z) - ﬂ)i;lpi (1-Bj (@@)R; (h(@) -[A (.)+CR)L-A (7»+))](i§1|0i [(3(z-1)+1)9(z)B; (9(z)) + 1 6(1-B; (@(2)R; (M)

1-(g *(ﬁ)jJ

VAEOlEV ) v -D+a@v ey’ -]
Using equations (32) in equation (31) and on solving we have

and Q=

P0(0.2) = 199 @A 0 )C(2) -1 + 0QV* () + [A"(:F) + CRNL- A" (NI O)V* (h(2) DRI/ D) (33)

Us_ing equations (33) in equation (29) and simplifying we get

RY)(0,2) = 19727y (1 B (G@)IA" (°)(C(@) -1 + 0QV” (h(2) +[A"(:F) + C@)a~ A" O NII(L- )V * (h(2) -1 / D(2) (34)
T v (X, z)dx

By defining the partial probability generating functions y(z)= ° , We can find the orbit size probability generating functions as

follows

The partial probability generating function of the orbit size when the server is idle is

* M * = * *

[C@) +6QV (h(2)] X p;l(3(z-1) +1)9(2)Bj (9(2)) + % O(L-B; (I(@)R; (h(@)] +
I2)=lg (- A" (")) Mo =l /D@)
[29(2) -1 0 X pj(1-Bj (9(2)R; (h(1-6)V*(h(z)) -1)Q-1]

=1 (35)
The partial probability generating function of the orbit size when the server is busy in type i service is
P @) = 19 pi - B} (G@)TA* (1H)(C(2) - +6QV* (@) +[A" () + C@)A- A" X MIIL- OV (h(2) DRI/ D)

,1<1<M
The partial probability generating function of the orbit size when the server failed during type iservice is under repair is given by

R 2)=1g17py1- B (gL R; ()]
[A"0:)(CD) -1 +6QV" (h(2) +[A™ (1) + C@)(L- A" (L~ 6)V * (@) ~ DRI /L~ C(2)D(2)] a0

(36)

The partial probability generating function of the orbit size when the serveris on vacation is
Vgl Q@ B=V (@]

(1-C(2) (38)
Using the normalizing condition (12), I, can be obtained as \

e 1. M oo M s . M s .
[,= A [1-my(l-A (r.+}}_21pi[1—B[I—Bi (h }}]—:.+m1[1—_21piBi(r. }]—_zlpi[f. 8B; (1) + LT mlﬁi[l}[l—Bi[:. ]
1= 1= 1=

N
GV Q+ATAMNT) - 8QU-ATGT[1-5 = 1piB (27

1=

*
1

(39)
Performance Measures
Probability that the serwer is idle in the non-empty system is given by

M * M *
@A A* O My + A mv Q)L -0 zlpi B; (7)) + (L+0Q) 'my - A7 +2175 lei B; ()
1= 1=

M * M -
—3Fmy > P8 0 AFmy leiﬁi(l) @-B; ()
1= 1=

1= lim I(z) = Vi
2ot OHTvQ+ AR () -0 - AT ()-8 X piB; ()]
i=1 (40)
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Probability that the server is busy is given by
kalp(l B(7» )
P=_lim VP (- i=1
£l A [1—6_zlpiB?(x‘)]
1=

(41)
Probability that the server is under repair is given by

my Y B()p.(l B (1)
R = lim ZR(')(Z) 1=1
oli=t a-s glpiBi )

42)
Probability that the serwer is on vacation is given by
M . Mo, M . «
A vQI T L-my (1-A"(0F) 3 pj(L-0(1-B; (x‘»)]—ﬁml[l—_zlpisi <x‘)]—_zlpi[x‘68i (x‘)+x+x‘mlﬁi‘1’ (L-Bj (A7)
= 1= 1=

J i=1

v=1im ¥ vl@)- -
2ol (F27v Q0 AT () -0Q- AT (S NIL-5 3. piB} ()]
i=1

(43)
Probability generating function of the number of customers in the orbit is given by
M - .
010+ 2PV @+ RO @)+ 3 Vi@
Pq(2) = =1 H

M * * * *
= Io(Z—l)g(Z)[l—?Bi leiBi G@NTAC.")+CL-A* (0 MIQE- L-OV*(h(@)] -0QV * (h@) + A"k L~ CaNIL-C@)D)]
= (44)
Mean number of customers in the orbit L is given by
Let Nr(z) and Dr(z) be the numerator and denominator of Py(z).Then Nr(1)=Dr(1)=Nr'(1)=Dr'(1)=0.Applying L’Hospital rule we

get
[Dr"()Nr” (1) — Nr"(1)Dr"(1)]

3Dr"(1)2 )

Py @ =

where,
- * * i+ + M
Nr'(Q) =—-lg2xn mq[A (A7) -6Q1-A (A7) +A le][l—ES_Z piBj (W )]

N = olB(-ma ") +mg0QE-A" () ~1F mpv Q-8 10 mg le.u,() - z piB 0.7)

+T[1-8 z p;B (x N(=myA ()C")+m29Q(1 AT ) -2"m 2le(1 0)(1-A (7#))
i=1

2
~QUFmyvy +1T mivy))]

M
Dr"(1) = -2my{ X [L-my (1~ A" (1)) X pill-60- B; ()] -y~ z p.B(x - z il 8707 + 1 myp - B[
i=

M * *
Dr"(1) = -3my[-22."mq ~1"my (1- 2 piB; ¢ »—x‘mz(l—A*(x*»_zlpi[l—ea—si(x‘))1—2m1(1—A*(x+»,zlpi[(mBi(x’)
i= | = | =

im0+t my 0n® +p 1-eya- 8] ) - ;p{—27»+2m12k_pi(1)Bi(1)—27»+2m12ui(1)

~28."my B ()
* * M *
+2x+x‘m1ui(1)6+x‘(1—8i )N mfﬁi(z)+x+m25i()]—3m2[7r[1—m1(1—A (k+))_21pi[1—6(1—Bi )]
1=

M M
* ko _ 1 *
i 3 pi8] ()1 X pilio8; 07) 42 myp® 087 00
i= i=
Probability generating function of the number of customers in the system is given by
I0 +1(2) +zP(2) + R(2) + % Vj(z)
Ps(2)= =

M * % * *
=lp(z-Dx + lei Bj (9(2))(h(2) - 5g(@)] [(A (1) +CRL-A* (. MIQE- L-8)V*(h@)] - 6QV* (@) + A* (1" )L - C2)/[L-C@)D(2)] )
1= 4

Mean number of customers in the orbit Lg is given by
Let Nri(z) and Dr(z) be the numerator and denominator of Ps(z). Since Nry(1)=Dr(1)=Nr;’(1)=Dr'(1)=0, applying L’Hospital rule
we get
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|Dr@Nr{'@) - er(l)Dr’"(l)J

3Dr'@) (47)

R -

where,
" - * o+ * o+ + M x
er(l):—ZX m1[A (A7)-0Q1-A (A7) +A le][l—S_ZpiBi A g

NF(@) = 1o[6((- mlA )+ mya-A"(F)0Q -1 mpva Q-3 AT my. lelp()+k+ml(6 1) zlp,B, o)

+3(0[1- 5 z p,B, ONEMRA™ () +my (- A" (1F))0Q - 20" m 2v1(1 0)QL-A (x+)) Q(tm v1+x+ m v2))]

Reliahility Indices
Let A(t) be the pointwise availability of the server at time t, that is the probability that the server is idle or busy. The steady state
A . A=limA(t).
availability of the server will be oo
The awvailability of the serwer is given by
W v1Q+x‘A - 9Q(1 A* O my v B p; (1B} (1) + 4* vy QI [1-my +myA* (1]
=1

ml[l— z p.B. o)1~ z pil 58] 0.7)+2. 2 myp® @B} o))

A=1-(R+V)= =1
(7»+7FV1Q+7FA*(?»+)—9Q(1—A*(7»+)))[1—5 z piB; (\7)]
i=1 (48)
Steady state failure frequency of the server is
¥
m, T opa- B )
2 S -

M *
-3 7% piBi A
i=1 (49)

Stochastic Decompostion

Theorem: The number of customers in the system (Ls) can be expressed as the sumof two independent random variables, one of
which is the mean number of customers (L) in the unreliable batch arrival G-queue with multi-optional service and feedback and the
other is the mean number of customers in the orbit (L,) given that the server is idle or on vacation.

Proof: The probability generating function n(z) of the number of customers in the Classical queueing system with negative
customers, feedback, server breakdown and randomized J vacation is given by

n(z) E HB &(2)h(2) — @1 O 7 ﬂll[l—_dpiBier - _5 pleE; 0+ mp (1 -B 6.)))

A A-CE@i-2, EIHB;L[?-_}{ZE@'—_ EIH[EEZ—l}H:E(Z}Bi[E(ﬂ'}ﬂ-_(l—Bi [;!(Z}lRi Ehiﬂ'}]i
1= 1= d

(50)
The probability generating function y(z) of the number of customers in the orbit given that the server is idle or on vacation is
lg +12)+ X Vj(z)
=
@B=— v
0 (51)

[A*(ﬁ)(lfc:(z»feQV*(h(z))f[A*(x+)+C<z)><1—A*(ﬁ))][«lfe)V*(h(z»fl)Q]}

l:zg(z)— le [z~ +1Dg(@)B; (9(2)) +1~ (1-B] @2)R; (h(Z))]}

e my AT T pifi-00- B} (-2 i z p.B.(x 1- zlp.[x 587 ()27 mp® 4B} ()]

A-C@)D@IA v Q+A" () -0QE-A™ (L N[~ —x+m1[1—_zlpi B{ 07)]-278 lei B (7)) -2 A Tmy leiﬁi(l) )L-B; ()]
I = 1= i=

From equations (46),(50) and (51), we see that Ps(z) = n(2) x(z) . Hence, Ls = L +L, .
References
[1] Artalejo, J. R. (2000). G - networks : a versatile approach for work removal in queueing networks. European Journal of
Operational Research 126 , 233-249.
[2] Gao, S. and Wang, J. (2014). Performance and reliability analysis of an M/G/1-G Retrial queue with orbital search and non-
persistent customers. European Journal of Operational Research, 236,561-572.
[3] Gelenbe, E.(1989).Random neural networks with negative and positive signals and product form solution. NeuralComputation 1,
502-510.
[4] Celenbe, E. (1991). Product - form queueing networks with negative and positive customers. Journal of applied probability 28 ,
656-663.



34876 K. Kirupa and K. Udaya Chandrika/ Elixir Appl. Math. 86 (2015) 34870-34876

[5] Gelenbe, E. (1994). G -networks: a unifying model for neural and queueing networks. Annals of Operations Research 48,433-461.
[6] Gelenbe, E. (2000). The first decade of G-networks. European Journal of Operational Research 126 , 231-232.

[7] Liu, Z., Wu, J. and Yang, G. (2009). An M/G/1 Retrial G — queue with preemptive resume and feedback under N-policy
subject to server breakdowns and repairs, Computers and Mathematics with Applications, 58,1792-1807.

[8] Madan K.C., Al-Nasser Amjad, D. and Abedel-Qader Al-Masri. (2004). On M X/ (GG, ) / 1 queue with optional re - service.
Applied Mathematical Computation. 152, 71-88.

[9] Wu, J. and Yin, X. (2011). An M / G/ 1 Retrial G-queue with non - exhaustive random vacations and an unreliable server,
Computers and Mathematics with Applications, 62, 2314-2329.

[10] Wu, J. and Lian, Z. (2013). A single server retrial G-queue with priority and unreliable server under bernoulli vacation
Schedule. Computers & Industrial Engineering, 64, 84-93.

[11] Yang, S., Wu, J. and Liu, Z. (2013). An MP/G/1 Retrial G — queue with single vacation subject to the server breakdown and
Repair. Acta Mathematicae Sinica, English Series, Vol.29, No.3, 579-596.



