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ARTICLE INFO ABSTRACT

A cube divisor cordial labeling of a graph G with vertex set V is a bijection f from V to
{,2,...,|V [} such that an edge e=uv is assigned the label 1 if [f(u)]®| f(v) or
[f(W]®] f(u) and the label O otherwise, then |e; (0)—e; (1) |<1. A graph which admits a

cube divisor cordial labeling is called a cube divisor cordial graph. In this paper we prove
that barycentric subdivision of the star K, , switching of a vertex in cycle C, degree
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Introduction
Throughout this work, by a graph we mean finite, connected,

undirected, simple graph G =(V(G),E(G)) of order |V(G)|
and size | E(G)|-

Definition 1.1. A graph labeling is an assignment of integers
to the vertices or edges or both subject to certain condition(s).

The latest updates of various Graph Labeling Techniques can be
found in Gallian[2] .

Notation 1.2. e; (i) = Number of edges with label i;i= 0,1.

Definition 1.3. Let G= (V(G),E(G)) be a simple graph and
f:VG)® {1,2,%4,]V(G)|} be a bijection. For each edge
e= uv, assign the label 1 if [f(u)]| f(v) or [f(V)]] f(u) and
the label O otherwise. The function f is called a divisor
cordial labeling if |e; (0)- e; M| 1. A graph which admits a
divisor cordial labeling is called a divisor cordial graph.

The concept of divisor cordial labeling was introduced by
Varatharajan et al.[10] and they proved the following results:

< The star graph K, , is divisor cordial.
< S(Ky,). the subdivision of the star K,  is divisor

cordial.
Vaidya and Shah[9] proved that:

< Switching of a vertex in cycle C_  admits divisor

cordial labeling.
< Switching of a rim vertex in a wheel W, admits divisor

cordial labeling.
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Definition 1.4. Let G= (V(G),E(G)) be a simple graph and
f:VG)® {1,2,%,|V(G)|} be a bijection. For each edge
e= uv, assign the label 1 if [f(U)]*| f(v) or [f(WI*| f(u)
and the label 0 otherwise. The function f is called a square
divisor cordial labeling if |e;(0)- e; (D)} 1. A graph which

admits a square divisor cordial labeling is called a square
divisor cordial graph.

The concept of square divisor cordial labeling was introduced by
Murugesan et al. [6] .

Vaidya and Shah[8] proved that:
% DS(B,,): the degree splitting graphs of the bistar
Bn,n
< DS(P,), the degree splitting graphs of the path P, is a
square divisor cordial graph.

is a square divisor cordial graph.

Definition 1.5. Let G= (V(G),E(G)) be a simple graph and
f:VG)® {1,2,%,|V(G)|} be a bijection. For each edge
e= uv, assign the label 1 if [f()]|f(v) or [f(W]] f(u)
and the label 0 otherwise. The function f is called a cube
divisor cordial labeling if |e;(0)- e; ()| 1. A graph which

admits a cube divisor cordial labeling is called a cube divisor
cordial graph.

The concept of cube divisor cordial labeling was introduced by
Kanani and Bosmia[9] and they proved the following results:
< The complete graph K is cube divisor cordial if and

onlyif n=1,2,3,4.
% The star graph K, is a cube divisor cordial graph if
andonly if n=1,2,3.



<+ The complete bipartite graph K, , is a cube divisor
cordial graph.

<+ The complete bipartite graph K;, is cube divisor
cordial ifand only if n=1,2.

<+ The bistar B, , is a cube divisor cordial graph.

% Restricted Bﬁ,n is a cube divisor cordial graph.

A graph may be labeled by both the labeling techniques square
divisor cordial labeling and cube divisor cordial labeling at a
time, may be labeled by any one of them, or may not at all be
labeled by any of them. In other words these two graph labeling
techniques behave independently. This fact is exemplified in the
following examples:

<+ The bistar B, , is both square divisor cordial as proved
in [8] and cube divisor cordial as proved in [4]

% The complete graph K, is not square divisor cordial as
proved in [6] but it is cube divisor cordial as proved in
[4].

<+ The complete bipartite graph K;q is square divisor
cordial as proved in [6] but it is not cube divisor
cordial as proved in [4].

< The star Ky, (n* 8) is not square divisor cordial as

proved in [6] and it is not cube divisor cordial as

proved in [4].

Definition 1.6. Let G= (V(G),E(G)) be a graph. Let e=uv be

an edge of G and w is not a vertex of G. The edge e is sub
divided when it is replaced by the edges e'=uw and e"=wv.

Definition 1.7. Let G= (V(G),E(G)) be a graph. If every edge

of graph G is subdivided, then the resulting graph is called
barycentric subdivision of graph G.

In other words barycentric subdivision is the graph obtained by
inserting a vertex of degree 2 into every edge of original graph.
The barycentric subdivision of any graph G is denoted by
S(G).

Definition 1.8. A vertex switching G, of a graph G is the

graph obtained by taking a vertex v of G, removing all the
edges incident to v and adding edges joining v to every other
vertex which are not adjacentto v in G.

Definition 1.9. [7] Let G=(V(G),E(G)) be a graph with
V=5 uUS,u...uS, UT where each S; is a set of vertices
having at least two vertices of the same degree and

t
T=V —(USi). The degree splitting graph of G denoted by
i=1
DS(G) is obtained from G by adding vertices
W, Wy, Wa,..., W, and joining to each vertex of S; for 1<i<t.
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Main Results

Theorem 2.1. The barycentric subdivision S(K,,) of the star
Ky, is a cube divisor cordial graph.

Proof: Let K;, be the star with apex vertex v, and pendant
vertices vy, Vs,...,V,. Let g =vpv; for i=12,...,n. To obtain
barycentric subdivision G =S(K,,) of the star K, subdivide
each edge of star K, by the verticesw;,W,,...,w, . Where each
w; is added between v, and v; for i=12,...,n. We note that
IV(G)|=2n+1 and |E(G)|=2n.

Define vertex labeling f :V(G) >{L2,...,2n+1} as follows:
f(vg) =1.
f(vy)=2i+L1£i£n.
f(w)=2i;1£i£n.

In view of above defined
e;(0)=e; @ =n.

Thus, |e; (0)—e; (D) |<1.

labeling pattern we have

Hence, the barycentric subdivision S(K,,) of the star K, , isa
cube divisor cordial graph.

Illustration 2.2. Cube divisor cordial labeling of the graph
S(Kyg) is shown in Figure 1.
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Figure 1: Cube divisor cordial labeling of S(K;g).

Theorem 2.3. The graph G, obtained by switching of a vertex
in cycle C,, is a cube divisor cordial graph.

Proof: Let v,v,,...,v, be the successive vertices of the cycle
C, and G, denotes graph obtained by switching of vertex v of
G =C,, . Without loss of generality let the switched vertex be v,
. We note that |V(G,)|=n and | E(G,) |=2n-5.
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Define vertex labeling f :V(G,) »>{L2,...,n} as follows:
f(v)=1.

f(v)=n+2-i; 2£ £ n.

In view of above defined labeling pattern we have e; () =n-3,
e;(0)=n—-2.Thus, |e; (0)—e; D [<1.

Hence, the graph G, obtained by switching of a vertex in cycle
C,, is a cube divisor cordial graph.

Illustration 2.4. The graph obtained by switching of a vertex in
cycle Cg; and its cube divisor cordial labeling is shown in
Figure 2.

Figure 2: Switching of a vertex in cycle Cg and its cube
divisor cordial labeling.

Theorem 2.5. DS(B, ;) is a cube divisor cordial graph.

Proof: Let B, be the star with V(B, ) ={u,v,u;,v; :1<i<n}
, Where u;,v; are pendant vertices. Here V(B )=V, UV,,
where V; ={u;,v; :1<i<n} and V, ={u,v}. Now in order to
obtain DS(B,,) from B,, we add w,w, corresponding to
Vi,V,. Let G be the DS(B,,) graph. Then |V(G)|=2n+4
and E(G) ={uv,uw,, v, Fu{uu;, w;, wu;, Wv; 11<i<n}. So,
| E(G)|=4n+3.

To define vertex
consider two cases.

labeling f:V(G) >{L2,...,2n+4} we

Casel: n=1.

So, |[V(G)|=6 and |E(G)|=7.
Define

f(uy=1, f(v)=5.
fuw)=3, f(v)=4.
fw)=2, f(w,)=6.
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Figure 3: Cube divisor cordial labeling of DS(B,,).

Case2: n>2.
Define
fuy=2, f(v)=2n+3.

f(w)=1, f(w,)=8.
f(u)=1+2i;1<i<n.
f(v)=2+2;;1<i<n,i=3.
f(vz)=2n+4.

In view of the above defined labeling pattern we have
e;(0)=2n+2, e; (D) =2n+1.Thus, |e; (0)—e; D I<L.

Hence, DS(B, ,) is a cube divisor cordial graph.

Illustration 2.6. Cube divisor cordial labeling of the graph
DS(B,4) is shown in Figure 4.
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Figure 4: Cube divisor cordial labeling of DS(B, ,) .

Theorem 2.7.
onlyif n=5.
Proof: Let P, be the path with V(R,)={v, :1<i<n}. Here
V(R,)) =V, uV,, where V; ={v;,v,} and V, ={v; : 2<i<n-1}.
Now in order to obtain DS(P,) from P,, we consider following
two cases.

DS(P,) is a cube divisor cordial graph if and
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Case l: n=3.

We add w to V,. Then |V(DS(R))I=4 and
E(DS(R)) = E(Ry) v, vwi}. So |E(DS(R))|=4. The
cube divisor cordial labeling of DS(R;) is shown in Figure 5.
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v, V; L
Figure 5: Cube divisor cordial labeling of DS(R;).
Here, e; (0)=e; () =2.Thus, |e; (0)—e; (D |=0.
Hence, DS(PR;) is a cube divisor cordial graph.

Case2: n>4.

We add w,w, corresponding to V;,V,. Then
|[V(DS(R,))l=n+2 and
E(DS(P,)) = E(P,) ufv,w, v, W Fu{w,v; 1 2 <i<n-1}. So
| E(DS(R,)) |=2n—1.

To define vertex labeling f:V(DS(R,)) =>{L2,...,n+2} we
consider following three subcases.

Subcase 1: n=4.

The cube divisor cordial labeling of DS(F,) is shown in Figure
6.
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Figure 6: Cube divisor cordial labeling of DS(F,) .

Here, e; (0)=4, e; () =3. Thus, |e; (0)—e; (1) [<1.
Hence, DS(P,) is a cube divisor cordial graph.
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Subcase 2: n=5.
The graph DS(R;) is shown in Figure 7.
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Figure 7: The graph DS(R;) .

In any labeling pattern we get at most 3 edges having label 1.
Therefore, e;(M<3. So, e;(0)=29-3=6.  Thus,
e (0)—e; (@) 23.

Hence, DS(R;) is not a cube divisor cordial graph.

Subcase 3: n>6.

Let p be the largest prime number such that p<n+2.

Define

f(w)=8, f(w,)=L1.

fw)=2, f(v,)=p.

Label the remaining vertices v,,vs,...,V,_; successively from
the set {3,4,5,6,7,9,10,11,...,,p-1, p+L,...,n+L,n+2}.

In view of above defined labeling pattern we have e; (0)=n
and e; () =n-1. Thus, |e; (0)—e; (1) [<1.

Hence, DS(R,) is a cube divisor cordial graph if and only if
n=5.

Illustration 2.8. Cube divisor cordial labeling of the graph
DS(R,) is shown in Figure 8.

Figure 8: Cube divisor Cofdial labeling of DS(Ry) .
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Concluding Remarks

As all the graphs do not admit cube divisor cordial labeling it is
very interesting and challenging as well to investigate cube
divisor cordial labeling for the graph or graph families which
admit cube divisor cordial labeling. Here it has been proved that
barycentric subdivision of the star K, ,, switching of a vertex in

cycle C,, degree splitting graphs of B,, and P,;n=5 are
cube divisor cordial graphs.
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