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Introduction

Distributions are objects that generalize the classical notion of functions in mathematical analysis. Distributions make it
possible to differentiate functions whose derivatives do not exist in the classical sense.

The basic idea in distribution theory is to reinterpret functions as linear functional acting on a space of test functions.
Standard functions act by integration against a test function, but many other linear functional do not arise in this way, and these
are the "generalized functions". There are different possible choices for the space of test functions, leading to different spaces of
distributions. The basic space of test function consists of smooth functions with compact support, leading to standard distributions.
Use of the space of smooth, rapidly decreasing test functions gives instead the tempered distributions, which are important
because they have a well-defined distributional Fourier transform. Every tempered distribution is a distribution in the normal
sense, but the converse is not true: in general the larger the space of test functions, the more restrictive the notion of distribution.
On the other hand, the use of spaces of analytic test functions leads to Sato's theory of hyper functions; this theory has a different
character .Distributions are also important in physics and engineering where many problems naturally lead to differential
equations whose solutions or initial conditions are distributions.

Generalized two dimensional fractional Cosine transform

Two dimensional fractional Cosine transform with parameter af(x, y) denoted by F&(x,y) perform a linear operation given

by the integral transform.

FHfF )Y wv) = [ [ fx K, (x,ywv)dxdy ......... (1.1)
Where the kernel,
) i(7c2+y2 +u2+v2)cotu (12)
1-icota -~ )
e 2 cos(coseca.ux).cos(coseca.vy)

K%(x,y,u,v) =

2m

The test function space E
An infinitely differentiable complex valued function @ on R™ belongs to E(R™) if for each compactsetI c S, .
where,

Sap={x,y:x,y€ER" x| <a|yl|<ba>0b>0},I€R"

Ye,, (@) = S:i|p£:‘y’(z)(x, y)| <o

Where, p,q=1, 2, 3....
Thus E(R™) will denote the space of allg € E(R™) with support contained in S, ,
Note that: the space E is complete and therefore a Frechet space. Moreover, we say that f is a fractional Cosine transformable, if it
is a member of E*, the dual space of E.
In the present work, two dimensional fractional cosine transform is extended in the distributional generalized sense. Operators on
the testing function E and its dual space E* as shifting operator, differential operator, ad joint shifting operator, ad joint differential
operator etc. are obtained.
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Distributional two-dimensional fractional Cosine transform
The two dimensional distributional fractional Cosine transform of f(x,y) € E*(R™) defined by

Fe{f(x,y)} = F*(w,v) = (f(x,y), Ko (x,y,u, 1)) o

1—icota i(x2+y2+u2+v2)cota (22)
K¢(x,y,u,v) = |—e 2 cos(coseca.ux).cos(coseca.vy)

2n
Where,
RHS of equation (2.1) has a meaning as the application of f € E*toK,(x,y,u,v) € E
Shifting operator
If (x,y)eE and a and b are real numbers then ¢(x + a,y + b)eE .x+a > 0,y + b > 0 where ¢(x,y) = K%(x,y,u,v)
Proof
Consider

Yepqg(@(x+a,y+b)) = sup|D”D" (x+a,y+b)|
Yepqg(@(x+a,y+b)) = sup|DquK“(x +ay+buv)
Yqu(tp(X+ay+b))— DYDIK?(x + a,u,y + b, V)|

Yepqg(@(x+a,y+b)) = xyd|DZ,D;’,,K?(x RTRY ,v)|

sup |

< oo
For any fixed x'andy’ ,u, veR™ and any fixed p, 0, 0 < a < g
Thus ¢(x +a,y + b)eE,x+a>0,y+b>0
The translation (shifting) operator
T: o(x,y) - @(x + a,y + b)is a topological automorphismonE,forx +a>0,y+ b > 0
If @(x,y)eE and a > 0b > 0 then @(ax, by)eE
Proof
Consider

Ypa(@(ax by)) = ""IDID @ (ax, by)|
Yepq(@(ax, by)) = Sup|DquK“(ax, by, u,v)|
Yepa(@(ax,by)) = “7|DIDIKE(ax, u, by, v)|

sup
Yepqa(@(ax,by)) = xyeI|D:'D‘}I”Kg(xl' wy',v)
For any fixed x'andy’ .u,veR™ and any fixedp, 0, 0 < a < g

Thus @(ax,by)eE,x+a>0,y+b>0
If (x,y)eE and a > 0b > 0 then scaling operator R: E — E defined Rgp = y where ¢ (x,y) = ¢(ax, by) is topological
automorphism. Combining result 2 and 3 immediately yields next proposition.
Proposition
Ifa,b,c,deRsuchthat x+a>0,y+b>0 and cx>0.,dy >0
Then the shifting scaling operator S: E — E defined S(¢@) = ¢
Where ¢ (x,y) - @(c(x + a),d(y + b)) is a topological automorphism
Differential operator
The operator ¢@(x,y) — D, o(x,y) is defined on the space E and transform this space E into itself, where ¢@(x,y) =
K¢ (x,y,u,v)
Proof
Let D, ,o(x,y) = @(x,y)

Yepa(@(x,¥)) = o |DpD o(x,y)|
YE'P.Q((p(x'y)) = xs“pl quny‘P(x.y)|
YE,p,q((p(x 'y)) - x,yel| ¥+1D;1’+1K?(x' yu, U)| (l)

1—icota i; 2, 2, 2, 2
DY K (x, y,u,v) = ,T vttty Heota oo g esca. vy)

p+1 k
Z Z n/ (k-2 )| |(1C°ta)k_r(zx)(k_2r) (csca.ux)P™

p+1—nmm
2

sup

X,y

Ccos (CSC(X ux +—)-



36862 V. D. Sharma and S. A. Khapre/ Elixir Appl. Math. 89 (2015) 36860-36866

1—icota i 2. .2 2, 2
p+1q+1 _ s(x“+y“+u“+v“)cota
Dx,y Kg(x’y! u: v) - Zn eZ( )

9 1 P k N
mZ:sZZZ (k Zr)'r'

( — )' '(lCOt(X)k+l_r_s(2X)(k_2r)(Zy)(l_zs)

(csca. ux)P"(csca.vy)i ™™

(p—mm
cos csca.ux+T cos | csca.vy +

(q —m)m
2
Put in equation (1)

sup

1—icota l(x +y2+u?+v?)cota
2

> ¥ Y Y O

YE.p,q((P(x,)’)) = m 0s=0 n=0r=0
W(lcotm)‘“rl r-s(2x) k=20 (2y)1-25)

(csca. ux)P(csca.vy)1™™

< (p— n)ﬂ) < (q— m)ﬂ)
cos| csca .ux + T COS | CSca .Vy + —

x,yel 2

< oo
For any fixed x, yeR™ and fixedpand g, 0 < a < ’2_’

~@x,y)eE
D,,p(x,y)eE
Adjoint shifting operator
The adjoint shifting operator is a continuous function from E* to E* .the operator of (2) is
f(x,y) = f(x — a,y — b) Leads to the operation transform formula.
Solution
F&{f(x +ay+b)}=(f(x+ay+b)K(x,y,uv))

— icota l(x +y2+u?+v?)cota

F{f(x +ay+ b)) =@ +ay+b)

cos(csca. ux) cos(csca. vy)

1-icota L((x+a)2+(y+b)2+u?+v?)cota )
Fﬁ{f(x+a.y+b)}=(f(x’y)'\] m O )

cos(csca. u(x + a)) cos(csca.v(y + b))

i 2 2,.2,.2 2,2 2.32.,.2, 2
ez((x+a) +(y+b)*+u*+v?)cota COS(CSC(Z. ulx + a)) COS(CSC(Z. v(y + b)) — ez(x +y?+2xa+2yb+a®+b*+u®+v?)cota

cos(csca. (ux + ua)) cos(csca. (vy + vh))
e%((x+a)2+(y+b)2+u2+v2)cotu

COS(CSC(X. u(x + a)) COS(CSCC(. v(y + b)) — e%(x2+y2+u2+v2)cotae%(Zxa+2yb+a2+b2)cota

[cos(cscaux) cos(cscaua) — sin(cscaux) sin(cscaua)]
[cos(cscavy) cos(cscavb) — sin(cscavy) sin(cscavb)]
e%((x+a)2+(y+b)2+u2+v2)cotu
COS(CSC{X. ulx + a)) COS(CSC(X. v(y + b)) _ e%(x2+y2+u2+u2)cotae%(2xa+2yb+a2+b2)cota
[ cos (cscaux) cos(cscaua) cos(cscavy) cos(cscavb)
| = cos(cscaux) cos(cscaua) sin(cscavy) sin(cscavb) |
—sin(cscaux) sin(cscaua) cos(cscavy) cos(cscavb)
+ sin(cscaux) sin(cscaua) sin(cscavy) sin(cscavb)
Let

P = cos(cscaua)Q = cos(cscavb)

R = sin(cscaua)S = sin(cscavb)
e%.((x+a)2+(y+b)2+u2+v2)cota
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COS(CSCCI. ulx + a)) COS(CSCCI. v(y + b)) _ e%(x2+y2+u2+y2)cotae%(2xa+2yb+a2+b2)cota
PQ cos(cscaux) cos(cscavy)
| = PS cos(cscaux) sin(cscavy) |
—QR sin(cscaux) cos(cscavy)
+ RS sin(cscaux) sin(cscavy)
e%.((x+a)2+(y+b)2+u2+v2)c0ta

[ PQe%.(xZ+y2+u2+v2)cotae%(2xa+2yb+a2+b2)cota |
cos(cscaux) cos(cscavy)
_Pse%(xz +y? +u2+v2)cotae%(2xa+2yb+a2+b2)cotoc

cos(cscaux) sin(cscavy)

cos(csca.u(x + a)) cos(csca.v(y + b) : ;
( ) ( Y ) _QRe%(xz +y2+u? +v2)c0tae%(2Xa+2yb+a2+b2)c0ta

sin(cscaux) cos(cscavy)

+Rse%(x2 +y2+u?+v?)cota e%(ZXa+2yb+a2 +b?)cota

sin(cscaux) sin(cscavy)
e%((:’c+a)2+(y+b)2 +u+v2)cota

PQe%(Zxa+2yb+a2+b2)cotaZDKg(x’ yu, v)

_ PSe%(Zxa+2yb+az+b2)cotae—i(a—%)

21
,— 1DK? 1DK?
1 icota ¢ (x, W) 1DKs(y,v)

_ QRe%.(Zxa+2yb+aZ +b2)cotae—i(a—g)

21
——1DK%(x,u)1DK%(y,
/1 e IDKE(x, w)1DKE(y,v)

L 2, p2 —i(a=T
[+ RSeZ(Zxa+2yb+a +b )cotae i(a—3) K%(x,y,u,v)]

cos(csca. u(x + a)) cos(csca.v(y + b)) =

e%((x+a)2+(y+b)2 +u?+v2)cota

i 2,2
cos(csca. u(x + a)) cos(csca. v(y + b)) = ez(Bxa+wybrat+b?eota

PQ2DK%(x,y,u,v)
—PS e-i(a-% 2—“ 1DK%(x,u) 1IDK%(y, v)
1 — icota ¢ §
_QRe-i(“-% _ 1DK%(x,u)1DK%(y,v)
1 —icota s ¢
it
+RSe "2 K(x,y,u,v)

Equation (1) is
f(x y) e%(2xa+2yb+a2+b2)cota
PQ2DKZ(x,y,u,v)

—PS e—i(a—g)

1DK%(x,u) 1DK(y,
F{f(x+a,y + b)} = 1— icota (x,u) . v) )

—QRe_i(“_g) r 1DK%(x, u)1DK%(y, v)
1 —icota sy e

i

L +RSe 2 K%(x, y,u,v)
L
F{f(x + a,y + b)} = ez(2xa+2ybra’+b?)cota
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(f(x'J’) 'PQZDK?(x'y,u, 17)) -

21
1 —icota

. TC.
(f(x,¥),PS €2 1DKZ(x,u) 1DK%(y, v))

21
1 —icota

(f(x,), QRe"(“"2) 1DK*(x, u) 1IDK(y, v))
+(f(x,y), RSe ™2 K2(x, y,u,v))

Fi{f(x+ay+b)}= e%(zxa+2Yb+aZ+bZ)cota
PQ(f(x,y),2DK%(x,y,u,v)) —

2T
—PS
1 —icota

) (f(x,y),e* 2 1DK%(x,u) 1DK(y, v))

R 21
Q 1 —icota

(F(x,y), e (2D 1DKE(x,u)1DKZ(y, v))
+RS (f(x, %), ¢ @2 K(x,y,u,v)

FE{f(x + a,y + b)) = ez(Ba+2yb+a®+b)cota
cos(cscaua)cos(cscavb)(f(x,y),2DK%(x,y,u, v))

2T
cos(cscaua)sin(cscavb) 1 icota

. T
(f(x,y),e7"“"2 1DK(x,u) 1DK{(y,v))

2T

-cos(cscavb)sin(cscaua) |———
( ) ( ) 1 —icota

(F(x,y), e (“D1DKE(x, u) 1DK=(y, v))

. T
+sin(cscaua)sin(cscavb) (f(x, y), e @2 K%(x,y,u,v))
i
F{f(x+a,y+b)}= ea(Zxar2ybra+bt)eota o g osequa) cos(cscavh)
i
(f(x,y),2DK%(x,y,u,v)) — ez(Zxarzybra’+bt)cota s o cscqua)sin (cscavb)

2T : T i
T icota (f(x,y), e 2 1DK%(x,u) 1DK%(y, v)) — ez(Zxatzybra®+bt)cota oo cscqyh)sin(cscaua)

2n o i
/m (f(x,y), e i(e2) 1DK%(x,u)1DK%(y,v)) + ez(Zxarzybra+bt)cota gy (cscqua)sin (cscavb)
(fx,y), 67D KE(x, y,u,v))

The Adjoint differential operator

Fi{D,,f(x, )} = (Dy,, K&(x,y,u,v))
Fz{Dx,yf(xr }’)} = (f(x, }’). _Dx,ng(xr yu, U))

1—icota e%(x2+y2+u2+v2)cotu
Fz{Dx,yf(xr }’)} = (f(x, }’). _Dx,y 21 )

cos(csca. ux) cos(csca. vy)
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1—-icota

i
o D, <e7(x2+“2)c°t“ cos(csca. ux))

Fe(Do, fry) = ¢ V)T

i
Dy(ei(J’Z*"Z)“’t“ cos(csca.vy))

Let | _ [icicota La2s)cota
21

f(x,y)— AD, (e%(xz)wt“ cos(csca. ux))
FZ{Dx,yf(X,)’)} = ( i, 2 )
Dy(ef(y Jeota o5 (csca. vy))

f(xy)

L2 ]
—ez(¥)cota sin(csca. ux) csca. ux

Fe{D,yf(x,3)} = ( + cos(csca. ux)e%(x

2
Jeotay cota )

Ly .
—ez(r)eote gin (esca. vy) csca. vy

+ cos(csca. vy) e%(yz)“’t“iycota
f(x,y)
_ Ae%'(szryZ)mm (— sin(csca. ux) csca. ux)
+ cos(csca. ux)ixcota /)
—sin(csca. vy) csca. vy
( + cos(csca. vy) iycota )
fx,y)
_Ae%(xz+yz)cota
FZ{Dx,yf(X, y)} _ ([ sin(csca. ux) csca. u sin(csca. vy) csca. v })

Fa{Dx,yf(x’ Y)} = (

—sin(csca. ux) csca. ucos(csca. vy) iycota
— cos(csca. ux)ixcota sin(csca. vy) csca. v
+ cos(csca. ux)ixcota cos(csca. vy) iycota

f(x,y) - AeaF* 7 )eote
uw (csca)?sin(csca. ux) sin(csca. vy)
Fg{Dx,yf(x' 3’)} = —iycota cscau sin(csca. ux) cos(csca. vy) )
[—ixcotacsca. v cos(csca. ux) sin(csca. vy)]
—xy(cota)? cos(csca. ux) cos(csca. vy)
fCx,y),

—uv(csca)? e_i(“_f) K%(x,y,u,v)

. T
—iycotacscau ) 1DK%(x,u)

1DK¢ (y,v)

N
TI

F{D,,f(x,y)} = 1 —icota

. i
—ixcotacsca.v e_'(“_f) 1DK%(x,u)

2T DK(y,v)
1 — icota s¥

—xy(cota)’K%(x,y,u,v)
F{D.y f(x,9)} = —uv(csca)?e (D (f(x, ), Ka(x,y,u,))

2T

_ ei(e3) icotacscau(f (x,y), IDK%(x,w))(y, 1IDK%(y, v))

1 —icota

il T 21
—e i(«-3) ——— icotacscav
1 —icota

(f(x,¥), IDKZ (x, w))(x, IDK (y, v))- (cota)*(f (x, y)xy, K& (x, y, u, v))
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F{D,,f(x,y)} = —uv(csca)Ze_i(“_g)Ff,{f(x, )} - e-i(e2) ’ﬁ icotacscaul S {f(x, y)}(w) 1_Fe{1.y}(v)

_ei(eg) | 2T

——— icotacscav 1p:° {x.1}(u
1 —icota DX 1}(10)

1_F{f(x, y)}(v) — (cota)*F{f (x,¥)}
Conclusion

In the present work Operators on the testing function E and its dual space E* for two dimensional fractional cosine transform
are obtained
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