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Introduction

Integral transformation is one of the well known techniques used for function transformation. And the transform analysis of
generalized functions concentrates on finite parts of integrals, generalized functions and distributions. In this paper we stressed on
Fourier-Finite Mellin transform. The Pioneer of this Fourier-Finite Mellin Transform is Robbin’s and Huang [1972]. The Fourier-
Finite Mellin Transform is used in signal processing, image processing and many more.

Human face recognition is, indeed, a challenging task, especially under illumination and pose variations. So the effectiveness
of a simple face recognition algorithm is based on Fourier-Finite Mellin Transform. [1]. Fourier-Finite Mellin Transform has
found application in optical pattern recognition, Ship classification by sonar and radar and image processing. It is also used to
correct various optical distortions, including noise, in lenses. Fourier-Finite Mellin Transform is frequently used in content-based
image retrieval and digital image watermarking. The Fourier-Finite Mellin Transform is used to help identify the leaf of a plant,
regardless of the leaf’s scale or rotation, or location in the image [2].

There are various theorems for the above said Fourier-Finite Mellin Transform and Fourier-Laplace transform like
Analyticity Theorem, Abelian theorem, Representation Theorem which are already discussed in our previous papers. The main
aim of this paper is to generalized the Fourier-Finite Mellin Transform in the Distributional Sense and to presents the Inversion
Theorem for Distributional Fourier-Finite Mellin Transform.

Above work requires testing function space and definition of distributional generalized Fourier-Finite Mellin transform which
are given as:
The space FM

f.b,ca
This space is given by

sup (1.1.1)
FM e =18 €E. 1& bt X)=0<t< oo‘tkﬂb'c (x)x*'D/Dig(t, x)\ <C, Ak
O<x<a

foreach k,1,0=0,1,2,3,........
where,

x?® 0<x<1

X =

ﬂb":( ) {x” l<x<a

Where the constants A and Clq depend on the testing function ¢
Distributional Generalized Fourier-Finite Mellin transforms (F\ )

For f(t,x) e FM :ﬁ),c,a , where Ep ;;I,Bb,C,a is the dual space of g\ fﬂ’b’c’a. It contains all distributions of compact
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support. The Distributional Fourier-Finite Mellin transform is a function of f (t, %) and is defined as

(20 (1.2.1)
M, {f(t,X)}=F(s,p) :<f(t,x),e-'st (%—x“»

where, for each fixed t (O<t <OO) X (0< x<oo)' s>(Qand p>0, the right hand side of (1.2.1) has a sense as an

application of f(t,x) e |:|\/|f b.c.a to e_ist [ a’P

p-1 B '
N —X JEFbeca

This paper is summarized as follows:
In Section 2, Lemma 1 and Lemma 2 are given. In section 3, Inversion theorem for Fourier-Finite Mellin Transform is
proved. Uniqueness theorem is proved in section 4. Lastly conclusions are given in Section 5.
Notations and terminology are as per Zemanian [3], [4].
Inversion Theorem for Distributional Fourier-Finite Mellin Transform
Lemma 1
Statement
Let

FM, {f (t,x)} =F(s,p)
And

supf =S, NS,

where

S,={t:teR" [t <A A>0]
andSB={X:XeR”,|X|£B,B>O}’f0r s>(Q and pl<Rep<p2-'—et¢€ D and

w(s,p)= Ti¢ t, x)e™x Pdtdx
-0 0

then for any fixed real number 7 and I with—o0o < <0, O<r<a:
rz | a?%° roo ([ g2p )
j j < f(t,x),e™ [W_ xplj>yx(s, p)dsdw = < f(t,x), f J e™ [W_ xpl}y(s, p)dsdw>
wrherre h
p=p+iw,also Sand o are fixed with 0,<S< Gzand PL<P<p,
Proof

For¢(t, X) = the result is trivial, so assume that¢(t’ x) +0-If FM, { f (t X)} —F (S p)‘ then

F(s.p)

is analytic forg > Q, o <Rep<p, and l//(& p) is an entire function. Therefore above integrals certainly exist.

In order that right hand side is meaningful, we show that

Hw (s.p)e ISt(——Xp_ldedWE Fbew'

C(_);ls:der,

< j j' t“ 2, (X)X D;Dje ™ (%—xp‘l}y(s, p)| dsdw
< j j‘ tkﬂb’c(x)xqﬂ(—i)l s'e |st{ 2pP( p_q)X—P—q—l_P(p_q)XP—Q—l}l/l(s’ p)‘deW
< [ Tl A (x)(s) & (2P (=p)x ~P(p)x*} (s, p)|dscw

Where p( p) is a polynomial in P
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< ” €4, (x)(s) e ™ {@p P(=p)x’ - P(p)xp}y/(s, o)|dsdw

dsdw < oo

ror ra 2 p+iw) _ |
<] I A (00) {(—j P(—p)—P(p)}E'S‘X’”'Wv/(S, J

X

. 2p |
— J‘ J’e—lst (%_XHJW(S’ p)deWE FMf,b,c,a

-r -7
Partition the path of integration on the straight line from S =—T to S=T into m-intervals, each of length
2r
m
and from p= p—ir to p= p+ir into n-intervals, each of length 27 .
n
Let S, =0 be any point in ™ interval and P, = p+iw be any pointin ™ interval.

Suppose 29;,
(0053 S e ) 22

v=l u=1 m n

To show that
G (1. X)
converges in FM, .
r r a2p

—ist p-1
j' Ie [W—x }y(s p)dsdw
-r -z

we have that

0 —ist a2p -1
¢m,n(t,X)—j_fe [W—xp }y(s p)dsdw

-r-t
converges to zero in FM,, ., 8 m,N — oo
,0,C,x

We write,
t“ 4, (X)x*'D; D§ {(ﬁmn (t,x) jje'“(j:fl 1};/(5, p)dsdw}
P e T N
v=l u=1 m n

e —ist a2p p-1
—Ije I w (s, p)dsdw
A ()22 st ™ fa P (=p, )¢ ™ =P (p, )" Ju (5.B,) =
v=l pu=1

2, . (X Hs' 4 {a®P(=p)x " =P (p)x"}y (s, p)dsdw

-7

Where P( _ q) is a polynomial in P, etc.

_py

2.1.1)

(2.1.2)
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g Ete 4 o) o(0 ol

v=l u=1 mn

4, (0)[ [ s {(Ef P(=p)-P( p)}xpy/(s, o) dsdhw

(oo

is finite by (4.1.1) and

k p—ist
t“2, . (X)xPe
for sufficiently large values of Xand t.

Given any > O, we can choose x, and t, so large that for x > x, and t >t; ,

tkﬂbyc(x)'r[ j{(%)zp P(p)P(p)}s e ™ xPy (s, p)dsdw

—r—-r

-0

&
< —

2r2r| 2s’
P(-p,)-P sle™™'x (s =
aES(2] plen)-pla e o (a2 21
forall x> x, and t >t, .
In view of above in equations (2.1.4), (2.1.5) and (2.1.3),
<¢&

k g+l a —ist a2p __yh-1
t“ 4. (X)X DtDXPmn(tx jje (xp” X }4/(5 p)dsdw}

-r—-7

3¢mn t, X convergesto r « 2 in FM Y
O e

—r—-7

(1000t 10) = 100 ] [ 220 o s

-r-r

Hence

Further left hand side of (2.1.6)

(10 S5 (£ oo 22

=1 u=1

S e
ZZ< '“i J> i

Now consider the first term of (4.1.3), choosing m, and n, so large that, for m=>m,

(2.1.3)

(2.1.4)

andn > ng,
(2.1.5)

(2.1.6)
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Since 2p, is a continuous function of Sand W from (2.1.6). We have
<f (t,X),eiSVtKa _xp,¢1]>l/,(sv, pﬂ)
o —ist a2p -1 I
jj f(t,x),e W—xp v (s, p)dsdw
r r ) aZp
:<f (t,X), I “‘97ISt Xp+1 _Xpl}v/(s, p)deW>
Lemma 2

Ifp < D(1)and

: ol . 1 SI |Og hat

1 % asin(t—v)r| a?®x " sinw(logxu) (u)" """ (x)

* II 'E—V ) ue xlc(J Xu )_(;j u #(t, x)dtdx = A(v,u),
0 g xlog(x)

Then A(v,u)convergesin FM ... to

#(v.u)
as W—> 00, where jp cand W are real numbers.
Proof: For this we have to show that

sup
Nl A(V.U)=g(v,u) | =—o<t< oo‘v"/lb,c (u)u*D, D]
O<x<a

sin(t—v)r| a?®x " sinwlogxu (u)"" smwlog(xj
.[.[ o = | ————2|g(t,x)dtdx—g(v,u)—>0
LR xlog xu X (UJ
xlog
X

As\W — 0,
Now o i _ ;
jsm(t V)rdt:jsm(rtl)dtl:ﬁ
—0 (t—V) —o0 t’.l.
a - d - as\W—o o0
~[smwlogxu dX:J-SIn(le)Xm:_
»  Xlogxu X 2

,asW— 0,

. u
asmwlog() d
| : dx—f—sm(wxl)d -z

o xlog (U

sup o
Via [ A(V,U)=$(v,u) |=—0 <t <oo[V*4,  (u)u"D, Dy {iz [ jw
O<x<a “o (V)
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—o+1

jsn:v:(g()j st [

“sinw Iogxu smwlog( j
I j dx | (

a**x " sinwlog xu (u

u  xlogxu X

dx + V,u)
xlog xu 5 ongE
X
> 1 Fsinrt | Fa?x " sinwx,
:—go<<xt<<;o‘v"/1b’c(u)uq“Dv'Df ?L : dtli oa— #(t,x)dx,
<sinw Cu) " sinw <sinw
_J' Xixldx1¢(v,u)+j(;j X1X1¢(t,x)dx1—J‘ Xlxlqﬁ(v,u)dx1
sup o - d 2p,—o+l X
:—oo<t<oo‘vkﬂb,c(U)uq+lD\|,D3 %J.S";lrtidt1 _[ %gb[tﬁv,%j—gﬁ(v,u)
O<x<a — —
- d o-1 X .
sinwx, u e sin wx,
SV D1 gt v, 2 |—p(vou) 2 g
X X1+£ (xj ¢£1+v Uj pv) x

Since ¢ is continuous, as in Zemanian [5] pp.66 it can be shown that

Yia [A(v,u)—gzﬁ(v,u)] —0

Hence Proved.
Now the proof of Inversion Theorem can be easily completed.
Inversion Theorem
Statement
Let =np f { f (t, X)} —F (S, p)’ for s > Qand pL<P<p, Also, let I'and 7 be a real variable such that =00 <TI <0,

0 < 7 < a-Then in the sense of convergence in p*,

lim : ,
r p+ir
f(t,x):r—>oo4i2ij J' F (s, p)e™x Pdsdp
I —> 0 —r p-ir

where p = p+iw, also Sand P are fixed real numbers with —I' <S<Tand o, < p < p,.

Proof
Letp e D. Choose the real numbers ¢ and d such that ¢c<s<dand the real numbers a and b such

that p <a<p<b<p, we have to show that

Ilm r p+ir (3'1)
(f(tx).6(tx))=r :OO< - J pfw (s, p)e'StXpdsdp,¢(t,X)>
T e8]

Now, the integral on Sand P is a continuous function of tand Xand therefore the right hand side of (4.3.1) without the limit
notation can be written as
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s pP=p+iw, r,r>0 (3.2)
(s, p)e™x Pdsdwdtdx

-r—-7

Since ¢(t, x)is of bounded support and the integrand is a continuous function oft, X, S, W, the order of integration may be
changed and we write

e jj¢ (t, jij (s, p)e"™x Pdsdwdtdx = poe ij(S, p)Ti¢(t,x)e‘“x”dtdxdsdw
—0 0 —r—r -r-r —0 0

{5 o mma

r

<f (v,u) jj e ™ (UT:—up‘lJJ'J‘(;S (t, x)e"™x"Pdtdxdsdw

-0 0
The order of integration for the repeated integral herein may be changed because again ¢ (t, x) is of bounded support and the
integrand is a continuous function of t, X, S, Wupon doing this we obtain

<f (v,u),4—71[2 ]O T t,x j j[e"sv( je‘s‘x‘pdtdsdwdx>
0 0

—r-r

> (By Lemma 1)

. u
sin(t—v)r| a?*x " sinw(logxu) (ujﬂsmwlog(xj

)
xlog| —
X

and according to lemma 2, the testing function in the last

(t, x)dtdx

o+l

_ 1 T
772 i u x log xu

The last expression tends to
<f (v,u),é(v u)> as I —>o0and 7 —> Obecause f e FM

Oty

f.bca

expression convergesin FM t0¢(v,u)-

This completes the Proof.
Uniqueness Theorem

IfFMf{f(t,x)}:F(s,p), for s, peQ, and FMf{g(t,X)}zG(S,p)v for s,peQ,,s>0and
p<Rep<p, . If O @y isnotemptyand if (s, p)=G(s, p), for seQ nyand pe O N then f =gin
the sense if equality D (1).

Proof
f and g must assign the same value to each ¢ < D. By inversion theorem and equating F (s, p) and G (s, p) in

(f-g.6(t.x))
lim o
—1 > w{ 5 [ [ (F=G)(s, p)e"x "dsdp, ¢(t,x)

A
T — 0

Thus, f=g in D" (1).
Conclusion

This paper mainly focused on the proof of Inversion Theorem for Distributional Fourier-Finite Mellin Transform with the
help of two lemmas.
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