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Introduction
Let us consider second-order differential equation

Y VL 2072 — 2
Wl « 1)+Q(,4))N 0 @ AW - teosCutn - DY I
Selab] W@=W)=0 -a¢b 272u8(~p)* T Guem)”
W'(@) =W'(b) =0, 4re called Neumann boundary conditions. ( . )2 T gy ) . .
sin(=u = —= 3 or
The function () =¢"~Ljs weight function and the zeros land 7y Z;, (ZU( )2y =
-1 are turning points.
Differential equations with turning points plays important role in . 5 i
branch of sciences. Bi(u*n) i ; 1{ Sm( v 77)2 4);( v 25+
2. Approximation of the solutions and Derivative of solutions 7 ) (Guem?)
In [1] the asymptotic solutions of differential equation Cos( o )2 )Z( " Uzm )
" 2 n)? —— —2sl ]
= 4 s=0 2 2s+1
are the Airy functions Aln:) . BUn,) in form of
3 The asymptotic solution of the standard equation of the form
——uﬂg » E UII _ u2(éf2 _1)U (3)
u = Du,(Zun2)?® >1
Al 774) 5 7u7 % Z.:( 4 ( ;) ¢ For large value of the real parameter U is obtained by Olver [1].
zusn,
) In fact let Ul(u’g) and UZ(U’g) be two independent solutions
2 *”’7: w . é’
(U3 ) ~ ‘ > of the equation (3).For> >0 are of the form
B (u®n,) = z;,(l)u(uﬂ; ¢=0 G
27200 ’74 U5 GV - 22RHr+ )}Zuﬂ( STAEY (007
A(0)= ! =m, 11 1 1 12
#rd) V3 Uply + GEm) - 22n4{r( 2 12( )4B(U3T]z;) 1+0(™) @
3
(25 +1)(25+3)(25+5)...(65 +1) y o B+l o1 where,
T (216)°s! ' ST 6s-1 N 3¢, , % g
=V, -1 G @ -1z !
- a-7%2drp <¢<1
Gla-ydp 0=
For every value of U, equation (@) has two solutions
W,(U, ©) g Wo U, &)
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W, (U, &) = U(*% gr)z&(é‘) ulzau (U :)ZB(g)

WO =U S, 4@)2‘\@

(©)]

A)=1, A()= *Bs' () +

B(c)——(l oyl

Let us deflne

K, £) =2 AU U7 (ug —V2) 3 B,

j q(t)B, (b,

j (- (A0 - aO A O}t

K, )= S AN +u (2 -u)3 B

On the other hand, forég>0

U, (u, $),U,(u, &) and inserting them in the derivative of
WU, 8) and W, (U, &) we have,

WU, &= Fzzw{r( + )}Zu“( T )A(u n)(ér e s )(1+0(u*))

, by using the derivative of

=W, &)Eu-y2u e’?"),

W, (u

Similarly for X9 we get

W, &) =W, )Eu—Zue )
The asymptotic behavior of Wa(U+ &) W2 (U, &) for Jarge U
and ¢=<0 can be determined by use of connection formula, on
replacing g by —¢

W, £) =[sin(7) + O IV (5 = EV2) ]+ oos() + O N, (5 =V )Ky )

WU, €)= [e0s(7) + O U, (5, V2 [-sin( ) + O )1[uz<—5,—¢ﬁ>]K2<m

Not that forég < O, the derivative of Wl(u ! ‘f) ’W2 (u ! (S)
with respect to S are
3 3
zu ?4]72z zu 7]72
W(u.£)= i)+ o w (u-¢)(u+2ue > %) +foos ) +0u M lu-£)cu + Vaue®
3 3

5
) (Eu-fmed % sin R +0 Wy (u.) (<6 - Fe3 %
—ao¢b,

W u)=Ens O] W -

3.Asymptotic of eigenvalue for case with

Neumann conditions
In this section we will study distributions of the eigenvalues of
equation (1) with boundary conditions W'(a) =W'(b) =0

f W, (u,¢)and W, (u,¢) be two independent solutions of
equation (1) then
W(u,$)=cW,(u,¢)+cW,(u,g) c #0,c,#0,
also is a solutions equation (1) therefore
W'(u,8)=cW(u, &) +c W, (u, ).
By attention to Neumann boundary conditions

W'(a)=cW;(a) +c,W,(a) =0

W'(b)=cW,(b) +c W, (b)=0,
because above system having non trivial solution then the
determinant coefficients must be zero therefore

m;(a) Wi(@)|
/(b) W (b)
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In this case the eigenvalues of equation (1) are the zeros of

A(u) =

where,

AU) = m(” - Wwa) (®)
W.b) Wb

b1 W, (u,b),

Since a7-1 W ajg trigonometry and

algebraic.
3
-4 2
W(u a)Ww, (u b)= {[sm(—)+0(u’1)]W1(u —a)(au+ﬂe *a)+
3 3
A 2 A 2
[cos(%u)+0(u’1)]wz(u,7a)(au+ 2ue 3’2 )W, (u , b)bu-zue 3 ) 1

3

' ' =42
W, (u, bW, (u, a) :{[cos(%u) + O(u’l)]Wl(u ,—a)(-au —Joue 3 - a4+

3 3
4,2 4,2
[sm(—)+0(u YW, , —a)@au +Vaue 3 ‘a)}xWI(u,b)(bu—@e 3by ®)
477E 4773 773 773)
'lo Y b a
I, =abu®-au,/2ue?®” +bu,2ue 3" —2ue
3 3
4(77,, -n%)

—2ue3

s 3

—abu —au./2 e3 +bu,/ ue 3
dmz-n2)
I, =abu®—au,/2 e3 +bu1/ e3 —2ued
—éng - i’?—ga —i(niwé)
= —_ + —
I, =abu®-au,/2ue 3" +bu2ue 3" —2ue 3

We know from A(U) =0, (7) = (8),
[sin(”—u)+0(u’1)]W1(u ,—a)W,(u , b)r; +[oos("Y

)+0( U)W, (U, —aW,(u , )T,

[Sln( )+0( W, (U, bYW, (u, )+0( HIW (U, —a)W, (u , b,
We can obtam,

[sin(”—“) +Ou W, -

~a)r, - [eos("- >

aW,(u , b)I, - W, (u , b)W,(u , —a)r;,]

—[cos(—)+0 U= WU, D)W, (U, —a)l, =W, (u , —a)W,(u, b)T,} (9)
In fact, form (9) we have obtained
Uy =W,(u, —aW,(u, b) I, =W, (u, —aW(u, b)T,

tan(=) L1+0@u™). (10)

27 W(u,-aW,u, bl -W(u, ~aW(u, DT,
By attention that,
{Wl(u &) =U,(u, HK(n, &)
W, (U, &) =U,(u, K,(n, &)
tan(”—u) :Ul(u ,—alU,(u, b)K,(n, -a)K(n, b)T, +U,(u, -a)J,(u, b)K,(n,
2" Uyu, B (u, -a)K,(n, b)K,(n, ~a)T, -Uy(u, ~alU,(u, B)K, (n,
(u —a)u,(u, b):

-a)K,(n, )T,
~a)K,(n )T,

1

2t D () AW n)x 2t e DR iAW n) D

=NNA R ) AU 7,)

In calculating and summarizing equation (20) we define the
notations,

1y Lot 0.7 1
={aaTG+ U N, = (e

(@® -1)(b* -1)
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U1(u ’ —a)Ul(u ) b) = Nsz/'\(UgU,a)A(UEUb),
U(u, - U0, b) = NZN,B,(un. B, (u°n,)

Uy(u, -a)u,(u, b)= NszA(Ugﬂ,a)B. (Ugﬂn), 12

U, b)U,(u, —a)=NIN,AU,)B (u_,).
K,(n,
K,(n,

111z( bu,Cur’ ARPELARE Y& Hu ) =

272ubps, 0 272ubpd 0
=Fe*MM,, K,(n,-a)=K,,K,(n,b)=K,, 13)

U,

—

_a) =Ky, Kl(n ) b) =Ky,
_a) = K21vK2(n ) b) =Ky,
2 2

O=u’n_,, 9,:U377b.

w\N

A(u3 n )/\(u )=

=200+ 1), =2, nF = )Y
Similarly we have following notations,
A@GA@)=MM,Fe* | B,(0)B,(¢")=M,M, Fe”,
A,(H)Bi(e')= MM,Fe” | A(0)B,(0) = M,M,Fe’.
=307 Guri s = 3, Cort)* = S ur =S uriy
Theriefore we can erte 7 7
M, M, K, K,,[,e7 + MM, K,,K,,I e (1+0(u)). (14)
M, M, K, K, [e” — M,M,K, K, e’

Theorem: The equation (1) with Neumann conditions has
asymptotic eigenvalues in the form of

U
tan(—) =
)

nz+’
: 2 2 1
u, = = —ﬂxn +O(—Xn2)
2

Proof: we suppose,
j1 = M1M2K11K121/1z = M3M4K21K221 ﬂa = M1M4K21K12’ /14 = M3M2K11K22
From (14) we can write

AL,e* + A,Ie” a
tan(—) =22—"22_-(1+0(@u™)). 15
(2) ATe ™’ - 141"155( w) (15)
Since U —>®

2 3 3

a=—-uni+n2),a > =e* -0,

and 3
We know
—asb —-a>l=n,>0 , ,

b>1 =n7,>0 = n,>n=(n*a-n%)>0

2 3 3
:§U(77_2a—77bz), U—ow, fom=e”-0

Therefore from (14) we will have,
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zu A,L,e” a4
tan(—) = 1+0(u 16
Ry ) (16)
A :Lxgxe(””""):ix&e%wEh 17)
-aref -4, T -4 L
4 3
1 214 Xge?u”b— 24 XE
Xx =4, T, -4 T,
(g, +23B, (- a))%+0(u’) - 1—%smh( 7.2), (18)
= 1 242 1
:—[1——S|nh )—(3u177bz+2aBO(— ))U+T‘F(3umbz+2as( ) ﬁ]+0(u*2)

tan(—) —x =" nzitantx
2 2

1 1 1 1

tantx=2-T4 =~ 4. =2 - + X>1
2 x 3x* 5x° 2x[3x 5“]H
nr+l
2 2 1
Un: z —gn"ro(xinz)
2
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