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Introduction

Let G be a finite, simple, undirected connected graph on n vertices with vertex set V(G) and edge set E(G). For graph
theoretic terminology refer to Harary [8], Buckley and Harary [6].

Definition. 1.1

Let G be a connected graph and v be a vertex of G. The eccentricity e(v) of v is the distance to a vertex farthest from v. Thus,
e(v) = max {d(u, v) : u e V}. The radius r(G) is the minimum eccentricity of the vertices, whereas the diameter diam(G) is the
maximum eccentricity. For any connected graph G, r(G) < diam(G) < 2r(G). v is a central vertex if e(v) = r(G). The center C(G) is
the set of all central vertices. The central subgraph <C(G) > of a graph G is the subgraph induced by the center. v is a peripheral
vertex if e(v) = d(G). The periphery P(G) is the set of all peripheral vertices.

For a vertex v, each vertex at a distance e(v) from v is an eccentric vertex. Eccentric set of a vertex v is defined as E(v) =
{u e V(G) /d(u, v) = e(v)}.

Definition. 1.2

The open neighborhood N(u) of a vertex v is the set of all vertices adjacent to v in G. N[v] = N(v) u {v} is called the closed
neighborhood of v. For a vertex v e V(G), Ni(u) = {u e V(G) : d(u, v) = i} is defined to be the i" neighborhood of v in G.
Definition 1.3 [7, 9, 11]

Aset S < V is said to be a dominating set in G, if every vertex in V—-S is adjacent to some vertex in S. A dominating set D is
an independent dominating set, if no two vertices in D are adjacent that is D is an independent set. A dominating set D is a
connected dominating set, if < D > is a connected subgraph of G. A set D < V(G) is a global dominating set, if D is a dominating
setof Gand G.

We have defined and studied eccentric domination and related concepts in [1], [2], [3], [4] and [10].

Definition. 1.4 [10]

A set D < V(G) is an eccentric dominating set if D is a dominating set of G and for every v e V — D, there exists at least one
eccentric point of v in D. If D is an eccentric dominating set, then every superset D’ - D is also an eccentric dominating set. But
D" D is not necessarily an eccentric dominating set. An eccentric dominating set D is a minimal eccentric dominating set if no
proper subset D"’ D is an eccentric dominating set.

Definition. 1.5[10]

The eccentric domination number v4(G) of a graph G equals the minimum cardinality of an eccentric dominating set. That is,
vea(G) = min | D |, where the minimum is taken over D in D, where D is the set of all minimal eccentric dominating sets of G.
Definition. 1.6[10]

Eccentric point set of G

Let S < V(G). Then S is known as an eccentric point set of G if for every v e V-S, S has at least one vertex u such that
u e E(v).

An eccentric point set S of G is a minimal eccentric point set if no proper subset S’ of S is an eccentric point set of G.

S is known as a minimum eccentric point set if S is an eccentric point set with minimum cardinality. Let e(G) be the
cardinality of a minimum eccentric point set of G. e(G) can be called as eccentric number of G.
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Definition. 1.7[5]

A set S = V(G) is a total eccentric dominating set if S is an eccentric dominating set and also the induced sub graph <S> has
no isolated vertices. The cardinality of minimum total eccentric dominating set is called the total eccentric domination number and
is denoted by y(G). Clearly, For any graph G, y(G) < yi(G) < y:(G).

Theorem. 1.1[10]
(i) yea(Kin) =2,n > 2.
(i1) yea(Km,n) = 2.
(III) ’Yed(W3) =1, Yed(W4) =2, ’Yed(Wn) =3,forn=5, Yed(WG) =2, ’Yed(Wn) =3forn>7.
Theorem. 1.2[9]
For any connected graph G, v¢(G) < n —-A(G).
Theorem. 1.3[9]
For any connected graph G, v¢(G) = n —e(G), where e+(G) is the maximum number of pendent edges in any spanning tree of

G.
Theorem. 1.4[5]
Voo (Cq) = 2.
( Eifﬂ,:d}m
2
E] ifn=4m+1
Fra(cnjz-{ T
E+1ifﬂ:4m+2
kl—gl—'_l ifn=4m+ 3, wheremis odd
i n .
E-I—Exfn:dlm
E-‘+1L'fn=4m+1
Fra(cnjz-{ T
E—Flifﬂ,: 4m+ 2
l\E-I if n=4m+ 3,where mis even

Connected Eccentric domination in Graphs

The various domination parameters introduced till now find many applications in covering of entire graph by the different sets
with each of which has some specified property. These concepts are helpful to find centrally located sets to cover entire graph in
which they are defined. The concept of eccentric set of a node has application in the location of farthest set of a node of a graph
and hence in [1, 2, 3, 4, 10], Bhanumathi and Muthammai defined a new concept named eccentric domination and studied the
structural properties of graphs using this concept.

In [3], Bhanumathi and Muthammai initiated the study of connected eccentric domination in graphs.

For a Connected Graph G, a connected dominating set D is said to be a connected eccentric dominating set if for every v ¢
V-D, there exists at least one eccentric point of v in D. The minimum of the cardinalities of the connected eccentric dominating
sets of G is called the connected eccentric domination number y..4(G) of G. Connected eccentric domination number is defined for
connected graphs only. So, for the rest of this section, assume that G is a connected Graph. V(G) is a connected eccentric
dominating set for any connected graph G. Hence, ycq(G) is a well defined parameter.

Obviously, 1(G) < yed(G) <y cea(G) and 7e(G) < yeea(G) < 7¢(G) + €(G).

Since any connected eccentric dominating set is also a total eccentric dominating set, we have, vei(G) < ye(G) < ycea(G). The
sharpness of this inequality follows from G = K, m, n > 2, since yed(G) = ye(G) = ycea(G) = 2. On the other hand, the inequality
is also strict. For example, by theorem 1.3, y(C,) = n/2, when n=4m and mis odd, and vycq(C,) = n-2 for all n, where n > 4.

Clearly, D is a minimal connected eccentric dominating set if and only if at least one of the following conditions hold good.
(i) For every vertex v = D, there exists w € V — D such that w is uniquely dominated by v.

(i) Every point v = D is unique eccentric point of some point w = V — D in D that is all other eccentric points of w € V — D lie in
V — D only.
(iii) v = D is a cut point of <D>.

The connected eccentric domination numbers of some standard classes of graphs are given in the following theorem.
Theorem. 2.1
(i)Yced(Kn) =1
(i) Yced(Kl,n) =2,n>2.

(i) yeea(Kmpn) = 2.
(V) yeed(W3) = 1, yeed(Wa) = 2, yeeg(Wn) = 3, for n =5, yeeg(We) = 2, yeea(Wn) =3 forn > 7.
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Proof

Proof follows from the proof of Theorem 1.1.
Next, we discuss the bounds for yceq(G)

Since atleast one vertex and atmost n — 1 vertices are needed to dominate a connected graph G, we have 1 < yceq(G) < n-1 for
every graph G of order n. Both of these bounds are sharp, since yeq(G) = 1 if and only if G = K, and y¢q(G) = n-1 if G is a path
on n vertices. If G = K, we have 2 < y¢q(G) < n-1.

Theorem. 2.2

If d is the diameter of G, then yeq(G) > d.
Proof

Let G be a connected graph with diameter d. Let u and v be two peripheral vertices at distance d to each other. Let P be a
diametral path joining u and v. Let D be a connected eccentric dominating set. If u, v e D, then |D|> d+1. If any one of u, v is in
D, then | D|>d. Hence, ycea(G) > d.

This lower bound is also sharp, since yeq(G) = n—1if G is a path on n vertices.

Theorem. 2.3

For any connected graph G, yced(G) < n+e(G)—e(G), where e+(G) is the maximum number of pendent edges in any spanning
tree of G.

Proof

By theorem 1.3, for any connected graph G, y¢(G) = n —e1(G), where 1(G) is the maximum number of pendent edges in any
spanning tree of G. Also, if D is a connected dominating set and S is a minimum eccentric point set of G, then DS is a connected
eccentric dominating set of G. Therefore, yceq(G) < 1(G) + e(G). Hence, the theorem follows.

Theorem. 2.4
For any connected graph G, yceq(G) < n + e(G) —A(G).
Proof

We have, y.(G) < n —A(G) by theorem 1.2. Hence the theorem follows from yce4(G) < v¢(G) +e(G).
Corollary. 2.4

For any tree T, ycea(T) < n-A(T)+2.

Proof

For any tree T, e(T) = 2. Hence, ycea(T) < N-A(T)+2.
Theorem. 2.5

’Yced(G) < |_(n+ ’YC(G))/2J-
Proof

If D is a yc-set of G, we can form a yceq-set S with y(G)+(n—yc(G))/2 vertices. <S> is connected, since the vertices in V-D are
adjacent to vertices of D. Hence, ycea(G) <[ (n+yc(G))/2.

This upper bound is sharp, since for G = Py, yeea(G) = n—1 = | (n+yc(G))/2.
Theorem. 2.6

If G is of radius one and diameter two, then yc.q(G) < (n-t+2)/2 where t is the number of vertices with eccentricity one.
Proof

Let u eV(G) such that e(u) = 1. Let t be the number of vertices with eccentricity one. u dominates all other vertices and for t—
1 other vertices u is an eccentric point. Consider the remaining (n-t) vertices of G. They are also dominated by u but their
eccentric points are different from u and atmost (n—t)/2 vertices are needed to dominate them eccentrically. Since e(u) = 1, all
other vertices are adjacent to u. Hence, yceq(G) < 1+(n-1)/2 = (n-t+2)/2.
Theorem. 2.7

If G is of radius one and diameter two, then yceq(G) < 2 +[ (5(G)-t)/2 ], where t is the number of vertices with eccentricity one.
Proof

V(G) can be partitioned into two sets V; and V,; as follows. V1= {v ¢ V/e(v) =1} and V, = {v ¢ V/e(v) = 2}. Let u be a
vertex in V, such that degree of uin H = <V,> is minimum. Let degyu = §, = §(G) — t. Then u is eccentric to the remaining n—t-g,
vertices. Let S be a subset of N (u) such that vertices in Ny(u) — S have their eccentric vertices in S. Hence, {u, v}uUS, where v ¢
V is a connected eccentric dominating set of G. Therefore, ycq(G) < 2 +[ (8(G)-t)/2].

This upper bound is also sharp, since for G = Ky 5_1, yced(G) = 2.

Theorem. 2.8
If G is of diameter two, yceq(G) < 1+8(G).
Proof

diam(G) = 2. Let u ¢V(G) such that deggu = §(G). Consider, D = {u}UN(u). This is a connected eccentric dominating set for
G. Therefore, yed(G) < §(G)+1.
Corollary. 2.8

If G and G are self centered of diameter 2, then Yeed(G) + yeed( G)<n+g-A+1
Proof

By Theorem 2.6, ycea(G) < 1 + § and yeeq( G) < 1+8( G) =1+ 3.

Hence yeea(G) + yoeea( G) <1+3+ 1+ §=2+5+(n-1-A)=n+3-A+1.
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Theorem. 2.9

If G is of radius two and diameter three and if G has a pendent vertex v of eccentricity 3 then yceq(G) < 1+A(G).
Proof

If G has a pendent vertex v of eccentricity 3 then its support u is of eccentricity 2. In this case N[u] is a connected eccentric
dominating set. Thus, yceq(G) < 1+degsu < 1+A(G).
Theorem. 2.10

If G is of radius two and diameter three, then yceq(G) < min {(n + deggu+1)/2}, where the minimum is taken over all central
vertices.
Proof

Let u be a central vertex with minimum degree. Consider N(u). N(u) dominates all the vertices of G and all the vertices in
No(u) are eccentric to u. Let S be a subset of N,(u) with minimum cardinality such that vertices in N,(u) — S has their eccentric
vertices in S. Then |S| < |N,(u)}/2 = (n —deggu-1)/2. Now N[u] U S is a connected eccentric dominating set of G.

Hence, ycea(G) < 1+deggu + (n —deggu—1)/2 = (n + degsu+1)/2. This proves the theorem.

Following theorems deal with connected eccentric domination number of trees.
Theorem. 2.11

Foratree T, yceea(T) < n—p+2, where p is the number of pendent vertices of T.
Proof

Let D be the set of all pendent vertices of T. Let u, v be any two pendent vertices such that d(u, v) = diam(T). Then (V(T) —
D)u{u, v} is a connected eccentric dominating set of T. Hence, yceq(T) < N—p+2.
Theorem. 2.12

Foratree T, yeea(T) = n—p+1 or n—p+2, where p is the number of pendent vertices of T.
Proof

We know that, yc(T) < yeea(T) and y¢(T) = n—p. Also, there exists no minimum connected dominating set of T, which is an
eccentric dominating set for T. Hence, v¢(T) < ycea(T). Hence, n—p < yeeq(G) < n—p+2. This proves the theorem.
Theorem. 2.13

Foratree T, yeea(T) = n—p+1 if and only if there exists a peripheral vertex which is an eccentric vertex of every other pendent
vertices, otherwise yeeq(T) = n—p+2, where p is the number of pendent vertices of T.
Proof

Let D be the set of all pendent vertices of T. Let u be a peripheral vertex which is an eccentric vertex of every other pendent
vertex. Then (V(T) — D)u{u} is a minimum connected eccentric dominating set of T and yceq(T) = n—p+1. On the other hand,
SUPPOSE yeed(T) = N—p+1. Since y(T) = n—p and V(T) — D is the only minimum connected dominating set, yceq(T) = n—p+1 implies
that S = (V(T) — D)u{x}, where x is a pendent vertex is a connected eccentric dominating set. But S is a yceg-set implies that X is
the eccentric vertex of all other pendent vertices. This proves the Theorem.
Corollary. 2.13

veed(Pn) = n-1 for all n.
Now, let us find the connected eccentric domination number of cycles and their complements.
Theorem. 2.14

veed(Cn) = n-2 for all n.
Proof

Let u, v be any two adjacent vertices of C,. Then V—_{u, v} is a minimum connected eccentric dominating set of C,. Hence,
veed(Cn) > n—2 for all n. Also, v¢(Cy) < yeed(Cn) and y(Cp,) = n—2. Therefore, yeq(Cy) = n-2 for all n.
Theorem. 2.15

'Yced( CS) =3and Yced( Cn) = |—n/3—|: n>6.
Proof

We haveyeg( Cs) = 3 and yeg( Cr) =[ /37, n > 6. Als0, vea(G) < yeea(G). Hence, yeea( Cr) =[n/3]. Clearly, yeea( Cs) = 3, Now,
assume that n > 6. Let vy, Vo, Vs, ...,vy, V4 form C,. Then C, = K, — C, and each vertex v; is adjacent to all other vertices except
Vi, and Vi in C,. Hence eccentric point of v; in C,, is vi.;, and vi.; only. Now, we can consider a connected eccentric (minimal)
dominating set as follows.
{V1, V4, V7, ..., Vamo} if n =3m;
{V1, V4, V7, ..., Vamsr} iIf N = 3m+1;
{Vl, Vg, V7, ...y V3m+ls V3m+2} if n=3m+2;

Hence yeea( Cn) <[n/3]. Thus, it follows that ycea( Cy) =[n/3], for n > 6.

Following theorems give the exact value of connected eccentric domination number of G.K; and K,—M, where M is a perfect
matching of K.
Theorem. 2.16

Let n be an even integer. Let G be obtained from the complete graph K, by deleting edges of a linear factor. Then yeeq(G) =
n/2.
Proof

Consider D < V(G) such that <D> = K, . D contains n/2 vertices such that each vertex in V-D is adjacent to at least one
element in D and each element in V-D has its eccentric point in D and D is connected. Hence ycq(G) < n/2. Also, since G is
unique eccentric point graph, we have 1/2 < yed(G) < yeed(G) . Hence, yeed(G) = n/2.
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Theorem. 2.17

Let G be a connected graph with [V(G) | = n. Then yeea(G.Ky) < 3n/2.
Proof

Let V(G) = {vy, Vo, ..., vo}. Let vy’ be the pendent vertex adjacent to v; in G.K; fori= 1,2, ..., n. D ={vy, vy, ..., Vo}iS a
connected dominating set for G.K;. Let S be a minimum eccentric point set of G. Let S’ be the corresponding subset of {v', v,
...,vo'}. Then S'UD is an eccentric dominating set for G.K; and | S'UD | < 3n/2.

Next theorem characterizes graphs for which yee4(G) = 2.
Theorem. 2.18
Let G be a connected graph. Then yc4(G) = 2 if and only if G is any one of the following:
(i) r(G) =1, diam(G) =2 and u ¢ V(G) such that e(u) =2 and d(u, v) = 2 for all v ¢ V(G) with e(v) = 2.
(ii) G is self-centered of diameter 2, having a dominating edge which is not in a triangle.
Proof
When G satisfies any one of the above conditions obviously yceq(G) = 2.
On the other hand, assume that yceq(G) = 2. Therefore, v(G) = 1 or (G) = 2.
Case(i)
7(G) = 1 and yceq(G) = 2. This implies G satisfies (i).
Case(ii)
Y(G) =2= Yced(G)
Let D be a minimum y.g-dominating set of G. Let D = {u, v} < V(G). Since y(G) = 2, r(G) > 2.
Since D is connected u and v are adjacent and the edge uv is a dominating edge for G. Therefore, r(G) > 2 and 2 < diam(G) < 3.
Suppose diam(G) = 3, there exists a vertex x with eccentricity 3 and x is dominated by u or v.

Let xu e E(G). Now, D is an y-set. Hence v must be an eccentric point of x. This implies that d(x, v) = 3, But x u v is a path
= d(x, v) = 2, which is a contradiction. Hence, X must be a vertex with eccentricity 2. This implies that diam(G) = 2, that is G is
self-centered with diameter 2. [There exists no w, adjacent to both u and v, since in that case, w has no eccentric point in D, since
r(G) > 2]

Theorem. 2.19

7(G) = vea(G) = 2 if and only if there exists e = uv e E(G) such that every other vertices of G is adjacent to exactly one of u
and v and G is 2-self-centered.
Proof

Follows from the previous theorem.
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