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1. Introduction
In view of [27], we define Hankel type transform as

Fi) = (Heg g)&) = f; Gey)®*F,_5Cey) g dy. x e R,, = (0,%0) (1.1)
if the integral converges in some sense (absolutely, improper, or mean convergence), where L;,_F(x}is the Bessel type function of

the first kind [1]. According to [27] if Rele — 1 = —1, then the Hankel type transform is an automorphism of L,{R. 1} and its
inverse on L, (R, ) has the symmetric form

9() = (Hopf) &) = [ CGey)*F J,_gley) FO) dy.x € R, Rela —f) = —1- (12)
Following [13,22], we define the extended Hankel type transform as
fG) = (Hap9)) = [y Gey) ™ g mlxy) g () dy. (1.3)

Rela —f) < -1, Rela — f) = —3.-5,.... xeER.,1-2m>Rela—fl>-2m—1 m:= D,Whereja_ﬁm[x} is the
truncated (or “cut”) Bessel type function of the first kind and is defined as

k(= z—Fs2k
Jasm@ = Ja 50 ~ FEF
where ,1 —2m =Rela — fl = -2m —1m =0

and the integral is understood in L, sense. The extended Hankel type transform (1.3) is a bounded operator in L,{R.} and its
inverse, also a bounded operator in L, (A, }. has been proved to have the form (see [12])

90 = —x ¥ D2 [Ty ) agm. s Gey) £ dy, (L5)
x€R,,1-2m>Rela—B)>-2m~1 m=0, D, =—
Formula (1.5) can be rewritten in the equivalent form, symmetric to formula (1.3). In fact, if we put
_ (f&x), x € [1/N, N] (1.6)
fu &) {D . otherwise )
Then £, (x) tends to f{x) in L,CR. ) norm. Therefore if g, (x} is the inverse of the extended Hankel type transform (1.5) of

fir (), then g,, (x)tends to g(x) in L, (R, Jnorm. By using the relation

(1.4)

Il

(] apmas @) = =525, () Rela - §) = —2m—1,m =0, L7
we have
d N
oy() = —x =g J )% g zpmes (09) £ dy
o
= 117, = a_gmCey) £ dy. (L8)
Therefore,
g0 = (Hopf) G = [ Gey)**E Jo g m CGey) £ () dy, (1.9)

1—2m = Rela — ) = —=2m — 1,m = 0, wherethe integral is understood in L, sense.
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In [11,21,24] the range of the Hankel transform in the space £, with weight has been described through the range of the
fractional integral operator and the Fourier cosine transform, or through some Parseval relation. In [28,29] the Hankel transformis
proved to be an automorphism of the space of functions M *(L) introduced there. In [14] the range of the Hankel transform of
infinitely differentiable functions with compact supports has been discussed. Following Zemanian [31], we construct a testing
function space H, z.(e — 5} £ R, consisting of smooth functions gon ({0, ==} such that

- H(2 z 1.10
E:i{tp:] = SuPperea x™ (:E:I ( 2p-1 EP':I:])| ( )
and it can be proved that the Hankel type transform is an automorphism on H 5 if (g — g) = _% . The space H, studied in

Zemanian [31] has been generalized by different ways in [3,4,5,6,7,8,9,10,15,16,17,18,19] to deal with the Hankel transform of
distributions.

In the present paper we describe the range of the Hankel type transform on some spaces of functions. One of the main tools in
the proofs of our next two theorems is the Plancherel’s theorem for the Hankel type transform.
|76 gll, = lgll; (1.12)
where,
lgl, = gy 2. 1= p=oothatis valid only when (& — 8) is a real number and (a — 8) = —1. For complex (& — §), the
Plancherel’s equation (1.11) is replaced by the inequalities.
c gl = |#Hapgll, = Cligly . Rela - 8) = -1, (1.12)
whereC & [1, 5] is a constant independent of g. The inequalities (1.12) also holds for the extended Hankel type transform (1.3)
for Rele — f) = —1, Re (e — ) 2 —3.-5 ..., (See [22]).
2. Hankel type transform of rapid decreasing functions

The range of the Hankel type transform of rapid decreasing and square integrable functions is described by the following :
Theorem 2.1

Let y"gly) e L,(R,) forall n =0,1.2,...... 4 function f(x) is the Hankel type transform®, 5. Re (e — £} = 1/2.0f the
function giy if and only if
(i) Flxlis infinitely differentiable on R, :

() D24+ L (5—a? - B2 +2a8)] FG)n= 01, € Ly(RL);
(iii) [D: _l_xi(i ey L za_g:]]ﬂ Fd.n=01.... tend to 0 asx — 0 and to infinity;

. i
(iv) ﬁ[ﬂz +ILG -l —pgt+ Eaﬂ)] Flx), n=01,....tend to 0 as x — o and are bounded at 0.
Proof
First we prove necessary part: Let y"g{y} e L,(R_Jforalln =0,1.2......then y"g(y) e L,(R ) foralln =0,1.2,..... Let
F(x) be the Hankel type transform H, zof gly).
(i) Referring to [1] we have

I:Ir.lrn:* ,9':3':] _?:D':—l:]j. G:I_lrn*—ﬂ—ﬂﬂj'{'ﬂ ' (2'1)
Therefore
(x :] ZZ{ 1:]i"+.l-h7 h( ] (n) (k]x xm-S+R_n}"q+S+R.|rn'—.5‘—i¢+:j":-1'}’:] (2'2)
gLEY. oy e
Here (al,, is the Pochhammer symbol defined by (a}, = T'(a +n}/Tlal.
The Bessel type function of the first kind ],_z{yJ has the asymptotics [1]
= le—fn = 1—dix —§F) T T
o I— Eus(-‘—T—E)+8—ysm(}—(a— :]__E)
rl = w
Jag = AN 07, y o,
G{J_,EE:.R'—S:'} ¥ = ]
Consequently,
[ 8y (23)
as a function of y has the order ofy*+E+Rele-El} jn the neighbourhood of Oand O(y™lat infinity. Thus
= [.:x}]msfﬁ 5] g(y), Rela—f) = -1, &2 function of y belongs to L,(R_] for all n =0,1,2,..... Thus f(x) is
infinitely differentiable on R..
(i) Since J,_z(x)satisfies the differential equation [1]
" ' + (P -t - 4+ 2aflu=10 (2.4)
Then _r':’*"?_,in,_'s.{_r] is a solution of the equation
.r:u"+(_r:—i—a:—ﬁ:+2|:t_.fj’)u:[]- (2.5)

Therefore, we have
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[+ 2(-a® 57 +208)] (G)**#,_5Gey)) = (D) Cy)* 5 g Cry) (26)
Consequently,
(2.7)

a2 1. . . " r )
[ﬁ +x—:(=—} —at—-f+ 25:_.'3’)] Flx) = (—1)" J‘ Cey)= P, _g Gey)y™ g(y) dy. Rele —p1—1.

Because of the Plancherel’s inequality (1.12) and }*” gly) e L(R,),
we obtainthat [£-, L (1_ gz _ p2 +2a_3)] F).Re (@ —B)> -1, n=0,1,2...€ L,(R,)

dx? x4

(iiiy For the kernel (xy)®*f] _g(xylhas the asymptotics x**asx —0, is uniformly bounded on (0,c2) if
Re(a — §) = —and y*"gly) e L,(0, ), then applying the dominated convergence theorem, we have

it 141
—l-—g?—pFt+2
lim d.r*+x:(4- at— @ +_|::_EJ] Flx)
= (1" [ limp.JGe) B, _sCey) ]y g () dy =0 , Rela — ) = —3 (2.8)
Following the same argument for = {, we can choose ¥ large enough so that
Uy Gey) =g Cey) y™ g(y) dyl < e, (2.9)

uniformly with respectto x R, .The Bessel type function J,_z{x} has the asymptotics (2.3), therefore the integral

Joe ¥*F]ap) dy , Rela =) = =2, (2.10)

is uniformly bounded for all non-negative a. b and x. Hence

[y Gy =g Cey) dy = 2 [ y5*F]a_p(y) dy. Rela —f) = —= (2.11)

tends to O uniformly in a. b for 0 < & = b = o0 as x — 2. Now by applylng the generalized Riemann-Lebesgue theorem [27], we
obtain

llmx_,x_r {x}:]""""?_,i'n, slay)y™ gly) dy=0.0<N=<oo, Rela—fF) = —% (2.12)

Sincee can be taken arbitrarily small, from (2.9) and (2.12), we have

lim,_ fy () #F],_5ley) y™" g () dy = 0, Relw — ) = -2, (2.13)
Thus, .
}l_.ni [cfr + ! G‘— al -+ 25:_3]] flx) =0.n=01.. . Rele — fl = —% (219
(iv) Using the formula [1] ;
a 1 e+ ; eolaey) — T, ; 2.15
E[{x}-‘] B play)] = EC_:) Ja-glxy) +%{x}fl“'9x a2 Cey) = Jazes ()] (215)
we have
> 1,4
(-1 — = d.r*+ (‘L—a‘—ﬁ"+2aﬂ:|] Flx)
1 r = o+ In+
= EJ‘{,@] w81, sey)y™ gly) dy * 30 C9) L aasley)y™** gy dy
(2.16)

=y Gey) T g s Cey) ¥4 g3 dy

Now from (iii) and especially from (2.8) and (2.13) we see that when gq(; — 3} = = the first and the second expressions on
the right hand side of (2.16) as functions of x tend to 0 at infinity, whereas the third expreésion tends to @ both at 0 and infinity. As
(xy) ~(a+By gCev) and (ey) ¥*8)_,_25(xy), Rele — £) = 1/2 are uniformly bounded, the first and second expressions on
the right hand side of (2.16) are unlformly bounded on R and in particular at 0.Hence
d[d? 1.1
—_— - — - a2 — = 2
dx[dx: t=(3-ea2 -5+ _ct_é’)] f&),  Rela—g)=21/2
tends to 0 at infinity and is bounded at 0.
Now we prove sufficiency part: Suppose that fsatisfies the conditions (i) to (iv) of the theorem. Then

o +7m3)] FG) e L(r,)forall

dx? ~ x2 \4

n =0,12,..... Let g, (] be its Hankel type transform, that means
900 = [T ™) G [+ S (- a2 g7+ 208)] £G ax (2.17)

Rele —f) = 1/2 , n=012.....
where the integral is understood inL sense. Putting

a6 = [y G o) [+ 5 (5 - a® - 82 4 208)] 00 ax, (2.18)

n=0L2 ...

dx?
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We see that g (y) tends to g,,(y) in L, norm as N — 2. Let n = 1.Integrating (2.18) by parts twice we obtain

860 = = H o) o[ e (et g2 ]]Hc:x:n
y W5 a-pley) —— |2 —a” ="+ 2af FO i

thg

a d* 1,1
—]a{{x}f]"’*'?fc_,g{x}-‘])[ﬁ+—(g—a ~ +w] f{.r:l}x N

G z n— . (2.19)
H J‘ ﬂi +5 G} —at—B7+ Eﬂ_ﬁ)] ('i.r}-'] “F g lxy) )>< [;T +fe —a’— B+ 2::_3)] lf{_rjdx
Notllv using formulas (2.6) and (2 15) we get .
avi(y) = W) ‘"""'SJFE_S{N}-‘:] = [E + Ii:(i —a’ -+ 2&_.5’]] ) FOV) (2.20)
R O zag)_]:* FQ/N) 221
(O es i [E 4 G- at g 208)] 0 (2.22)
- "t (2.23)

y (W) ¥ *E)_ 2 (Ny) [— +3 C— o’ - g2 +2ap)]  FOD
+iy Wy ) [+ S - a? - +:-ug)]”'l £ (2.24)

d_r*

+ ‘{x“hf}-‘]“"&fc_a{ys’ﬁf] [ +=(P-a?-p+ 7.13)] " £(1/N) (2.25)
+1y (J) f—c—w{”"‘r][ +,_,1 = —g?- g +7a£’]]ﬁ “r /Y (2.26)
—Er ) s /M + 2 (- a2 - p2 4 208)] FaU/N) (2.27)

" (2.28)

7 Lo ep o) [+ 5 (- o -8 + 208)] 700 ax

2 Ny
d d
Here p (EJ FrAmeans p (.E) Fl) pan
Since (Ny) f~“+3jc_3mfyj is uniformly bounded and % [ﬁ +ILG . 2::_5’)] f,:mtends to Das N — co.(property
(iv)), the expression on the right hand side of (2.20)tends to 0 as N — ce.

Using property (iv) we see that i[d_ _{ g _p? +9a5,:|]' f{l,-"N] is bounded, whereas function
dx Ldx? x=

(y/N)E+E]_ . (y/N)has the order 0N 25-1) at infinity. Hence, expression (2.21) tends to 0 as N — co.
Similarly, function 2(y/n)=+5, .(vy) has the order 0(NV~*)and [d_ +i(ioar_pry 2m3)]ﬂ_ Fov) s

dx? 2 g

01} (property (iii)), therefore both expressions (2.23) and (2.24) tend to EI as N — o,
Functions 2 ()85 _.(y/N), - 2y G /N)E]__e(y/N), and = ; (y/N)=*E],. . - (y/N)are bounded, hence all the

expressions (2. 25) (2.26) and (2.27) tend to Das N — oo

Function (2.28) converges to —vy’g,_,{ylas N approaches infinity, hence g,(yv) = —vyg,_,(¥), and
thereforeg, (y) = (—¥*)"gy{y¥), n =0.L......

But if g is the Hankel type transform (1.2) of f.then f is the Hankel type transform (1.1)of g. Therefore,f (x7) is the Hankel
type transform of a functiong(y) = g, (vJsuchthat ¥*"g(y) € L,(R,}.n = 0,1,.....and Theorem 2.1 is proved.
Corollary 2.1

The Zemanian type space H; z. Re (= — £} = 1/2can be characterized as the set of functions f{x}, satisfying conditions
(i) to (iv) of Theorem 2.1 and such that =™ f (x) & L,(R.}, n =012
Proof

It is well known [5] that f € H; if and only if f(x) = x**¢(x), where @ £ 5,,.,. the set of restrictions of even Schwartz
functions on E_. It is proved [8] that ¢ £ 5...,if and only if

Supy g lx"elo)l < oo, Sup, oz "yl < w0, m=01 (2.29)
where
¥ () = [y Gy) =R, _pley) @Gy dy. (2:30)
Thus f & H,z ifandonly if
Supy ¢ 2, |x" G| < o0, Sup |x"Hyg fG)| <00n =101, (2.31)
XER:

Suppose that f satisfies conditions (i) to (iv) of Theorem 2.1 and x"f(x) € L,(R.).n =0,1.2.... Then x*# — 1 is bounded
at 0.Sincex™f(x) — 0 at 0 and infinity,x"*2# f(x) is bounded on R, Since the Hankel type transform has the symmetric inverse,
¥y o fx)is also bounded on R.. But it is equivalent to the fact that f & H ;.

Now suppose that f € H 3 Then H, 5 f € H, . Hence, inequality (1.10) is valid with & = 0 for both f and H zf :
|_rn+:.9—1 f{.r]| = |I“+:S_1Hc_.9 ,i"':.r:l | < o n=01,... (2.32)
Hence, fsatisfies conditions (i) to (iv) of Theorem 2.1 and
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=" flx) e L(R.). n=12...
Thus proof is completed.
3. Hankel type transform of square integrable functions with compact supports
Here we discuss the Hankel type transforms of square integrable functions with compact supports.
Theorem 3.1: (The Paley-Wiener Theorem)
A function £ is the Hankel type transform#; ;. Re(z — g} = 1/2. of a square integrable function g with compact support
on [0, ==}if and only if f satisfies conditions (i) to (iv) of Theorem 2.1 and moreover,
3.1)

lim,_,..

[d‘+ Eppe -5 +?|:t3 f(x]” ::Dc

dx?
Where g, = Sup {y:y € Supp gl. (3.2
and the support of a function is the smallest closed set, outside it the function vanishes almost everywhere [30].
Proof
(a) Let f(x) be the Hankel type transform of gly) € L;(R.)and g, < co:

FG) = [P xy)®*8),_s(xy) () dy, Re (@ — ) = 1/2. (3.3)
One can assume that g, = 0, otherwise it is trivial. Since g, < =2, we have y"gly) € L,(R,)forall n = 0,12, ..... Therefore, f

satisfies conditions (i) to (iv) of Theorem 2.1.
Furthermore,

&+ 25— a - 82+ 2a8)] £0 = [Gey)®*5],_g Gy (—y®)" g) ay. (34)

dx? xt

By applying the right hand side inequality in (1 12) for the Hankeltype transform (3.4), we have
o

TERET I O S .
i

< € [Plg ()1 ay (35)
Hence
4 1. . Han L ren can (3.6)
hm [dr* (?} —a?— g7 +2a_3]] f{x] = nm ci/lamd Q{J’ g P dy} =g,
On the other hand, as g; is the least upper bound of the support of g. for everye .00 = £ < g, , we have
f:g_,|g{}?] 12 dy = 0. (3.7)
Consequently, using the left hand side mequallty in (1 12), we have _
il L 22 T . ’ o
s [d.r* + (G -et 87 v 2es ] £ &) H Tmf'i"':"“j{ [ 319601 .:z;.-}

-
; z ) 1/4n
= (g, - E}:Txc—l.--_d.nfl {J’%Jg(}-‘]l* d}?} " S (3.8)

Because =can be chosen arbitrarily small, from (3.8) and (3.6) we obtain (3.1).

(b) Suppose that f satisfies the conditions (i) to (iv) of Theorem 2.1, and the limit in (3.1) existsand equals & = ©a.
Using Theorem 2.1 we see that f is the Hankel type transform of a function g such that y" gy} & L,(R ). n=1012.... We
shall prove that g; < c2, and moreover,s = g;. From Theorem 2.1we have that (2.7) is valid. Therefore by applylng the
inequalities (1.12) we obtain

d* 141 = Clly™ gl ;. 3.9)
—1|| 20 Il < Il— _(__ I_plia :
C-tlly™ g, < ‘ [dx: ci-erp +_|:t_3]] G H
Thus .
lim €/ [y g () 117 d? 11 " T
e £ lim [ﬁﬂ?(?}_ al — gt +2a_3]] Flx) ]
= o = lim,__ CY3V Iy g 1177, (3.10)
Consequently, .
limy ly? gOI1Y %Y = 6. (3.11)
Suppose that o, = o.Then there exists a positive € such that
I5 g dy = 0. (3.12)
We have
= 1/ (and

- 7] f:'m -
g = rEL_.Hi lly2" gy |l 1 = E‘ﬂ = DC] J‘ gl I? d}'}

T+E

= 0+8 = {[.y" gk ad" " = ate, (3.13)
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that is impossible. Hence o, = & and therefore, g has a compact support. Suppose that o, = o. Then there exists £ = 0 such that

J?_ELQ (I dy=0. (3.14)
We have
g—g 1/ land
o= rEI-_.fT:: "}’:n E':_‘}-‘:] I -i- fand = ?El_._ﬂlIJ‘ }riﬂ |3 ':_'),.'j |2 d}'}
¢ F-g 1/ 14m)
= G- Tl e a} = o-e (3.15)

that is impossible. Hence o, = . and consequently g; = & < .
Thus Theorem 3.1 is proved.
Remark 3.1
From Theorem 2.1 and Theorem 3.1 it is not difficult to see that if a function f satisfies conditions (i) to (iv) of Theorem 2.1,
then the limit (3.1) always exists. It equals infinity, if the Hankel type transform f has an unbounded support.
4. Hankel type transform of infinitely differentiable functions with compact supports
Let the Erdelyi-Kober fractional type integral operator 7 =% be defined by

2_n2) =3
hy (x) = {3‘5“ Sgl}{.ﬂ _fole vgi(y)dy, Rele —f) =0, xeR

(4.1)

Now we need the following :
Lemma 4.1

The restriction of the Erdelyi-Koberfractional type integral operator & #~£in (4.1) on R, is a bijection on 5.,.,and a bijection
on its subspace of functions with compact supports. Moreover, oz, = g, .
Proof

Following [25], it can be proved that the Weylfractional type integral operator
w6 = (L F) () = [
is a bijection in the space of |nf|n|tely differentiable functions which have for x — oo the same behavior as functions in 5(&} and
have a slow growth for x — —ce. From [14], it is known that the Weyl fractional type integral operator (4.2) is also a bijection on
the space of infinitely differentiable functions with compact supports on &, From (4.2), it is easy to see that ¢, = &,.Since the
inverse of the Weyl fractional type operator has the form [25]

am 2™ ez (o :,m—:zﬂ—.‘i‘_j-
uld = (O™ (LreF ) () = (-™ ], erw_—mﬁ viy) dy.

m = Rela — _E],one can reverse the inequality s, = ,. Hence, o, = g,.
On R formula (4.3) can be rewritten in the form (4.1) with 2u(y*} = g, (3}, v(x*) = h,(x). One can prove that u, v € 5(R}if
and only if g,.h, € Sﬂ,,o,. and u.v have compact supports if and only if g,.h, have compact supports, and
moreover,o; = g, o; = oy, Hence if o, = g, then g;, = o, and vice versa. Thus Lemma 4.1 is proved.
Theorem 4.1

(The Paley-Wiener-Schwartz type theorem). A function f € H zis the Hankel type transform #, ;. Rela — 8) = —1/2, of
afunction g € H gwith compact support if and only if

u(}] dyv. x € R, (4.2)

(4.3)

gg = limy,.. ||;—tx:3'lf{x]|| L l=p=m (4.4)
Proof

The Bessel type function J,_z(x) has the integral representation [1]
Jo—pla) = %Jﬂ:{l —t2)7% Cos xt dt, Rela —f) > —1/2. (4.5)
Substituting x by xy and ¢ by t/ywe have
agley) = TS TR (242038 Cos e g, (4.6)
Consequently, the Hankel type transform (1.1) can be rewrittenin the form
Flx) = = chl f }HSQ{J]JF{} —t1) Sfusxtdtd} 4.7

WrEl(2ad
If v g(y) e L,(R_ Jthen the repeated integral (4.7) converges absolutely. Therefore, one can apply the Fubini-Tonelli
theorem [30] to interchange the order of integration in (4.7) to get

Jae3fi,2 (4.8)
&) = =5 " [Teosxt [Tyt — £9)-28y¥ gly) dy dt
Putting}*'? 13{}] =g, (y)andx?-1f(x) = £ (x) , we have
fild) = 5k cosxt [0y — 77 y g, (3) dyat. (4.9)
Therefore, f; can be viewed as a composition of the Fourier Cosine transform
(4.10)

7 =
fix) = -\II.‘?:‘IFD Cos xt h,(t) dt, 0= x <o’
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andthe Erdelyi-Kober fractional type integral operator X *%in (4.1) of order 2z, multiplied by a constant. From [2] we see that
f € 5(R) is the Fourier transform of an infinitely differentiable function £ on & with compact support if and only if

_ & e 1" 4.11
o = limp | 2 £ “1,;::;:1 P 1sp s, 0
where
oy = Sup {lyl: y e supp f}. (4.12)

Restricting the Fourier transform only on even functions we see that a functionf; € 5,..,is the Fourier Cosine transform
(4.10) of a function h, £ 5,...,with compact support if and only if

4r i/n
O, = limg_o ”Q‘ﬁ-{x]”ﬂ .

On the other hand, the Erdelyi-Kober fractional integral type operator X Z¥in (4.1) is a bijection in the space of infinitely
differentiable functions on &, with compact supports and on, = 0g, (Lemma 4.1).
Remarking that if g, (y) = y2#-* g(ylthen g, = g, Theorem 4.1 follows now from formula (4.9).
Remark 4.1

Theorem 3.1 and 4.1 involve the spectral radii [30] of some differential operators (see formulas (3.1) and (4.4)), but the
proofs are obtained straight forward, without referring to the spectral theory. In [14] the Hankel type transform of infinitely
differentiable functions with compact supports has been described by classical way through entire functions of exponential type.
5. Hankel type and extended Hankel type transform of analytic functions

Let H; be the space of functions g(z) that are
(i) regular in the range —a = org z = b, where 0 =< @, b = m;
(ii) of the order O(lz|=%=%)for small z, and O(lz|~%*] forlarge z.where p< E < g,uniformly in any angle interior to the above

(4.13)

for any small positive &

(iii) Satisfying the condition

[y ¥+ g(y) dy =0, (5.1)
for all non-negative integers on the intervals

(p/2—Rela —8)/2) —1/4.,4/2 —Re ({a -2 - i)}provided there exists one.

Let H-be Theorem 4.1. The Hankel type transform (1.1) and the extended Hankel type transform (1.3) map, one-to-one onto
the space of functions £(zJ, regular in the angle —b < org =z =< a, of the order 0(lz|*~%=%] for small z.,and 0{lz|*~#*%] for large
zuniformly in any angle interior to the above for any small positivee, and satisfying conditions
Jy %%+ £(x) dx =0, (5.2)
for all non-negative integers »n on the interval
—q/2-Rella—§)/2) =%, —p/2 - Re ((a—p/2)-3)
Proof

Let glz) satisfy the conditions of Theorem 5.1. Then function g(zJ} on E_ belongs to L,(&, Jand its Mellin transform g* (s)
defined by [27]

() =[x tglx)dx , Res= <, (5.3)
is an analytic function of =, regular fora = Res = b, and

i D{g—ii:l—sf‘:ms} Ims — o (5.4)
g () = {D{g—ic—ﬂfms}Jms — —m

for every positive &, uniformly in any strip interior to » < Res = g (see [27]).Let further, f(x) be the Hankel type transform
(1.1) or the extended Hankel type transform (1.3) of giyland f*(s)} be its Mellin transform (5.3). Since gly} € L.(R_ Jthe
Hankel type and extended Hankel type transforms in L, (& _ Jare equivalent to the following Parseval equation for £*{s) and g*{s)
inL,(1/2 — w0, 1/2 + ice)on the line Res = 1/2 [27,13] :

Fris) = 23‘5%3“{1 - 5) (5.5)

Because of (5.1) the function g*(1—s) equals O at the poles of the gamma function Iz +s/2) in the
strip1 — g = Res = 1 —p, if there exists one. Hence from (5.5), we can see that f*(z} is analytic in the strip
1 — g = Res = 1 — p.Furthermore since the function
25-42r(g + 5/2)
I2a + A —s/2)
Is uniformly bounded on any compact domain in the strip 1 —g =< Res =1 —p, containing no poles of the function
[l + 5/2), and has at most polynomial growth at infinity, from (5.4) we see that the function f*(s}also decays exponentially
(= {D{gib—sf':ms}J Ims — —oo (5.6)

f - D{e_::c_fj;w“g},fms S

for every positive &, uniformly in any strip interior to (1 — g) < Res = (1 — pJ. Hence its inverse Mellin transform f(z) is
regular for —b < arg z = a, and of the order 0O{|z|¥~*=*)for small z, and 0{lz|3=**]for large z, uniformly in any angle interior
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to the above angle [27]. Moreover, f*(s} has zeros at poles of the gamma function I'Ze + 8 —=/2) in the strip
1— g < Res = (1 — p), if there exists one, therefore (5.2) is satisfied.

Conversely, let (=) satisfy the conditions of Theorem 4.1. Thenf(x}  L,(R_.} and its Mellin transform £* (s}is analytic in
the stripl — g < Res < 1 —p has zeros at poles of gamma function I'(Ze + § — 5/2Jin the strip 1 — g = Res = 1 —p if there
exists one, and satisfies (5.6). Thus if we express f*(s] in the form (5.5), function g* (=) is analytic in the strip » < Res = g :and
has the exponential decay (5.4) for every positive £ ,uniformly in any strip interior to p = Res < g. Furthermore g* (1 — =)
has zeros at poles of the gamma function ['{e + s/2) in the strip p = Res = g. hence formula (5.1) is valid for all non-negative
integers n on the interval (a/2 — Re (& — §) /2 - 1/4 , b/2 — Re (@ — ) /2 — 1/4), if there exists one. Thus Theorem 5.1 is
proved.

If in Theorem 5.1 we take b = a and §_p =g _éJ then the spaces of functions f and g coincide, hence denoting

1/2 — pagain by pwe have:
Corollary 5.1

The Hankel type transform (1.1) and the extended Hankel type transform (1.3) are the bijections in the space of functions
g(z), regular in the angle larg z| < a. where0 = a = = of the order 0(lz|~*/2+#~¢)for small z, and 0(|z|~*2-#+¢)for large
z,where ¢ = 0, uniformly in any angle interior to the above for any small positive e, 0 = £ = @, and satisfying conditions (5.1)
for all non-negative integers n on the interval (—a/2 — Re (@ — 8}/2 . a/2 — Re (a — §)/2) . if there exists such .
6. Hankeltype and extended Hankel type transform in some other spaces of functions

Let & be any linear symmetric subspace of L, (R} or L, (&} having
m(t) = 2°T(2a — it/2)/ T(2a — it/2), Rela — B) = —1,-3,.....,
as multiplier (symmetric means that if @(¢t} € & then ¢{—t} € ®). The multiplier2® (2 + it/2)/T(2a — it/2}is infinitely
differentiable and uniformly bounded on £.its derivatives grow slowly, therefore many classical spaces on R are special cases of
& (for example, any L, or L, space with L_ — weights, space 5(R}and space of infinitely differentiable functions with compact
supports [30]). We define by 2 ~1(&] the space of all functions g on B, that can be represented in the form
glx) = [7 a(e)x®-42gs, (6.1)
almost everywhere, where ¢ € @(if ¢ & L,(R)) the integral should be understood in L, —meaning. The space M ~*{L}([28])
as well as the space of functions considered in Corollary 2 are special cases of M ~* (L)([28]) as well as the space of functions
considered in Corollary 2 are spaceial cases of M ~* (&),
Theorem 6.1

The Hankel type transform (1.1) and the extended Hankel type transform (1.3) are bijectionsin A ~*{&}.
Proof

From (6.1) we see that g € M ~1(&)if and only if g can be expressed in the form of the inverse Mellin transform[27]

f2+1== (62)
glx) =$Jt'-:i== g s)xds,
Where g'{ljg +it) € &. Let g*(s) belong either to L,(1/2 — gon, 13‘2 +ioa)or L:{ljz —i02,1/2 +10),and glx) be its

inverse Mellin transform. It is proved (see [27]) for the case g () e L (1/5 —iso. 1/5 +4e) and [28] for the
caseg*(s) e Ll{ll{(:,—:'l}cJ 1j:, + oo ) that under these assumptions the Parseval formula for the Hankel type transform

(Ha59) ) =[5 Cey) =] _plxy) g0 dy (6.3)
1 2 ATe +5/2) .
= - [ o :mg (1-s)x~"ds, Re (o — )= -1,

L

holds. The Parseval fE)rmuIa (6.3) is also valid if we replace the Bessel type function],,_z{x)by the truncated Bessel type function
Jo—gmixlincase 1 — 2m =Rela —f) = —2m — 1
(Hap0)0) = f5 o) ®*F g (xy) g(y) dy (6.4)
i...':+£==
L J‘ pi-1 [le +5/2)
F2a +p5—-5s/2)

“ -z
- g 1—s)x%ds,

In fact, it is true if g(x) e L,(R.), or equivalently g°(s) €L (% -0 Z+ico).let now
g (s) ELL(%_:-ECJ%'i':-EC)-From (14) we can infer that . . (x)= 0(x*F*¥™) at 0, therefore,

. i -
integral Jrnlxs—; T () 4 converges absolutelyif pgs =

Integral

[t (—1)k(x/2)a-8+2k
]‘x E Z - dx
! a:nr{“_-3+k+ﬂk'

kil
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Also converges absolutely. By applying asymptotic (2.3) of the Bessel type function one can easily see that integral
N 3"Ji’n, e 415 uniformly bounded forall ¥ & [1,c0)and 5 ¢ (E — i+ fm). Hence integral

y 3_ .Irc: .S‘rr{x:] dx (6.5)
Is uniformly bounded for all ¥ € [1.eeland 5 - (E — i, %.,. fm].Consequently, by applying the result from [28] we can obtain
(6.4).
Since m~*(—¢t) = m(¢t), then ;.-rrL'f" “(1/2 — ;+) belongs to € if and only if g*(1/2 + it) belongs to €. Hence from

[le—

(6.3) and (6.4) we obtain that {}rﬁ_ag}{,ﬂ [ :m" e} ifand only if glx) & M ~t(&). Thus Theorem 6.1 is proved.
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