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Introduction

Ideal topology is a topological space endowed with an additional structure namely the ideal. Kuratowski [11] introduced the
concept of local functions in ideal topological spaces. The notion of Kuratowski operator plays a vital role in defining ideal
topological space which has its application in localization theory in set topology by Vaidyanathaswamy [15]. Ideals have been
frequently used in the fields closely related to topology such as real analysis measure theory and lattice theory. In 1990, Jankovic
and Hamlett [7, 8] developed new topologies from old via ideals and introduced I-open sets with respect to an ideal | in 1992.
Compatibility of the topology t with an ideal I was first defined by Njastad [13] in 1996. In this paper we define m-closure local
function and its properties in ideal topological spaces. Moreover the relationships with other local functions are investigated.
Preliminaries

Throughout this paper (X, 1) is a topological space on which no separation axioms are assumed unless explicitly stated. The
notation (X, t, J) will denote the topological space (X, 7) and an ideal J on X with no separation properties assumed. For A = (X,
1), CI(A) and Int(A) respectively denote the closure and interior of A with respect to t. N(x) denotes the open neighbourhood
system at a point x £ X and P(X) denotes the power set of X.
Definition. 2.1[11]

An ideal J on a topological space (X, 1) is a nonempty collection of subsets of X which satisfies
the following properties:
(1) Acg andBZ AimpliesB £ 7.
(2) AcsgandB e JimpliesAuB £7.
An ideal topological space is a topological space (X, t) with an ideal 7 on X and is denoted by (X, 1, 7).
Definition. 2.2[11]

For a subset A of X, 4% (7) ={x £ X: Uy A & 7 for each neighbourhood U of x} is called the local function of A with
respect to 7 and t. We simply write A* instead of 4% (7).

Definition. 2.2[11]
It is well known that CI (A) = A U A* defines a Kuratowski closure operator for t* (j] which finar than t.

Definition. 2.3[11]
A basis (7, ) for T*[j] can be described as follows: §(7,7)={U-E:UegrtandE € 7}

Definition. 2.4
A subset A of an ideal topological space (X, T, J) is

(1) =-perfect [6], if A =4*
(2) =-closed [7], if A* T A
(3) *-dense [9], if CI"(A) = X
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(4) 7 -closed set [7], if A = CI"(A)
Definition. 2.5[17]
A subset A of a space (X, 1) is said to be regular open set, if A = int(cl(A)).
Definition. 2.6[15]
Finite union of regular open sets in (X, 1) is m-open in (X, 7). The complement of 7 -open in (X, 1) is 7 -clozsed in (X, 7).

Definition. 2.7[10]

Let (X, 7, 7) be an ideal topological space and A be a subset of X. Then A™(7, 1) = {x € X | A nU g 7 for every U € SO(X,
X)} is called the semi local function of A with respect to J and t, where SO(X, x) = {U & SO(X) | x U}.

Definition. 2.8[1]

Let (X, 1, J) be an ideal topological space. For a subset A of X, we define the following operator:

TA) (F,1)={xeX|AnclU) g7 forevery U = t(x)} is called the local closure function of A with respect to J and t, where
(x)={U e 1: xe U}.
Definition. 2.9[3] .

Given a space (X, t,7), a set operator () ": P(X) — P(X) is called the pre-local function of 7 with respect to 1 is defined as
follows; for A = X, (A)? (7, 1) = {x € X/ Uy n} Ag 7, for every Ux € PN(X)}, where PN(x)} = {U £ PO(x) | x U}
Definition. 2.10[2] .

Given a space (X, t,7), a set operator () ™: P(X) — P(X) is called the n-local function of 7 with respect to 1 is defined as
follows; for A = X, (A)*“ (7. 9=XE XU Ag 7, for every Ux € aN(X)}, where aN(x)} = {U £ nO(x) | x €U}

Lemma. 2.10[7]

Let (X, t,7) be an ideal space and A, B subsets of X.
(1) fFAcB,then A" = B
(2) If G £ 1, then G NA" = (GNA)”

(3) A" =CI(A") = CI(A)
n-Closure Local Functions

Definition. 3.1
Let (X, t, 7) be an ideal topological space. For a subset A of X, we define the following operator: y(A)(7,7) ={x e X: AN

nel(U) & 7 for every U € t (x)}, where © (x) = {U € t: x € U}. In case there is no confusion y(A)( 7, t) is briefly denoted by
Y(A) and is called n-closure local function of A with respectto 7 and 7.

Preposition. 3.2
Let (X, 7, 7) be an ideal topological space. Then

1. Every local function is n-closure local function.
2. Every m-local function is z-closure local function.
3. Every semi local function is -closure local function.
4. Every pre local function is n-closure local function.
Proof
obvious
Remark. 3.3
The reverse implications need not be true as shown in the following examples.
Example. 3.4
X={a b, c d}, 1= {¢, X, {a}, {b}, {a,b}, {a, b,d}}and 7= {9, {a}}. Take A = {c}. Then A" ={c} and YA ={ab,c,

d}. Hence y/(A) € A”.
Example. 3.5

X={ab,c d}, 1= {, X, {a}, {b}, {a, b}, {a,b,d}} and 7 = {9, {a}}. Take A= {c}. Then A™={c, d} and Y(A) ={a b,
¢, d}. Hence y(A) € A™
Example. 3.6

X={a, b, c, d}, 1= {0, X, {a}, {b}, {a,b}} and 7 = {9, {a}}. Take A = {b}. Then A" = {b} and Y (A) = {b, c}. Hence
YA €A™

Example. 3.7 *
X={a b, c d}, t={¢, X, {d}, {a, c}, {a, c,d}} and T ={¢, {c}, {d}, {c, d}}. Take A = {a, b}. Then AP ={a, b} and

Y(A) ={a, b, c, d}. Hence y(A) & A™.

The following diagram represents the above results:

(1). Local function

(2). m-local function
(3). semi local function
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(4). pre local function
(5). m-closure local function

Theorem. 3.8
Let (X, t) be a topological space, 7 and /J be two ideals on X, and let A and B be subsets of X. Then the following properties

hold:
1. 1f A c B, then y'(A) € Y(B).

2.1f73¢c g, then y(A)(T) 2YB)T)-
3. Y (A) =mcl(y(A)) € nel(A) and Y (A) is m-closed.
4.1f A € 7,then y(A) = 0.

Proof
(1) Suppose that x & Yy(B). Then there exists U € t(x) such that B N ncl(U) € 7. Since A N ncl(U) € B N wel(U), A N wel(U) € 7.

Hence x & Y(A). Thus X — ¥(B) € X — Y'(A) or Y(A) < Y(B).

(2) Suppose that x & Y'(A)( 7). There exists U € (x) such that A N ncl(U) € 7. Since 7 €7 , A N wel(U) € 7 and x & Y(A)(F )-
Therefore, Y(A)(J ) < Y(A)( ) or Y(A)(3) 2 Y(B)(J ).

(3) We have y(A) < rcl(y'(A)) in general. Let x € ncl(y(A)). Then y(A) N U == ¢ for every U € t(x). Therefore there exists
some y € Y(A) N U and U € 1(y). Since y € Y(A), A N rncl(U) & 7 and hence x € y(A). Hence we have ncl(y'(A)) € y(A).
Therefore y'(A) = ncl(Y(A)). Again let x € nel(Y'(A)) = Y(A), then A N wcl(U) & T for every U € (x). This implies A N ncl(V)
# ¢ for every U € 1(x). This shows that y'(A) = ncl(y'(A)) € ncl(A) and Y'(A) is n-closed.

(4) Suppose that x € Y(A). Then for any U € (x), A N ncl(U) & 7. Butsince A € 7, A N nel(U) € J for every U € 7(x). Thisis a
contradiction. Hence Y'(A) = @.

Lemma. 3.9
Let (X, 1, 7) be an ideal topological space. If U € t(x), then U N y'(A) =U N y(U N A) € y(U N A) for any subset A of X.

Proof
Suppose that U € t(x) and x € U N y'(A). Then x € U and x € Y'(A). Let V be any open set containing X. Then V NU € t(x)

and ncl(V N U) N A & 7 and hence ncl(V) N (U N A) & 7. This shows that x € y'(U N A). Hence we obtain U N y'(A) € (U
N A). Moreover U N y(A) € U Ny (U N A) and by Theorem 3.8 (U N A) € Y (A) and U N y'(U N A) € U N y(A). Therefore
UNYA) =UNYUNA).

Theorem. 3.10
Let (X, 1, 7) be an ideal topological space and A, B any subsets of X. Then the following properties hold:

1.Y(©@) = 0.
2.Y(A) uY(B)= Y(AuUB).
Proof

(1) Obvious.
(2) It follows from Theorem 3.8 that y'(A u B) 2 Y(A) U Y(B). To prove the reverse inclusion, let x ¢ Y'(A) u Y(B). Then x

belongs neither to y'(A) nor to y(B). Therefore there exist Uy, Vy € ©(X) such that ncl(Uy) N A € J and ncl(V,) N B € 7. Since 7
is additive, (ncl(Uy) N A) u (ncl(Vy) N B) € 7. Moreover, since 7 is hereditary and (ncl(Uy) N A) |J (mcl(Vy) N B) = [(mcl(Uy) N
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A) | mel(Vy)] N [(rel(Uy) N A) 1) B] = (rel(Uy) 1 mel(Vy)) N (A 1) mel(Vy) N (rel(Uy) 1) B) N (A u B) 2 mcl(Ug N V) N (AL
B). Then =ncl(U, N Vy) N (A |J B) € 7. Since Uy N V, € 1(X), x & Y(A |J B). Hence (X — Y(A)) N X —=¥(B) c X
—YA1B)or Y(A 1 B) =y (A) 1) y(B). Hence we obtain y'(A) 1) y(B) =y (A L B).
Lemma. 3.11

Let (X, 1, 7) be an ideal topological space and A,B be subsets of X. Then Yy'(A) — Y'(B) =y(A - B) —Y(B).
Proof

We have by Theorem 3.10 y(A) = y[(A-B) U (ANB)] =y(A -B) U Y(ANB)c y(A-B) U Y(B). Thus YA
—Y(B) € Y(A - B) — y(B). By Theorem 3.8, y'(A — B) < Y(A) and hence Y(A — B) = Y(B) < Y(A) —Y(B). Hence y(A)
~Y(® =Y(A-B) - Y({®)
Corollary. 3.12

Let (X, 1, 7) be an ideal topological space and A, B be subsets of X with B € 7. Then y'(A | B) = Y(A) = Y(A - B).

Proof
Since B €7, by Theorem 3.8, y(B) = . By Lemma 3.11,y(A) = (A — B) and by Theorem 3.10 y'(A u B) = y(A) u Y(B)
=Y(A)

ni-Closure Compatibility of Topological Spaces
Definition. 4.1
Let (X, 1, J) be an ideal topological space. We say the t is n-closure compatible with the ideal J, denoted t ~.¥ 7 if the

following holds: for every A c X if for every x € A there exists U € t(X) such that zcl(U) N A € 7, then A € 7.

Remark. 4.2
1. If T is compatible with 7, then t is n-closure compatible with 7.

2. If tis closure compatible with 7, then t is n-closure compatible with 7.

Theorem. 4.3
Let (X, 1, 7) be an ideal topological space, the following properties are equivalent:

1.TA.-YJ

2. If a subset A of X has a cover of open sets each of whose =n-closure intersection with A is in
J.thenAeg

3. Forevery Ac X, AN Y(A) =@ implies that A € J
4.Forevery Ac X, A-Y(A) €T
5. Forevery A c X, if A contains no nonempty subset B with B < y'(B), then A € J.

Proof
(1) = (2): obvious.
(2)=(@3)
Let Ac Xandx € A. Thenx & Y(A) and there exists V, € 1(x) such that ncl(V,) N A € 7. Therefore, we have A < | J{V:

x € A}and Vi e 1(x) and by (2) Ae 7.
@)= (4)
Forany Ac X, A—Y(A) c Aand (A —Y(A) N V(A -Y(A) S (A-YA)NYA) =0

By(3) A-y(A)e7T.

4)=(5)
By (4) forevery Ac X, A - Y(A) € 7. Let A=A - Y(A) u (A NY(A) and by Theorem 3.10 (2) and Theorem

3.8(5), Y(A) = Y(A = y(A) U y(A N y(A) =Y (A N y(A)). Therefore, we have A N Y(A) = A N y(A N Y(A) cyAN
Y(A)) and A N Y'(A) € A. By the assumption AN Y'(A) = @. Hence A=A —Y(A) € 7.

®G)=(@)
Let A c X and assume that for every x € A, there exists U € t(x) such that ncl(U) N A € 7. Then A N Y'(A) = @. Suppose

that A contains B such that B < y'(B). Then B =B N y(B) € A N Y(A) = @. Therefore, A contains no nonempty subset B with B
c Y(B). Hence A e 7.

Theorem 4.4
Let (X, 1, J) be an ideal topological space. If T is m-closure compatible with 7, then the following equivalent properties hold:

1. Forevery A c X, A N y(A) = ¢ implies that y'(A) = @
2.Forevery Ac X, Y(A-Y(A) =0
3. Forevery Ac X, (A N Y(A) =Y(A)
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Proof
1) =02
Assume that for every A € X, AN Y'(A) = @ implies that y'(A) = @. Let B = A — Y (A), then
BNYB)=A-YyA)NYA-YA)=ANX-YA)NYANXK-YA)) c[AN
X=YANI N [YA) N (Y = YA = 2. By (1) we have Y(B) = @. Hence (A — Y(A) = @.
2)=03)
Assume for every A € X, Y(A — Y(A) = 0. A=(A—Y(A) U (AN YMA) YA =YIA-YA) U ANYAD] =yA
= YA) U YA N YA) = YA NY(A).
@)=()
Assume for every A € X, A N Y (A) = ¢ and Y(A N Y(A)) = Y(A). This implies that @ = y(@) = y'(A).
Theorem. 4.5
Let (X, 1, 7) be an ideal topological space, then the following properties are equivalent:
1. wel(r) N F = @ where ncl(t) = { nwel(V): V £ 1}
2. If 1 € 7, then wint(l) = @
3.Forevery G £ 1,G € Y(G)
4. X =y(X)
Proof
=02
Letncl(t) N J =@ and | € J. Suppose that x € w-int(l). Then there exists U € t such that x € U € =ncl(U) < I. Since | € 7 and
hence @ == {x} € ncl(U) € ncl(t) N L. This is contrary to ncl(t ) N J = @. Therefore, mint(l) = @.
2= ()
Let x € G. Assume x & Y'(G), then there exists U, € t(x) such that G N ncl(U,) e Jand hence GN U, € 7.By ) xe G N
Uy = mint(G N Uy) = @. Hence x € y(G) and G c Y(G).
Q)= (4)
Since X is clopen, then X = y(X).
4= (1)
X =y (X) ={x € X: ncl(U) N X = ncl(U) ¢ 7 for each open set U containing x}. Hence ncl(z )N 7 = @.

Theorem. 4.6
Let (X, 1, J) be an ideal topological space, T be n-closure compatible with 7. Then for every G €t and any subset A of X,

mel(Y(G N A)) = Y(G N A) € Y(G N Y(A) € mel(G Ny (A).
Proof
By Theorem 4.4(3) and Theorem 3.8, we have (G N A) =Y(G N A) NY(G N A)) € V(G N Y(A). Moreover by
Theorem 3.8, ncl(Y'(G N A)) = (G N A) € Y(G N Y(A))<S ncl(G N Y(A)).
W, -operator

Definition. 5.1
Let (X, t, J) be an ideal topological space. An operator . P(X) — 7 is defined as follows: for every A € X, IL{4’,1,(A) ={xe

X : there exists U € 1(x) such that ncl(U)~A € 7 } and observe that .. (A) = X — (X —-A).
Theorem. 5.2
Let (X, t, J) be an ideal topological space. Then the following properties hold:
IfA c X, then W, (A) is m-open.
IfAc B, theny, (A) c ¥, (B).
1A, B € P(X), then ¥, (A N B) =¥ (A) N ¥,(B).
JAfAC X then W (A) = W, .(F,(A) ifand only if Y'(X — A) = Y (Y(X — A)).
JAfA€ T, then W, (A) = X~ Y(X).
JAFACX Te T thenw (A-1) =y (A).
JFACX Ted thenW (Aul) =y (A).
8.1f (A-B)uU (B—A) € 7, then W (A) = ¥,.(B).
Proof

(1) This follows from Theorem 3.8 (3).
(2) This follows from Theorem 3.8 (1).

~N o O A W DN -
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RG)W, (ANB)=X-Y(X-(ANB)=X-YI[X-A)u(X-B)]=X-[y(X-A)UuYX-B)]=[X-YyX-A)]N[X-yX
- B)] = w,(A) N ¥,(B).

(4) This follows from the facts:

Ly, (A)=X-YX-A).

2.9 (P (A) =X~ YIX - (X-YX-A)N] =X - y(yX - A)).

(5) By Corollary 3.12 we obtain that y'(X — A) = y(X) if A€ 7. Then X— Y(X - A) = X— Y(X). Hence ¥, (A) = X— Y (X).
(6) This follows from Corollary 3.12 and ¥, (A 1) =X ~ Y[X ~ (A~ D] =X - Y[(X - A) u I] =X — Y(X — A) = @ (A).

(7) This follows from Corollary 3.12 and W, (AU I) =X~ Y[X - (AU )] =X - Y[(X ~ A) ~[] =X — Y(X ~ A) = @ (A).

(8) Assume (A—-B)u(B—A)e J.Let A—B=1and B— A =J. Observe that I, J € J by heredity. Also observe that B = (A — 1)
U J. Thus W, (A) = ¥, (A - 1) =, [(A —T) uJ] =¥, (B) by (6) and (7).

Corollary. 5.3
Let (X, 1, 7) be an ideal topological space. Then U c lL{I,I,(U) for every n-open set U € X.

Proof
We know that ¥, .(U) = X~ y(X-U). Now y(X-U) ¢ nel(X-U) = X-U, since X-U is sr-closed. Therefore U = X~ (X -~ U)
€ X~ Y(X-U) =@, ().
Now we give an example of a set A which is not n-open but satisfies A c ¥,.(A).
Example. 5.4
X={a, b, c d} t={¢, X, {a,c}, {d}, {a,c,d}}and T = {9, {b}, {c}, {b,c}}. Let A= {a}.
Then '-{IY({a}) =X-YX-{a}) =X-Y({b, c,d}) =X~ {b,d} ={a, c}.Therefore A c '-}IY(A), but A is not -open.
Theorem. 5.5
Let (X, 1, 7) be an ideal topological space and A c X. Then the following properties hold:
Ly (A)=uv{Uer:mcl(V)-AeT}
2.9, (A) 2 u{U e t: (ncl(V) - A) U (A —mcl(V)) € T}
Proof
(1) This follows immediately from the definition of ', -operator.

(2) Since 7 is heredity, it is obvious that U{U € t: (rcl(U)-A)u(A—ncl(U)) e T} cu{Uet:ncl(U)-AeJ}= IL{4’,1,(A) for
every A c X.

Theorem. 5.6
Let (X, 1, 7) be an ideal topological space. fc ={Ac X: Ac "-PY(A)}. Then o is a topology for X.

Proof
Leto ={A c X:Ac ¥, (A)} Since ¢ € 7, by Theorem 3.8(4) Y(¢) = ¢ and ¥, .(X) = X - Y(X - X) = X —y(¢) = X.
Moreover, t}IY(¢) =X~ Y(X~-¢)=X~-X=¢. Therefore we obtain that ¢ < lL{-f,l,(q>) and X ¢ lL}A’Y(X) = X, and thus ¢ and X € o.

Now if A, B € o, then by Theorem52 AN B ¢ IL}J’Y(A) N l{IY(B) = '-{IY(A N B) which impliesthat AN B e o. If {A,: a € A}
c,then A, € IL}4’,1,(Am) c IL{»LI,(I,_]A,I) for every a and hence | JA, € IL}»LI,((L_]A,X). This shows that ¢ is a topology.

Theorem. 5.7
Let Ty = {AcX:Ac Int(CI(le(A)))} then T, is a topology for X.

Proof
By Theorem 5.2, for any subset A of X, le(A) is t-open and 6 Ty- Therefore @, X € Ty LetA,Be Ty Then by Theorem

5.2, we have A N B c Int(CI(¥,.(A))) N Int(CI(¥,. (B))) = Int(CI(¥,.(A) N ¥,.(B))) = Int(CI(¥,.(A N B))). Therefore, ANB €
gy Let A, € g, for each a € A. By Theorem 5.2, for each a € A, A, € Int(CI(tyY(A_))) c Int(CI('-}IY([_jAa))). Hence | JA, c
Int(CI(t{IY(UAa))). Hence | JA, € gﬁ.This shows that Ty is a topology for X.

Theorem. 5.8
Let (X, 1, J) be an ideal topological space. Then t ~.¥ 7, if and only if I'~}-’.:!.(A) —Aegforevery Ac X,

Proof
Necessity
Assume T ~¥ 7 and let A c X. Observe that x € ¥, .(A)-A if and only if x & A and x & Y (X - A)ifand only if x & A and

there exists Uy € 1(x) such that ncl(U,) — A € 7 if and only if there exists Uy € t(x) such that x € ncl(Uy) — A € J. Now for each x
€ W, (A)—Aand Uy € T (x), nel(Uy) N (P, (A)-A) € 7 by heredity. Hence ¥, (A)~A € J by assumption that T ~¥ 7.
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Sufficiency
Let A c X and assume that for each x € A there exists Uy € t(x) such that ncl(U,) N A € 7. Observe that le(X -A)-(X-

A) = A —Y(A) = {x : there exists Uy € t(x) such that x € ncl(U) N A € 7 }.Thus we have A € lL{-LI,(X —A)—(X —A) € 7. Hence A
€ 7 by heredity of 7.

Proposition. 5.9
Let (X, 7, 7) be an ideal topological space with T ~¥ 7 A € X. If N is a nonempty open subset of y/(A)N ¥, .(A), then N —A

e Jandncl(N) N A & 7.

Proof
IfN < y(A) N lL{IY(A), then N — A c lL{IY(A) — A € J by Theorem 5.8 and hence N — A € 7 by heredity. Since N € t — {¢}

and N € Y'(A), we have ncl(N) N A & J by the definition of y'(A).

In [11], Newcomb defines A = B [mod 7] if (A —B) u (B — A) € 7 and observes that = [mod 7] is an equivalence relation.
By Theorem 5.2 (8), we have that if A = B [mod] then ¥(A) = q.rY(B)_

Definition. 5.10
Let (X, 1, J) be an ideal topological space. A subset A of X is called a Baire set with respect to T and I, denoted A € Br(X, ,

1), if there exists a open set U such that A = U [mod 7].

Lemma. 5.11
Let (X, 1, J) be an ideal topological space with T ~¥ J. If U, V € T and I'-{-LI,(U) = '-PY(V), then U =V [mod 7].

Proof
Since U € 1, by Corollary 5.3 we have U c IL}J’Y(U) and hence U -V c '-{IY(U) -V= l{IT(V) —V € J by Theorem 5.8

Therefore, U—V € 7. Similarly, V-U € 7. Now (U —V) u (V —U) € J by additivity. Hence U = V[mod 7].

Theorem. 5.12
Let (X, 1, J) be an ideal topological space with T ~.¥ J. If A, B € Br(X, 1, J), and '-{JY(A) = '-{JY(B) then A =B [mod 7].

Proof

Let U, V € 1 be such that A = U [mod 7] and B =V [mod 7]. Now lL}IY(A) = lL{-r,l,(u) and lL{IY(B) = t{IY(V) by Theorem
5.2(8). Since '-}IY(A) = '-}IY(B) implies that t{IY(U) = lL{-r,r,(V) and hence U =V [mod 7] by Lemma 5.11. Hence A = B [mod 7] by
transitivity.
Theorem. 5.13

Let (X, 1, 7) be an ideal topological space with T ~-¥ J, where ncl(t ) N J = ¢. Then for A € X, '-PY(A) S YA).

Proof
Suppose x € IL}J’Y(A) and x & Y'(A). Then there exists a nonempty neighborhood U, € t(X) such that ncl(U,) N A € 7. Since x

€ '-}IY(A), by Theorem 5.5 x € u{U € 1 : ncl(U) — A € 7 } and there exists V € t(x) and ncl(V ) — A € 7. Now we have U, NV €
(X), tcl(Uy N V) N A € F and mcl(Uy N V) — A € J by heredity. Hence by finite additivity we have ncl(Ux N V) NA) U (mcl(Uy
N V)-A)=mncl(UcN V) e J. Since (Ux N V) € (x), which is contrary to ncl(z) N J = ¢. Therefore, x € y'(A). This implies that

w_(A) € Y(A).
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