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Introduction
Let G = (V, E) be a simple graph of order p. For v gV(G), the neighborhood Ng(v) (or simply N(v)) of v is the set of all
vertices adjacent to v in G. A graph which contains no cycles is said to be acyclic (forest). A tree is a connected acyclic graph. The
concept of domination in graphs was introduced by Ore [9]. A non — empty set S ¢ V(G) of a graph G is a dominating set, if
every vertex in V(G) — S is adjacent to some vertex in S. A special case of dominating set S is called a locating dominating set. It
was defined by D. F. Rall and P. J. Slater in [10]. A dominating set S in a graph G is called a locating dominating set in G, if for
any two vertices v, w ¢ V(G) — S, Ng(V)nS, Ng(W)~S are distinct . The locating dominating number of G is defined as the
minimum number of vertices in a locating dominating set in G. A locating dominating set S < V(G) is called a co-isolated
locating dominating set , if <V — S> contains atleast one isolated vertex. The minimum cardinality of a co — isolated locating
dominating set is called the co — isolated locating domination number y.iis(G). yocia is the number of minimum co — isolated
locating dominating sets of a graph G. Henning[5] introduced the concept of average independence and average domination
number. The average domination number v,,(G) is defined as 1 ere G) is the minimum cardinalit
g Yag(G) m ZveV(G) Yy (G),wh yv( ) y
of a dominating set that contains v. The average co-isolated locating domination number yaqiq(G) defined as
1 . e S - . ) _
et ZVEV(G) Yoeita (G, wh®® Yveil d(G) is the minimum cardinality of a ¢4 — set that contains v.  In this paper 4 and

vageild re obtained for binomial trees, binary trees, ternary trees and complete ¢ — ary trees. Also the bounds for yg.iie(G) are found.
Prior Results

The following results are obtained in [6], [7] & [8]
Theorem 2.1 [6]

For a path P, on p vertices,

Y ciig (Pp) = l%], p>3.

Theorem 2.2 [6]
If C,(p > 3)isacycleon p vertices, then 7V i (Cp) = [Z_p].
5

Theorem 2.3[8]

For any integer n > 1, ¥ pciig (Psn) = 1.
Theorem 2.4[8]

For any integer n,
Y ocitd (Psn+1) = (n+3)(n?+9n+2), ifn>1

6
Y peild (Psn+2) = N+ 2, ifn>1
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Y ocitd (Psnsa) = (5n2+51n-44), ifn>4
2
Y eild (Psnva) = (n2+7n+8), ifn>1

Theorem 2.5[7]
Forn>1,
Y beid (Csn) =4, ifn =0, 2, 4(mod 5)
Y beitd (Csn) =10n—2,ifn = 1,3 (mod 5).
Main Results
In the following, co—isolated locating domination number for binomial trees is found.

Definition 3.1
A binomial tree of order k > 0 with root R is the tree By defined as follows.

(1) If k = 0, then By = By = {R}. That is, the binomial tree of order zero consists of a single vertex R.
(2) If k > 0 then By = {R, By, By, ..., Bx_1}. That is, the binomial tree of order k > 0 comprises the root and k binomial subtrees

Bg, By, ..., Bk 1.
The first five binomial subtrees are given in Figure 3.1.

b

By By B B; By
Figure 3.1
Theorem 3.1
For a binomial tree By, yciia(Bx) = 2%=1 where k >0.
Proof

In a binomial tree By, each support has exactly one leaf ( a vertex of degree 1) and there are no intermediate vertices of
degree 2. By the definition of co—isolated locating dominating set, yciis — Sets of By contain either all the leaves or its corresponding

support. If S is a ycig — set of By, then N(u)nS = N(v)S for u, v € V(B — S. Hence yci(By) is the number of leaves of By. Let

n, be the number of leaves of B,. For k = 1, the number n; of leaves of By is 1 = 2!~ = 2° For k = 2, the number n, of leaves of B,
is2=2% Proceeding like this, the number of leaves in B, is given by n, = 2", forall g > 1. Hence yciig(Bi) = k-1,

Definition 3.2

A tree in which one vertex (called the root) is distinguished from all the others is called a rooted tree. In a rooted tree, the
level (depth) of a vertex v is the length of the unique path from the root to v. Hence the root is at level 0. The height of a rooted
tree is the length of a longest path from the root. If the vertex u immediately precedes the vertex v on the path from the root to v,
then u is the parent of v and v is a child of u. Vertices having the same parent are called siblings. A vertex v is said to be
descendant of a vertex u ( u is then said to be an ancestor of v), if u is on the unique path from the root to v. If, in addition, vzu,
then v is a proper descendant of u ( u is a proper ancestor of v).
Definition 3.3

A leaf in a rooted tree is any vertex having no children. An internal vertex of a rooted tree is any vertex that is not a leaf.

Definition 3.4
An m — ary tree (m > 2) is a rooted tree in which each vertex has less than or equal to m children. When m = 2, 3, the

corresponding m — ary trees are called as binary tree and ternary tree respectively.
In the following, co—isolated locating domination number for binary trees is found.

Theorem 3.2
) — k
veid(By) = sz((323) D -3k
2°-1
@-1 , _
—it=3k+1
Ty (23X
2@ Dt =3k +2

23-1 ’
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Proof

Let B denote a binary tree formed at the depth t. Let B; set of vertices in the t" stage. Then B'1 = {the root}, B'1 = {vui},

— ’ r p— H H ’ —_— —_— ’ r r — 1 —

V-(B-ll) I Bl' and lBll = 1. Since ezch parent ha's two (':hlldrel'w, de —,{v21,2v22} and V(IZZI) _.Brl].u B, e;nd l.BZ| =2 = 2
S|m|' arly B, —'{V31, V3, V3, Vasp and  V(Bs) = B; U Biz U 1?3 an lle =2°= 4.' Prostie1 ing in this way, the Binary tree B, is
obtained by B, = {Vt1' Vyy ""vt(Zt_l)}; V(B;) = B{UB,U ..U B; and |Bt| =2 " Let S; be the yig — set of B.. From
the definition of the co — isolated locating dominating set, it is observed that S, contains 2'~2 vertices on the t" stage (that is, one
child form each parent) and 2'~2 vertices on the (t — 1) stage (that is, all the parents) no vertices on the (t — 2)" stage and so on.
Let t take the values 3k, 3k +1, 3k+2 and the theorem is proved by the method of induction on k.
Casel t=3k

Ifk=1,thena Yeild — set S; of B3 is given by S;= { V31,V32,V21, V22 } and hence ‘)/cild(BS) =4.
Ifk =2, aycu—set Sg of Bg is given by

— _ a4 4 2_ ~2 3
Se= {1761, V63, Vg5, ) v6(25 -1y V51, V52, .- v5(24)}US3 and hence YCiId(BG) =2"+2"+2°= 2 (2 + 1)-

Similarly if k = 3, then a yciig — et Sg of By iis given by

Se={ Vo1, Vo3, .., v9(28 1y Vg1, Vg2, ) v87} U Se and hence ’Yci|d(Bg) =27 427 4+ 254022 98 95, 92 92 ((23)2 +2% 4

1).
By induction hypothesis
ifk=k_ 1, 'YC”d( Bg(k,l)) = 22(1 + 23 + (23)2 +...+(23)k72). Therefore, ’Ycild(B3k) = 'YCiId(B3(k—1)) + 23k72 + 23k72 = 22 (1 + 23 + (23)2
LAY #2322 (L4 204 (0 (2P = g2y @3k 1y
23-1

Case?2 t=3k+1

Ifk =1, then a ygiig -set Sy of By is given by
$4={vyy, Va3, Va5, Va7, V31, 3z, V33, Vg, Uy} 0B =2°+ 22 +1=27+1,
If k =2, then a ygu—set Sy of B is given by
87:{1771, V73, ) v7(26_ 1y Vo1, V62, - ) v6(25)} uSs and Ycild(B7) =25+ 542841 254+ +1=1+2%+ (23)2.
By induction hypothesis if k = k — 1, yeig(Ba 1+ 1) = 1+ 2° + (252 +..+(2)* " and  yeia(Bak+ 1) = yeia(Baw -1y« 1) + (2% 1 +
(23)k71 - 1 + 23 + (23)2 +...+(23)k71 + (2 3)k - ((23)k_ 1)

23-1 °

Case3 t=3k+2

If k=1, then a yjig— set Ss of Bs is given by

— —_n3 3 1_ 3
SS - {v511 1753, ey v5(24_1), 1741, 1742 ) ey V48, le, VZZ} and 'Ycild(BS) =2°+2°+2 = 2(1 + 2 )

Similarly if k = 2, then a yjig— set Sg of Bg is given by

— — nb 6 2 _ — 3
88 - {vsl, v83, ey 178(27_ 1), 1771, 1772, T V7,(26)}USS and YCI|d(BS) - 2 + 2 + 24 + 2 - 27+ 24 + 2 - 2(1 + 2 +

(2%?).
By induction hypothesis if k = k — 1, then yeig(Bag1+2) = 2(1 + 2° + (2°)° +..+(2%" ") Therefore, yeia(Bak+2) = yeia(Bax - 1y+2)
3k 3k _ 3 3\2 k-1 3Ky —
25 A 2T = 21427+ (2) 4. H2)T T+ (2)) = g1 2dko gy
23-1
Remark 3.1
For a ternary tree Ty, in which each parent has 3 children with the depth t, a co — isolated locating dominating set contains two

children from each parent in the t" stage and all the parents in the (t — 1) stage and no vertices on the (t — 2)" stage and so on.

Therefore yeig(T1) is given by yeia(T) = ( 32x(@®*-1) t= 3k
33-1 T
@1 _
= i t=3k+1
31><((33)k— 1.,
Definition 3.5
A complete ¢ —ary tree is an ¢ — ary tree in which each internal vertex has exactly ¢ children and all leaves have the same

depth.
Remark 3.2

For a complete c — ary binary tree B, in which each parent has c children with the depth t, then yc“d(Bc) is given by

. = k
A
c’-1
-1
| c3-1

Ty 3=
kw;t=3k+2
c’-1

;t=3k+1
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In the following, bounds on yagiiq are obtained.

Theorem 3.3
For any connected graph G, v:iit(G) < yageitd(G) < yeia(G) + 1.
Proof
Let G be a connected graph with [V(G)| = p. Let S, S, ..., Sy, S be yeiig — sets of G with |Sy| =[Sy = ... = [S| = [S]| = y.ila(G)

and Sy = Sy £ ... = Sy Hence yii(G) =[S, forevery ¢ € Si;i=1,2, ..., 1. If there exists a vertex u which does not belong to
Si, fori=1,2, ..., then yia(G) = [S|] + 1, since including the vertex u to any yciiq — set also forms a yiig — set of G and let the
number of these vertices be k. Let A be the set of vertices which does not belong to any of the ycii — set of G with |A| = p _ k. By

definition,
. - 1
vageio(C) T 2w eV (6) Vveild (G)
=1
; (Zv,-esi YVCild(G) + Zviesi YVCild(G) )
=1 (S| x k+|A[(IS|+1))

P
=1(SIxk+(p—k) (IS|*+1))
P
=1xpxI[S|+@-k

14 4
< |[S|+1,sincep_k < p.
Hence, yageitd(G) + 1 < ycita(G).
In the following, average co—isolated locating domination number for binomial trees, binary trees, ternary trees and complete
n — ary trees are obtained.

Observation 3.1
There are 3 possibilities for yagcilg — sets of G.

(1) Each vertex of G belongs to any one of vy _ sets of G and in this case, ycii(G) = yagiia(G). This is illustrated in Example 3.1.

Example 3.1
Let G ~ C; and V(C7) = {Vl, Vo, ..., V7}. Let S, (r =12, 3) be Yeild — sets of C; with S; = {Vl, Vg, VG}; S, = {Vz, Vs, V7} and S3

= {vy, Vs, Vs}. Therefore, |S;| = 3, r = 1, 2, 3. Also all the vertices belong to any one of the vg — Sets of C;. Hence, vciig(G) =
Y Y

Yagcild(G) =3.
(2) If there exists exactly one yciig _ set S of G, then yagciig(G) = |S| + IV(G)I— |IS|. This is illustrated in Example 3.2.
14
Example 3.2
Let G =~ Ps and V(Ps) = {vi, V2, V3, V4, Vs}. Then S = {v,, v,} is the only vy — et of G. yaqeiig(G) = 2x2+(5-2)x(2+1) =2 +

5
3 =S|+ V()| S|
5 V()|
3) If there exists more than one vciiq __ sets of G and if there exists atleast one vertex that does not belong to any of the g _ sets
i Y

of G, then yageita(G) = S| + p—k where [V(G)| = p; S is a yciis— Set of G and K is the number of vertices belonging to any one of the

14
veild — Sets. This is illustrated in Example 3.3.

Example 3.3

Let G ~ pg and V(Pg) = {Vl, Vo, ..., Vg}. Let Sr, r= 1, 2, 3, be a Yeild — set of Pg with Sl = {Vl, V3, Ve, Vg}; Sz = {V2, Vg, V7, Vg}
and Sz = {Vvi, V4, Ve, Vg}. Therefore, |S| = 3, r = 1, 2, 3 and vs does not belong to any vy — sets of Po. Hence, yagcia(Po) =
8><4+1><9:4+1,

9 9
Observation 3.2

Let S be aY ig— Set of a connected graph G. If A denotes the set of vertices which does not belong to any of the ¥ .4 — sets

of G, then Y agcild(G) =S| + _lal
v

Remark 3.3

Let Sbhe a 7Y i — Set of the binomial tree By. Then if S; is a set obtained from S by removing the supports from S and
including the corresponding leaves, then S; will also be a ¥ g — Set of By. Similarly all the roots can be included in any one of the
Y cilg — Sets of By.
Therefore ¥ agciia(Bx) = Y cita(Bi).
Theorem 3.4

Let 4 ¢ denote the set of vertices which does not belong to any of the Y g — Sets of binary tree B ¢ then
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= 3yk_
A, (23) l,t—3k
23-1
2x(23)k-1
Qi1 ;t=3k+1
22 x(23k-1
Proof

Let B, denote a binary tree formed at the depth t and B; denote the number of vertices at the t™ stage. Let S, be the Y g —
set of B, Let A, denote the number of vertices which does not belong to any of the Y 4 — sets of B, Let the children in B; be
denoted by v;.

There exist exactly two 7Y g — sets of B, one having the child with the second suffix j even and the other having the second
suffix j odd. From the definition of the co — isolated locating dominating set and from the structure of the binary tree B, it is
observed that the set S, contains 2!~ 2 vertices on the t" stage (That is, one Y g — Set contains one child from each parent having
even second suffix and the other Y g — set contains child having odd second suffix) and 2'~2 vertices on (t — 1 )" stage (That s,
all the parents) and no vertices in the (t — 2)™ stage and so on.

Let the values of t be 3k, 3k+1, 3k+2. This theorem is proved by the method of induction on k.

Casel t=3k

If k =1, then the set A, of Bs is given by Az = B'l; |A3| =20=-1.

Ifk =2, thenthe set 4, of B isgivenby 4, :B; U As’ | Al = 22+1.

Similarly if k = 3, then the set 4o of Byisgivenby As= A3 4 = B7 U Agand|Aql = 22 +2°+1=1+2%+ (23)2.
By induction hypothesis if k =k — 1, then |A3(k—1)| =1+2%+ (23)2 +...+ (23)k—2.

Now fork, 44, = B;,(k_1)+1 U Asgk-1)

|A3k| =1+ 23+ (23)2 + ...+ (23)k—2 + (23)k—1 = (23)k_ 1
23-1
Case2 t=3k+1
Ifk=1, trl1en the set Ay of B, is given by Ay= By
|Ayl=2"=2
Ifk =2, thenthe set 4., of B7is givenby 4., = B's U Ay
|A7|:24+2:2(1+23).
Similarly if k = 3, then the set Ao of By is given by
— — ’ —nl 4 - 3
AlO—A3(3)+1 =Bg U A, and [ 4,ol=2" +2°+1=2(1+2°+ (23)2).
By induction hypothesis if k =k —1, then
— 3
| Az (g—1y4q|= 201+ 27 (23)32 Tt (23R
Now for k, |A3k+1| =2(1+2°+ (23)2 + ...+ (23)k—2 + (23)k—1) =2 (233)k_ 1
23-1
Case3 t=3k+2
Ifk=1, tr;en the set Ag of Bs is given by Ag = B'3?
| Agl=2"=4.
If k =2, then the set Ag of Bg is given by Ag~= 3'6 U As’
| Agl=2"+22=2%(1+2°).
Similarly if k = 3, then the set Ay of By, is given by
A11=A3(3)+2 =B<', U Ag and
| Aq4= 28+2°+22=21+ 2%+ (23)2)
By induction hypothesis if k =k —1, then for
2 52 3 -
| A3(-1)4!= 21 +2 2(23):+“'+(23)k 2) ,
Now for k, |A3k+2| = 2°1+2°+ (23)2 +..+ (zs)k—z + (23)k—1) =2° % (233)k_ 1
23-1
Remark 3.4
The average co — isolated locating domination number for the binary tree B, is given by
Y agc”d(Bt) =Y Cild(Bt) + A where Y g (Bt) and |At| are given in Theorem 3.2 and Theorem 3.4.

V(B
Remark 3.5
For a ternary tree T . if 4 tr denote the set of vertices which does not belong to any of the Y g — sets of the ternary tree T,

then
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At = (33)k_1 . —
r it =3k
3x(339Hk-1
—33.1 t=3k+1
2 3\k
===t =3k+2
Remark 3.6

For a complete c —ary tree B, if 4 denote the set of vertices which does not belong to any of the 7 ciq — sets of the tree
B the set 4 _ is given by

(03) -1

[
|
{CX(Cg) t=3k+1

2 o (3K
Liiﬂ—in=3k+z

Conclusion

In this paper, the average co — isolated locating domination number is defined and yciig(G) and yagii(G) are obtained for
binomial trees, binary trees, ternary trees and complete ¢ — ary trees. Also the bounds for yagia(G) are found. vyagi(G) can be
related with other parameters of G.
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