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1.0 Introduction

Following the advances in immunology over the years, researchers are able to understand the dynamics of infection at the
cellular-level and considerable attention has been paid to study the dynamics of HIV infection mode [1].This Lentivirus (slowly
replicating retrovirus) which can lead to Acquired Immunodeficiency Syndrome (AIDS); has become a hazard infectious disease
in both developed and developing nations. It is a fatal disease, which breaks down the body immune system. Leaving the victim
vulnerable to a host life threatening opportunistic infections, neurological disorders or unusual malignancies, it has caused
mortality of millions of people and expenditure of enormous amount of money in health care and disease control [2]. In literatures,
many mathematical models have been developed in order to understand the dynamics of HIV infection with cpa+T cells [3].
And the description of the virus infection process has three populations: uninfected target cells, productively infected cells, and
free viral particles [4].

Follow the model proposed in [4], infected cells are assumed to produce new virions immediately after target cells are
infected by a free virus. However, there are many biological steps between viral infections of target cell production of HIV-1
virions. In 2007. [5] Studied an extension of the basic model of HIV-1 infection, The main feature of their model is that an eclipse
stage for the infected cells is included and a portion of these cells are reverted to the uninfected class .This kind of model was
early presented by [6]. [7] Performed the global stability analysis of this model. [8] put forward another model in 1997. He
divided infected cells into two kinds: long-lived productively infected cells and latently infected cells. Latently infected cells are
also activated into productively infected cells. In this papers the Cytotoxic T Lymphocytes (CTL) immune response was taken
into account with the progression of infected cells from the eclipse phase to the productive and latently infected to productively
infected cell, and a portion of this cells are reverted to the uninfected cells/class or be latent down in the body can express HIV
immune response and with time can cause immune response by CTLs .The role of CTL is universal and necessary to eliminate or
control the disease during viral infections. In particular, as a part of innate response, it gives antiviral defense by attacking infected
cells. The basic HIV infection model which takes into consideration the CTL immune response has been proposed by [4] as
follows:
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Where x,w, y and zrepresent the concentration of uninfected target cells, concentration of infected cells in the eclipse

stage at time t, productively infected cells, CTLs at time t respectively. Parameter s and d are the birth and death rate of uninfected
cells, respectively. The uninfected cells become infected at the rate of gxy . Productively infected cells are produced at the

rate gxy , infected cells in the eclipse phase revert to the uninfected class at a constant rate & , and they may alternatively progress
to the productively infected class at the rate g or die at the rate 5. ¢ is the death rate of productively infected cells, p is the strength

of the lytic component, and r is the death rate of CTLs.
Function ¢ (x, y,z) describes the rate immune response activated by the infected cells. [9], [10] assumed that the

production of CTLs depends only on the population of infected cells and gives f(x,y,z)=cyand f(x,y,z)=cyz
respectively. [4] in their studied , also choose meanwhile, their model include an eclipse stage of infected cells. After the eclipse
stage, some quicker infected cells which become productively infected cells are obviously attacked by CTLs. Other infected cells
which will be reverted to the uninfected class or be latent down in the body do not have the ability to express HIV and will not
cause CTL immune response. Therefore they only take the immune response to productively infected cells into account and
ignored the attack to latently infected cells by CTLs.

This present study therefore aims at Improving on the model stated above by [4] incorporating the latently infected class /
cells in the model. Motivated by the work of [4].We are now concern with the progression of infected cells from the eclipse stage
to the productively and latently to productively cells. A portion of these cells are reverted to the uninfected class or be latent
down in the body, do have the ability to express HIV and can cause CTL immune response. Therefore, the present study takes into
account the immune response to productively infected cells and do not ignore the attack to latently infected cells, because with
time some portion of this cell will progress to the productively infected class. Thus our new models are as follows:

2.0 Model formation

%:s—(ﬂlxy+ﬂsz)—dx+aN+k2b,

C(Ij—\ivzﬂlxy+ﬂ2xb—(5+n+q+k)w,

db

T kw—kbz — (ks + 7 +k, )b, @)
ﬂ:qw—pyz—ayjtksb,

dt

dz

—=f(x,y,z2)-rz

= fxy2)

Where k1 represent the strength of the lytic component in the latently stages/cells. y Is death rate of the latently infected cells,

k3 the rate at which the latently infected cells becomes productivity, and k2 the rate at which the latently infected cells is

reverted to the uninfected cells while b represent the concentration of the latently infected cells at time t. The uninfected cells
become infected at the rate of s, xy + /3, xb . Productively infected cells are produced at rate 3, xy + /3, xb and also consider the

dynamics of HIV infection with CTL response and give f (x, y, z) = cyz +c,bz .
2.1 The Existence of the Equilibrium state of equation (2)
From equation (2)

dx _dw_db_dy dz_

Set, —= = =
dt dt dt dt dt

Hence, Infection—free equilibrium &, = (%,0,0,0,0j 3)
And, the endemic Equilibrium: CTL-free
E. .= Xzi,WZW,b:k—W ,y:W(qk3+q7/+qk2+kk3),z:0

dR, (ky + 7 +k,) a(ks +7+K,) @
Where

(@ (6 +7-+a+ k)~ SAAN (K, + 7 + ko)~ (SkBk, + KSBeKi +7+k)
(Bay +KBK; + B9k, + 0K, +KB,a) (1 + K + ynp + K, + 0K, + 7K, + Ky +KK;)
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2.2 The Dynamics of the System of Equation (2)

Let N (t) = x(t) + w(t) +b(t) + y(t) + z(t) where N(t) is the total cell population at any time t, the total population cells
is subdivided into sub-population namely; Susceptible X(t) ,who are not yet infected but can be infected by HIV, Concentration
of infection at the Eclipse stage W(t) ,Concentration of latently infected cells b(t) ,Concentration of productively infected cell
y(t) and the Concentration of CTL z(t) . Thus,

N(t)= X(t) + W(t) + b(t) + y(t) + 2(t) 5)
Differentiating (5) with respect to time (t), and simplifying by letting d = 1 =y =« = r which represent the death rates of the
respective classes gives,

N(E)=s-d(x+w+b+y+z)—(k1b+ py+Cy+Ch)z. If there is no infection it implies b=y=0 then,
N(t)=s-d(N())
N (t)+d(N@®)=s :%(edtN)zsedt

S g S
N="re"e"+ce="1ce™
d d
Astt —> o0
S
N=2>
d

2.3 Positivity of Solutions
For the system of equations (2) to be epidemiologically well posed, it is important to prove that all solution with non-negative
initial conditions will remain non — negative, forallt > 0.

Theoreml: Let W =W, c Rwith'¥, = {(x,w, b,y,2) eR’ :x+W+b+y+2z< %} and then the solutions

{X(’[),W(t), b(t), y(t), Z(t)} of the system (2) are positive Vt > 0.
Proof
From the first differential equation of system (2),

%2—@ + b+ py)x
(6)
d—;Z—(d + fb + py)dt

Integrating both sides

—>—j(d + o+ fy)dt

To obtain

()2 Ce—i[(dwmﬂy)]dt

att=0
x(0)=Ce®
Therefore C = X(0)

Hence X( )> x(O)e (dwmﬁy)]dt

Forall, t>0.
Similar reasoning can be used for other differential equations of equation (2), hence, it follows that the system is positive and

bounded with a unique solution.
3.0 Basic Reproduction Number

The computation of the basic reproduction number is essential. The basic reproduction number R, is defined as the effective

number of secondary infections caused by infected cells/individual during his entire period of infectiousness [11]. This definition
is given for the model that represents the spread of infection in a population. It is obtained by taking the largest (dominant) Eigen-
value (spectral radius) of the matrix Fv .

@)
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}Fg iXT(j)T ®

X
Where F; is the rate of appearance of new infection in the compartment  F = { a'( O)}
X

N, (% )}

V, , be the transfer of cells out of the compartment by all (means) V = {T—T
i

&, , be the disease - free equilibrium. Using the next generation matrix, It can be shown that is the largest (dominant) Eigen-

value of FV " is R, , which is the basic reproduction number

Ro= s(B.aks + Biak, + Bdy + Bikks + B0K) ©)
ad(S+n+q+kNks +7+k,)

3.1 Local Stability of the equilibrium
Theorem 2: The disease free equilibrium of system (2) is locally asymptotically stable if the coefficient of

A+ A2 +Bl+a(5+q+k+K)(k, +k, +y)[-R,]= T(4), are positiveif A>0,B >0
And R, <1otherwise unstable

Proof:
The Jacobian matrix of equations (2) at the disease-free equilibrium point E is
|J(E0)—/1I|:O (10)

Then equation (10) reduces to

(~d=A)-r-=A)f(1)=0

Where f (1) =2* + A2 + BA+a(S +q+k+K)(k, +k, +y)1-R,)
Clearly, 4, =—d, A, =-r and

f(A) =L+ AP +BA+a(S+q+k+K) (K, +k, +y)1-R,)=0
Where A=+ (K; + 7 +K,) + (0 +n+ g +Kk)

And

S S
B:[a(5+n+q+k)+(5+77+q+k)(k3+7/+k2)+a(k3+y+k2)—ﬂzak—ﬂlaqj

Using Descartes rule of positive sign in f (1), the eigenvalues are negative, whenever A>0,B >0 and R, <1. Then disease

S
free equilibrium E, = (d_ ,0,0,0,0j , is locally asymptotically stable.

3.2 Global Stability of the Disease Free Equilibrium
Theorem: 4: The HIV free equilibrium E, of system (2) is globally asymptotically stable if R, <1, unstable if R, >1.
Proof:
Using comparison theorem as implemented in [12], that the rate of change of the infected compartment of equation (2) can be
written as
dw
dt
db w
dt |_(F-v)?|-F
dy y
dt z
dz

dt

At disease free, w=0, b=0, y=0, z=0 which implies that
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_d_W_
dt S S W
db _(5+77+q+k) 'BZE ﬁla 0 b
dt | < k —(k;+y+k,) O 0 (11)
dy | - k o’
E q 3 -« Z
dz 0 0 0 -r
L dt |
Then corresponding eigenvalues of (F-V) are all negative i.e.
S S
—(6+n+q+k)-2 ,Bza ﬂla 0
k —(k3+]/+k2)—ﬂ 0 0 =0 (12)
q Ky -a—-A 0
0 0 0 -r—-A1
Simplifies to give A, =—T
and
A+ AP +Bl+a(S+n+q+k)k, +y+k)[1-R,]=0 (13)

WhereA=a+ (K, +y+k,) + (0 +n+q+kK),
B = (a(5+77+q+k)+(5+77+q+k)(k3+7/+k2)+a(k3+y+k2)—ﬁ2§k—ﬁ1§qj,

Using Descartes rule of positive sign, 3 signs change which implies that there are 3 negatives root of A and since all eigenvalue
are negative then it follows that equation (2) is stable whenever, R, <1, A= 0 B = 0. Then by [13], and [14].we have that
the DFE ( E, ) is Globally Asymptotically Stable (GAS), for R, <1-

3.3 Local Stability of Endemic Equilibrium Point
Here we study the local stability of the endemic equilibrium around the disease free equilibrium using bifurcation analysis. It

is necessary and good to study critically what happened around the disease free equilibrium E because the condition for when
R, <1 isusually a necessary and sufficient condition for disease eradication, whereas it is no longer sufficient when a backward
bifurcation occurs. In fact, the backward bifurcation scenario involves the existence of a subcritical bifurcation at R, =1 and of a
saddle node bifurcation at R, = R; <1.The scenario of backward bifurcation can be describe qualitatively as follows, in the

neighborhood of 1, for R, <1, a stable disease-free equilibrium coexists with two endemic equilibrium: a smaller equilibrium

(i.e., with a smaller number of infective individuals) which is unstable and a larger one (i.e. ., with a larger number of infective
individuals) which is stable [15] .which simply implies the appearance and disappearance of diseases.

We make use of the centre manifold theorem, which prescribes the role of the coefficients of a and b of the normal form
representing the system dynamics on the central manifold. These coefficient 'decide’ the direction of the transcritical bifurcation

Let B,=/3 and if we consider the case R, =1.50 that
R — S(ﬂlqu + Biak, + By + Bk +ﬂ20‘k3) -1

ad(5+77+q+k)(k3+7+k2)
(14)
B =p = ad(5+n+q+kxk3+7+k2)—sﬂ2ak
S(qk3 +qk?_ +q7+kk3)

If B,<fB and B,>f

We apply the center manifold theorem to show that the system may exhibit backward bifurcation when
b —p = ad(S+n+q+k)k, +7+k,) $fok

' S(qk3+qk2+Q7+kks) ’
First of all, observe that the eigenvalues of the equation (2) at the disease free has a simple zero eigenvalue while other
eigenvalues are negatives.

ie. [J(Ey, 1) - Al|=0
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(B,s+k,) « S
-d-4 ) M2 T Re) _g >
d Fg O
0 -(0+n+q+k)-4 Al "5
(6+n+a+k) ; A 0
=0
0 k ~(k;+y+k,)-1 0 0
0 q K, —a-1 0
0 0 0 0 _r—
r-A (15)
Solving, equation (15)gives
-B-+B?-4AC B—-VB*—-4AC
%:Oyﬂzz—d’/’g:—r,ﬂ%: 2A '2,5:— 2A (16)

Where the values of A, B and C. are given in Appendix A.1.

Thus ﬂi =0is a simple zero eigenvalue and the other eigenvalues are real and negatives. Hence, when B = ,B* (or equivalently
when R, =1), the disease-free equilibrium E is nonhyperbolic equilibrium: the assumption 1 of the theorem in appendix A is
then verified.

Now denote W = (W, , W, , W, W, , W, )T to be the right eigenvector associated with the zero eigenvalue A, = 0. It follows that

_ (ﬂ25+k2) xS
¢ a0 P 0w (o
Y 0 —(6+n+q+k) % ﬂ*g 0 W 0
W2
J(EO'IB*) W3 = W3 = 0
W, 0 k ~(ky+y+k,) 0 O
W, W, 0
° 0 q K, -a
W, 0
0 0 0 0 —r
17)
Hence, equation (17) result to,
1(6 S "s
[E(Ej(ks +7+k2)_ﬂza_k2 _%(q(l% +7+k2)+ kks)}wsi
(18)

(ks +i+k2)W31W3a (Q(ks +y+0|{(|i)+ kk3)W3, 0

Where W, > Ois a free right positive eigenvector.

Furthermore, the left eigenvector, vV = (V;,V,,V,,V,, Vs, ) given by:
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—d 5 _pes
d
0 —(6+n+q+k) Al
(V1’V2’V3’V4’V5)
0 k — (kg + 7 +k,)
0 q Ky
0 0 0

The solution of (19) yield

0

V= (O,£v4,{v4{ ad*+k3}( 1 ﬂ A OJ
sp sp (ks +7+k,) '

Where V, >0 is a free positive variable (eigenvector) i.e.V, >0 .

Furthermore, let

% = f, = s—(BXX, + BoX X ) — A%, + K, + K, X,
dd% = f, = BXX, + BoX X — (8 + 17+ q +K)X,

% = f, = kx, —kXyXg —(Ky + 7 + K, )X,

%4 = f, = gx, — PX,X; —aX, + K;X,

% = g = CX X + C XX — I'Xg

Where X=X, W=X,0=X;, Yy =X,,Z=X;,

Then Computation of a and b defined in appendix A, may be computed as

as Y M(E )

Kzl OX; OX;
> 0% fk .
b= v.w, ——I(E_, _
Z k 'am( F)

Taking in to account of equation (2) and considering non-zero components of the left eigenvector v it follows that;

> 0% fk .
a= V, W.W. E.,0) = 2v,ww, [
k%::lk i '8xi8xj( 0 ) 2 Vip W3 Mo

a= (2( ad*]WJX((é‘(ks —;i+k2)_ ﬂ* (Q(ks +7+k2)+kk3)_ﬂa§_sz] W§ xﬂz

(19)

(20)

(21)

(22)

(23)

(25)
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ad(5+n+q+k)k; +y+k,)—sp,0k

Where S~ =
s(gk, + gk, +qy +kk;)
Now considering only the non-zero components of the eigenvector v at virus free equilibrium it follows that:
2
vV, W
a= 4Tsﬁz(qk3+qk2+qy+kk3) >0 (26)
v,,W, > 0
Next is the computation of the coefficient b; as follows:
2 f, 2 2 2 2 52 f,
b=V,W, ——2 + VW, —2 + VW, ——2— + V,W, ——2— + V,Wy ——2— + VW, ——>
0P, %P, ox,0B, ox,0P, X0, xop,
o°f, o’ f, o’ f, o’ f, o°f, o°f,
VoW, ——— + VoW, ——— + VW, ——— + VW, ——— + V,W, ———+V, W, +
%,0B, ox,0B,; o%,0B, ox,0B, 0P, x,08,
o°f o°f o* f
V, W, 4 4 W, 4

—tv,w, —+v,w,
XOf %O o%0p,

In view of (w) and (v), we the get

3ﬁ2(

V,W,S
d
The coeff|C|ent b is always positive so that, according to appendix A, it is the sign of the coefficient a which will decides the local

dynamics around the disease- free equilibrium for 3, = £°. And it is clearly seen above that the coefficient a is positive which

implies that the system exhibits backward bifurcation i.e. hopf in nature.
3.4 The Sensitivity Analysis

In determining how best to reduce the reproduction rate of virus in the blood cells, There is need to know the relative
importance of the different factors responsible for its transmission and prevalence [16]. Initial disease transmission is directly

related to R, and disease prevalence is directly related to the endemic equilibrium point, specifically to the magnitudes of
X, W, b, yand z.
Definition: The normalized forward sensitivity index of a variable, U, that depends differentiable on a parameter, 77 is defined as

U ouU n
7/77 = X

on U
From equation (9), R, = s(ﬂlqkS + 80K, + AAy + Bikk +ﬂ20‘k)
ad(S+n+q+k)k, +7+k,)

a =

gk, + gk, +q7/+kk3) >0,and b = >0 (27)

, and derive an analytical expression for the sensitivity

Ro aRO n
ofRy,as y, ™ = 8_ X R to each of the twelve below as different parameters for example.
n 0

The sensitivity index of R, with respect to ;.

Bi=y," = « P - 0.9936407839.
8,6’1 Ro
Therefore we have the sensitivity indices of R, to parameters of the human immunodeficiency virus (HIV) model with CTL’s
cells (2), which was evaluated based on some assumed parameter values given in table below:

Table. 3.1

Parameter | Value Parameter | Value
S 15 o 0.002
k 0.00022 | p 0.0004
q 1.5 S 0.00005
@ 0.002 a 0.4

_ 0.005 d 0.0022
e=p

0.0024 0.0004

T_p, d

Then the analysis;
oR
S:7SR0: Oxizl,
S R,
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_orR_Ry a4 _
=y, = ——%x —— = -0.005925998039
aq R
oR
e=pf =y " = 70« € -0.9936407839,
os 0
oR
r=f, =y =20« T =0006359216229
or 0
oR
p =y, = 0 x £ = 0000566066579,
op R,
oR
o=y F = 207 - 0002896574730
oo R,
R
@ =y, = —>x % _ 0002896574730,
op R,
oR o
S =y, = —2% x—=-0.00003331845109
25 R,
OR a
a=y, = 5 % x — =-0.09936407837,
o 0
d :}/dR0 = 6RO xi: -1
ad R,
— Ry _ aRO k —
K= 7, = —2%x — =0.006225863411.
“ ok

0

The analysis shows that ﬂl, ﬂz, K are positive values of the sensitivity analysis, which implies that any increase in any of

these parameters, will definitely trigger the rate of infection in both the eclipse stage and latently stage of infections. And with this

it shows that the attack to latently infected cells cannot be ignore at any time t, and s =1 is the birth rate of the uninfected cells
which is normal

4.0 Discussion of Results

In this study, Human Immunodeficiency Virus (HIV) epidemic model including an eclipse stage of infected cells
incorporated with latently infected stage of infection, with CTLs immune response was presented. Numerical simulations were
presented using a set of reasonable values and show the effect of some parameters on system of equation (2).
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Figure 10: The backward bifurcation diagram for the HIV infection with
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Discussion of simulation
Figure 1 and 2: shows that as the transmission parameter g , 3 increases there’s movement out of the susceptible

cells/uninfected to the infected.
Figure 3 and 4: shows thatas /3, /3, increases there’s increment in the proportion of the cells that are infected at the eclipse stage

of infection.

Figure.5 and 6: Shows that increase in kK and k3 will cause corresponding increase in the progression of cells from the eclipse
stage to the latently stage of infection.

Figure .7: Shows that any increase in k3 will leads to the increase in the progression of cells from the latently stage of infection to

productively stage.

Figure .8 and .9: Shows that increase in the CTLs immune response, will lead to the reverse of some cells to the susceptible cells.
Figure 10: The appearance and disappearance of disease, this established that the disease free co-exists will the endemic. And this
also establish that the disease can only be eradicated at a particular point that is less than 1 , which shows what happens when

R =1:apartfromwhen R, <1,R, >1.Thatis there exist R® < R, <1

Conclusion
In this work, we have studied HIV epidemic model in a Post — Eclipse stage with CTL immune response. The local and global
stability of the uninfected equilibrium E, have been proved to be asymptotically stable if the basic reproduction number

R, <land unstable if R, >1 Descartes’ rule, and comparison theorem. When the basic reproduction number R, <1 it shows
that the disease will be controlled when compared with earlier model.
However further analysis shows that the condition for when R, <1 is not sufficient for the diseases to be eradicated, because of

the phenomenon called bifurcation. The bifurcation analysis reveals that R, must be brought below a certain critical threshold

number R”, so that total disease eradication is achieved if R, < R" <1. The bifurcation analysis reveals latently infected cells

should not be ignored because there are many biological steps between viral infection of target cells and the production of HIV
virions i.e. the time interval between infection and the first detection of viral RNA in the plasma, and the time interval between
invasion of the body by an infecting organism and the appearance of the first sign/symptom.
Appendix: A:
Theorem A. Bifurcation theorem: Assume:
Consider the following general system of ordinary differential equations with parameter ¢ such that:
dx
i = f(x,¢), f :R"xR—>R"and f ec’*(R—>R").
Without loss of generality, we assume that X = 0,is equilibrium for
@) A=D,f(0,0) is the linearization matrix of system (B) around the equilibrium X = 0 with ¢ evaluated at 0. zero is a simple
Eigenvalue of A and all other eigenvalues of A have negative real parts;
(b) Matrix A has a (honnegative) right eigenvector w and a left-eigenvector v corresponding to the zero eigenvalue.

2

o-f
Let f, denotesthe k™ componentof f,anda= vV, WW, —K b=>)vw O 0
k p k%:ﬂk iV axia J kzl;l k a a¢ )

Then the local dynamics of system in (B) around X = 0 are totally determined by a and b. Assume that b>0, then:

(i) a>0,b>0.when ¢ <0, with |¢| <<1, x=0 is locally stable and there exists a positive unstable equilibrium; when 0
<@p<<l, X= 0 is unstable and there exists a negative and locally asymptotically stable equilibrium;

(i) a<0,b<0.when ¢<0,with |¢| <<1, x=0 is unstable; when 0 <@ <<1, X=0is locally asymptotically stable and
there exists a positive unstable equilibrium;

(iii) a>0,b > 0.when ¢ < 0, with |¢| <<1, x =0 is unstable stable and there exists a locally asymptotically stable negative
equilibrium ; when 0 < @ <<1, X = 0 is stable and appositive unstable equilibrium appears;

(iv) @a<0,b>0. When ¢ changes from negative to positive, X=0 changes its stability from stable to unstable.
Correspondently, a negative unstable equilibrium becomes positive and locally asymptotically stable
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Appendix: A.1

[_ X p,a + ﬂszzks _d@’zq - 2dq2k37 - 2dq27’k2 - dk27k3 - d72aq - dk72q
—dny’q—dk’ak, —dkZaq — dkZak — 2dgk’k — dkk’q — dk °k, — ddk’Zq

— dkZoq — dok2q — dok 2k — drk k — dmk2q — 2dg?k;k, — d7k,°q — dgk?
—dg’k’ —dg®y® —dk’k? — 2dk,qk, — dk,kk, — ddkk, — 2drk, — d 7k, KK,
+ A —dnakk, —3dgk,kk, —dqakk, — 2dk,okk, + B,kak, + B,Kak, + S,5kqy =0
—2dogk, — doykk, — 2dnk,qy — 2d gk, — dmppkk, —3dqkk, — 2dkgk,
—2dk,aqy — 2dyagk, — dyokk, — dkk,(akk, + gy + Sya + nya + nk,a + qra
+0K,a —ak; —ady —ak, —ank, —any —ank, —agk; — aqy — agk, + gk,a
+ Ky + akk, + Kyor + ko0 — akk, — aky — akk,)

—dngk, —dogk, —ddk, —2dk,gk, —dk,kk,
—dagk, —dnkk, —2dgkk, — dkgk, — dagk,
Where A = (— dkk, —dgk, —dgk, —dqy) , B= | —dy°q—dk’k, —dqg’k, — dk’k —dq?y —dg’k,
—dkZq —dk>q—dakk, ——2dygk, —d7qd — dikk,
—dagy —dkqo —2dk,qy —dokk, —daqy —dnagk,
[ 50,0 + B,sk?k, ~day *q - 2dq*k,y - 2dg7k, — dk?sk, - d7ag - dky’q
—dny’q—dk’ok, — dkZaq — dkZak — 2dgk 2k — dkkZq — dk °k, —ddkZq
—dkZaq — dok2q —dok 2k —drk,k — drk2q — 2dg Kk, — d 7k, q — dg?k?
—dg’k? —dg®y” —dk’kZ — 2dk,qk, — dok,kk, —ddkk, —2d 7k, — d7k, Kk,
And C= | —dnakk, —3dgk,kk, —dgakk, —2dk,akk, + B,Kak, + S,Kak, + SB,5kqy
—2dagk, —doykk, —2d7k,qy — 2d 79k, — d mppkk, —3dakk, — 2dkygk,
—2dk;aqy — 2dyaqk, —dyokk, — dkk3(05kk3 +0ya + Sya +nya +nk,a + qya

+ gk, —ak, —ady —ak, —ank, —any —ank, —agk; —aqy — agk, + gk,a
+Kya + akk, + K + nkyor — okk, — aky — akKk,)
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